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1.1 7ERFEME

NG —R VR, R A — N5 Kronecker 3RFIE HAH A KM .

EX 1101 X = (2 @ - @,) €F HTF vec 7 F™
T
T2
vec X = _ e "
Iy

EX, WEAEW, vee X I K HMEHE—

EHE 1.1.0.2 & AcF™", X e F™?, BeFr*. A4 vec(AXB) = (BT ® A) vec X.

R BB =)= (b by - b)) X = (@1 @ - w,) W AXB B kSR

p p
Aka:AZbikaz‘:Z(bikA)fBi: (blkA bop A - bpkA> vec X = (b;@A) vec X.

i=1 =1
X LA B R EH S ek, HifEE

bl @ A

b, ® A
vec(AXB) = | ° . vec X = (BT ® A) vec X.

by ® A
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$—% BEANAK 2
1.2 FEREEENCHAINFE

B 1.2.0.1 F R THIFHEE G WATEEE A= (a;j)0x0- 18 AW 400 MTEHEFEHE L
ARFE, BNEA A TR L WREGRKENM, WL A KRN 23R8 X AR 2
Z— L.

01000
V1 Vg V3 Vg4 Uy P5 I5 O O
L e Lo 10100
Vg V10 A= | , Ps=]101010]|
V11 V15 O 15 P5 I5
001 01
V16 V17 V1g V19 U0 © 0L 5 00010
iz il Kronecker AT F i A =1, @ Ps+ Py @ I5(P, B9 EARZ X L3 7L (2.2.4) IEFA).

N

1

[9)]

20

Kl 1.1: MK GridGraph [{5,43] R FE &
1.3 1T E
1.3.1 KRXFRFEERITHIN
el 1.3.1.1 W A ZFHEMXHE, W Al =0.

SERR T A BRI A TCAN 0, BT
T = {apaamn - | ekl 2 {1} AR, Bl #£i =1, ,n)}.
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5E U

T =T, QG2 Qhyn = 01k G2k On, -

H A RRMIRFER G o =1dyp, B @ BXUR. WE ak1ar,2 - aryn M a1 aop, - ang,
YEJ9 | Al BT AAEE], SIS 1 NP —JCEK ay,» LREESS 2 DI E 52
HERTCER ajp,, WAV K = j by =4 BUN Ky #£4, Brbli £ 5, BRI {1, n} RI7050H
P—H I TH, (HIX 5 n NEECTE. K LRI RIUE f—H, W5 FEiqE (Al 15
FEFEL FA A RMFR, L a1 a0 p - Gk, = (1) g, 1Gky 2+ Ay = —Qky 10kp.2 " * Ay -
MR AN 0, TR |A] = 0. O

F 1.3.1.2 ER A6
det (A) = det (A7) = det (—A) = (—1)"det (A)

Bon AFHFE det (A) =0. TREEN A WTRAAELIRF K5, WaH chaaF =2, It
HAER n HE (-1)" =1

513 1.3.1.3 % A = (a;;) € F AR, M |Al = f2, HF fRXT a; (i <j) B
EAZmAL

JERR XTR AL 2n HEATIE 4N,

0 a At
® %l n:1 Hﬂ‘, A: 2 9 ‘Al :a%27 é:l;(;[/t\xﬁk_\—[‘

—a19 0

@ WHEIWXT 2(n — 1) Y RXFRFERAL, BIE 2n B RFRFERITETE. # (Al =0, 450
RO, FHAGIB |A| #0, B A & 20 B 5 SOGFREE.

W Cy aEm AW (AT § YIERIE 2n — 1 B FHEFE, Oy 25 A BB 4,5
RIS 0,5 SR 2(n — 1) THERE. B8R, WHEREN 4,5, Cy B iy H552 SORBREE.
BEA* A KEEBETRE, W AA* = A*A = |A|Ly,. BUTFIRTTE |A]|A*| = |A]>", M
|A%| = |APPr=t. B T AR SRR

0 1 0 s 0 A Az Az - Azn,1
1 0 0 s 0 Aqg Az Asg - Azn,z
a3 as2 az3 -+ a32n A Ass Asgz - A2n,3
Qon,1 Q2p2 G2n3 *°° G2p2n A1,2n A2,2n A3,2n T A2n,2n

VXA A = (ai;) € F™" fIJTR ai; BRGE n® DAREIC, JHE [A| BERERTARET ai; K
EFTEL
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A12 A22 A32 e A2n,2
All A21 A3l e A2n,l
=] 0 0 |4 o |,
0 0 0 - |A

AT ) ARG
—|Ci212] - ’A|2n_1 = (A12A2 — A1 Ag) - \A’%_Q-

B Oy, Cog A&7 EUBN SOAREE, Bar @13 L 1AM A B TRIAT FI R 0, T2 Ay = Ay = 0.
N Crp=—(CT),,» B A1y = —|Cro| = (=1)7142= 1| (CT) | = —Aar. T A3, = |Cra12]- Al
B Ay = /[Crao] - [A[(BLAE VIR 2B R A, ARAE SEFRIBIUIUE 15). XHMERT @ < j,
FIEATE Ay = /|Ciyi] - [A]. 3% A IS —AT AT RRIF AT 15

2n 2n
Al =D aAy =) ayy/ICul - 1Al
j=2 J=2

2n
\/@ = ay/IC1l.
=2

A Cujay A& 2(n — 1) BrROSFREE, BAMBBAAELT 0y (0 < j) WEBR £, 673
|Chj14] = flzj, Wl BT 1S

2n 2
|Al = (Z aljflj) .
j=2

ENX 1.3.1.4 &
Agp = { (i1, J1, 92, J2, 1y Jn) € Son | i1 < Jryda < Jo, oo i < i1 <dg < - -- <lp},

BATH DAL Ay, = 2n— D). T2 b, i) REER 1, T2, F 2n—1#B0E; iy, 51 BE
ZJG, iy RBEBE T TEFRAE, TE jo F 2n—3 B, KILERIEGEARE S B
&, wFHD (1,2,3,4,---,2n—1,2n) € Ag,. & A= (a;;) & 2n B RATHE, N

Pf(A) _ Z (_1)7(1'1,]'171'27]'27'“ ’in’jn)aimj Qinjy * ** iy

(i17j17i27.j2»"' 7in7jn)€A2n
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A A Plaffian 2K, BE—MXT ay (1 <j) WEREZ TN, £MH, RATHFTLL
£ Pfaffian % A5 R0 T X

1 o . A
Pf(A) _ o § : (_1)7—(z1712,z3,z47 ,z2n71,z2n)ai1i2ai3i4 iy iy
" (i1,i,i3,04, i2n—1,i2n)ESan

EIE 1.3.1.5 % A= (ay) # 2n B RAFREE, W |A] = Pf(A)2

WEBR FRATIFR e P HES (1,2,3,4,- -+ ,2n —1,2n) PEBIHRIN a1pazs - - - A2n—1,2n NHS LI
F 51 B3 L3 MHE B AR I, /[A] IFRIE R &6 H P s, KPSy 18 —1. 5
&N, FANCE S TET 1 W PRI |A] FIAFITRN Qr(A4), Wk 5 #H1.3.1.3/)
IE I AR AT 15 .

Qr(A) = (—1)Tay;Qr(Cyj5). (1)

Jj=2

AR 2 VAT R IRHIE B LR = A48

ti=j (mod?2), Vj=>2, (2)
Qr(A4) = Pi(A), (3)
Qr(S;it1ASii41) = —Qr(A), VI1<i<2n -1, (4)
Horp S0 RRKGE § ATRIEE  + 1 AT X 14 55 77 . O
1.3.2 Laplace EF
z 1
1 . B
Bl (3.16) #H 0 B A= ()= | = | s, tezarmEaLo0
1 =z

# 1 Laplace FEIF, A, = det(4) = 20,0 — Mgy TH2 A, = (1 0) (x 1) (1)
1 0 0

1

A= far - (2) TR a; BREATR A,

@ Hi=jK, BRE Ajj = (—1)"A A, = A A
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®%Z<]H7J"

Ajj = (=)™

Horp 3 ML BRI @ —

]'.
e ...1
R |
1 z 1
1 = (“1)ALA,
.'1.'33
1 1
z 1
1 1
'.1 g

LB j—i By n—j B o R

® %> i, H A RIS Ay = (—1)HA;_An—i.

R 2 © JRiE AT DO =X AAERE A AT U0 R 20 fif

1 1 b
aq 1 ) 1

Ap—1 1 1



K

%—%F lANA K 7

ERR AT XS A 34T n — 1 AT BA B =TT R

1 1 1
1 1 —ap 1
1 —ay 1 1
’ A
1 1 1
—Qp_1 1 1 1
P
* 1
* 1
*-
x 1
*
U
FH AT 5 7 B R T
1 1 1
aq 1 1 1
B 1 az 1 1
1 1 1
1 1 Qp—1 1
1
aq 1
17 (51) A5 s aznl_. I
1
Ap—1 1

FEXE U ARSRABA 51 AR 46 BV AT 45 i 22 1 73 e 2K
@ HOTFIERHES R E, Hx A [T EATEPE S, BT 3 AN TTREE

NI n— 1 NBF LT, TR A, =dy-dy Bl dy = AAk RS

k-1
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F—% pdabEk

%/%%&?2* Ay, 7an717b17"' 7bn71- y\j

0
0 ai—1bi1diq +d;, 1 =7,
bj,1 bzdza ] =1+ 1,
A5 = <0 - 0 ai_ldi_l dz 0 O) = .
1 a;—1d;_1, i=J+1
"1 o $oft,
0
Jit A
1 1
aldz:bzdzzliaz:d_y bl:d_ (221,' ,n—l)
[i4
-1 —1
1 b 1 1
Ail 1 1 aq 1
bn—l 1
1 dy, Qn_q 1
0 0 b
. ap 0 0o .
wo=|" , D= , Il ¢m = Dr = 0. Ak
b
Ap—1 0 0
1
1
a; 1 not
' —(I+0)' =Y (~1kct,
k=0
Ap—1 1
—1
1 b
1 n—1
— (14 D)t = Yt
bn—l k=0
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1.4 FEIRFRIER

1.4.1 EHKIEP

IR 1.4.1.1 (1) TR R F L5 5B w] 1L RATETY.
(2) ZlF Rk AEFE R T 4 3AT A e B o] AL R AT

JFRR # A € T,
cmgAﬁﬁ&,MA:P(%<ﬁ@,A¢Pewwerwmn R A1

1.4.2 ZMHIEH
EIE 1.4.2.1 & A € F™*", b e Fm™xL,

(1) Az =b A} © € F"*! < rank <A b) = rank(A).
(2) &k Az =b A ap. N Az =b RSN

{ag + Ao + Aoog + -+ -+ Ao | A, A, -+ A € F

HEF a0, 0 £ Az =0 WERBE R, k=n—rank(A).
(3) #FAIH2, 4 rank(A) =n(BF A 7|iHEK) B, Az =b W E"E—M.

AN A A P S AR R R TR T IR IER] (1).
ZRIYE rank (A b) = rank(A) MHTIET.
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MEER 1 % A FATHEN o, 0, -+, o N
Az = bAf#

T

be <alaa27”' 7an>

)

<a17a27"' 7anab> g <a17a27"' 7an>

)

<a17a27"' 7an7b> = <a17a27"' 7an>

)

dim (o, 0y, - - -, @, b) = dim (ay, ag, - -+, @)

T
rank (A b) = rank(A).

WERR 2 =: & xo & Az =b [—AME, N

rank (A b) = rank <A Aa:0> WHER ank (A 0> = rank(A).

I, O .
<: &AP( )Q. BTt y = Qz, N Az = b FIfFAREN

O O
(I’r‘ O) y = P_lb _. (61) '
O O B2

b oot n] AR RIS S H AT 2

e (4 )( (4 ,,>( ))( ’ Zj'

Hp P~b = B IO B AR T o0 ,é:nk/a\rank(A b)zrank(A)
B2 0O 0 B O O B

13 B2 = 0.1

By — (51) R ( )y (5) Ll @ = Q-1 (51) B Am— b
0 O O Ba 0

M. O



K

F—F BHEAARK 11
5 (4.5) ¥ THEE Ae C™, rank(A"A) = rank(A).

WA 1 i Azr =0 —= AMdz =0 = zMA"Az =0 = ||Az|?’ =0 = Az =0 "X
BHETHEHE Ae =05 A"Az =0 [FIffE, DA rank(AY A) = rank(A). O

WERA 2 A E R rank (AP A) < rank(A), R R 7FFE rank(ATA) > rank(A).

W AR r iR A [ﬁ;ﬂ , FATWE AHA A r YT FHRE: H Binet-Cauchy
~
det ((A"A) [J0]) =det (A" [0 AL ])
= Y det (AF [ ]) det (A [ )
1<k < <kr<n
= Y i) o
1<k <-<kr<n

S 1.4.2.2 (1) 2 A G5, T AAY ik £ A BlEA, 0 AMA T
(2) EFAMEL: XTHERE AeR™", rank(ATA) = rank(A).

1.4.3 |- Nit5ERE

I O
Q, EF PQAETHETHE, N nxm Mk

)
)

EN 1.4.31 & mxnHEE A=P (

MA AW—ANT Xk %
EI2 1.4.3.2 B B2 AW—AT X ¥ HEME «— ABA=A H BAB = B.

WERR = e LCERACART AT SR L.
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I,
<: &AP(

O) Q> N

O O
I, O I,
P QBP Q=P
ABA=A O O O O O O
<
BAB =B I,
BP QB =B
\ @)
I, I,
QBP =
@) O O O O
<
I,
BP QB =B
\ O O
o s o B, B
EEERME B=Q [ | P TR
Bs By
I, O B B, I, O I, O
ABA=A O O B; By O O O O
e
BAB:B B1 BQ IT O Bl B2 Bl BQ
Bg B4 O O Bg B4 BB B4
et | B =1
By = B3B;
(L B\ ., (L O\(L O
< B=(Q P =Q
Bs B3B, By I O O
-1 -1
IT- O ]7‘ O I'/‘ _BQ
— B=Q! pt
—Bs I O O O 1
T

—B,

12
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1.4.4 FAHEIKHARERERE
BELKE
5 1.4.4.1 KFTAHRE AF = A8y AcFon, H ke N~

I, O s o
R KA=P ( 0) Q, H P QcF>r @ul i 5RE. dHubnl ¥ A BHHE

I, O _ Ry R\
O O O O

;H\:;:P Rl c FT’X’I"RQ c Frx(n—r). a:IE}L:

O O o) 0,
RY Ry 'R, R, R,
AF=A «— P pl=p p1
@) O O O

— Ri Ri'Ry\ [Ri Ry
O 0] O O

= R (R R)=(R R).

k
k k—1
A9 5575 (Rl R2> - (R1 & R2).JH:
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R — AR (Ry Ry) ATHBTR rank (RY) = v, B RET AT, WA Ry T
ﬁ,%R%:1%Lﬁ%Rfm%H%4:b(mﬂumﬁﬁ&ﬁ@ﬁﬁﬁ,%ﬁ%wﬂ
% (R R,) W— M EHEES R = 1.1 %

a_p | B o] —R{'Ry\ (Ry O\ (I Ri'R, P
0O O o I 0 0)\o

1
~\~ —V
P-

1

Rk, MFAEREBLE RS = 1, (0

N

r < n) Wi R SEEWEITE P e F,
A=P (i g) P~ AR R AR = A, RIBLIXFERT A RIZ TR, O

I BATME
15'] 1.4.4.2 Zk)aﬁ/'ﬁ/ﬁ%/% A2 =17 é}/g A € Frxn,

I 0O
ﬁ’q’:lA?:J«:»(ﬂ) A“ +I:P )Pl,ﬂzaﬂA

2 O 0

2[/,'- O R Ry A Yo rar /
p ( ) Pt — 1, Hr p e RATHTEE, 0<r < n SRS
O O

21, O I,
A=P Pt—pPIP =P P!, r=rank(l + A).
O O _In—r

R 2 W ANKHEE, o252 NRRERE, Ml A2=115
Ala=Na=a = )= +1.
—1 B U E A

my =n —rank( + A),

1 HJLATE AL
my = n —rank(l — A).
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M A?=1 < (I+ A)(I - A) =0, M Sylvester FkAEXAH

rank(/ + A) 4+ rank(/ — A) < rank(({ + A)(I — A)) +n =n,

[i4
mi+me=2n—n=n = my+my=n=A FCEEZL.
I
PRIt A AR fA e ( ' ) » HH e = rank(7 + A). O
_[nfr
I =EHHE

5] 1.4.4.3 KFAHE A2=0 1y A c F<n,

O O

I, O N Ry Ry _
O O O O

;H\:EF‘ Rl c FTXT,RQ c Frx(n—r). aE‘I_\Eé

I. O s N
WEER ¥ A=P ( ) Q, Hrh P,Q e T R FE. LR A BHS K

ES)ld

R? R\R Ri R
A20<:>P(1 12)PlP(1 2)P1<:>31(R1 R2>:O_
O O O O

A (R1 RQ) TRk, WERE - ANERFHRRE N A, 85 R =0, # R,
FHRk, r<n—r. % Ry = (o IT>Q, Hit e For)x(n=r) JLafss 7 FE.

O R 0 (03
A=P 2\ prop|” 1979 pa
0 0 0o 0
1 o\for\(r o (o 1\ -
_p|" lprop P
o o) \o o] \o & 0 0
—— —

P p-t

O I,
it K, XFAERERW S E PeF>m Ml o< r g A=P (O O) P~ # AR A2 =0

PRI RER) A B FTK. O
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¥ 1.4.4.4 7 Frobenius % 74X FARN B=1, C =A, 4% 2rank(4) <n, HEEF3 L
WIERAFH r<n—r.

1.5 BKAFAE5FR

A B
5l (4.6) rank (

) =rank(A) < HFHEE®E XY, #F
C D

AX =B, YA=C, YAX =D.

IERR < WA)EEA R AT

A AX A O A O
rank = rank = rank = rank(A).
YA YAX YA O O O

I. O NV ,
=: WA=P ( ) Q, H P,Q ZAIHI5 . WA

0 O
I.'O B, B,

A B P 010 By Bi| (@

C D 1] e, o, D D, )
Cy1Cy D3 Dy

VERRE EMfaE I nlii, 12 Schur A3 (AR _ERIYIEEAH) 715 Schur %k

O B, B 0 .
C, Dy D, |- ClLPQ)BlBQnm%D%MWDQ
C, Ds D s
[
O B, B 0 O o0 o0
¢, b, | =|a|(o B B)=|0 aB sz
Cy Dy Dy Cy O CsBi CsBs
il
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N EEEEAERE T RER TR XY

Ir O Bl BQ [r O Bl BQ

AX =B < P QX =P — QX = ;
O O O O O O O O
I, O C, O I, O c, O

YA=C < YP Q= Q < YP = .
O O Cs O O O Cs O

i ox — (70 72 v - (CI O) X =Q! (Bl BQ),Y (CI O) p
0O 0 O 0 Cy O

i 2 LIRIPIANTTRE. BEAD,

vax - (g; g) () (i 0 ( ) - (g;) (5, 5)-D

KHIE T FTRIE ) X, Y R 2K,
] (4.7) rank(AB) =rank(A) <= HFEE%E X, /5 ABX = A.
WERR <=: W X 2 ABX = A B H RS AT A

rank(ABX) < rank(AB) < rank(A) = rank(ABX),

X LB rank(AB) = rank(A).

I, O s . Ry R
:>:&AP< )Q, EEPP,Q;%EIIE‘%“F’?IBQB( ' 2),)F1'J
O O * %

I, O I, O\ (R Ry R R,
AB=P QB=P e .
O 0O O O * ok O O
1 rank(AB) = r WHEH (B, Ry) ARG MOLUA A Y R (R Ry)Y = L

Ry R L "
MeEs) ABY =P | " |y =P | ATHIEHE ABX = A9 X, RERX =
O O @)
(Y O) Q- m
HIL 1.5.0.1 BT HE
rank(AB) = rank(B) <= rank (B'A") =rank (B") <= % X £/ BTA'X = B'

X=X =k Yy #EYAB = B.
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A B
O D

IERR < WAIEEAR AT

A AX+YD A YD A O
rank = rank = rank = rank(A) + rank(D).
@) D O D O D

‘ I O I, O e
= T&AP1< )Ql’ DP2< )QZ’ ;H\:E'j PlanaPQaQQ i/}]j\jm‘@ﬁ@;

f5l (4.8) rank ( ) =rank(A4) + rank(D) <= FAEEME XY, 5 AX+YD=B.

O O O O
IR |
I, i B B,
A B P O 3 B; DBy Q1
=Yy )V rQr---- +---=-=--- 3
D P, 3 I Q2
| 0
B]. 2 ST A
Hi B=P Q. HVIZEAS Y R] 5
Bs By
I, i B B, 1, i I, i
0! By B, 0. B I,
rank |------ to-m - =rank |------  RREEEEE =rank |[------ Fomo- :
i I, i I, i O By
| 19 0 0

A B
M rank ( ) =r+s PMEH By = 0. BT RR FWIEW T FE:

O D
]TO **_{_** ISO_BlBQ
o o] \« « « x) \O0 O B, O]
——— ———

JERT AT AT s )

Sy AN R 5 Mt
O\ (B B\ (0 0\ (1 0o)_(B B
ool]\o o B, 0] \o o By O]
il
I. 0\ (B, B, 0o 0\ (L O B, B,
o ol\o o B; 0] \o 0O B; O
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L [B B o 0\ _,
B:AQ Q2+P1 P2 D
O O B; O

(. J/ J/

el

~\~ ~\~
X Y

]

HiL 1.5.0.2 W T EM K CaEMRE A B D, FEANEEFREE AX+YD = B HiR
X,Y.

il (4.9) X FHEE AcF", BeF>?, CcFrP*, # Frobenius f 1% =,
rank(AB) + rank(BC) < rank(ABC) + rank(B).
FeAld, % B=1I, 8, EXEN Sylvester F 1% =
rank(A) + rank(C) < rank(AC) + n.

WERH HHWISE AR R 15

BC BC B
rank(AB) + rank(BC') = rank < rank
AB AB

B B
= rank = rank
(ABC’ AB) (ABC’ )

= rank(ABC') + rank(B).

BC

BC B
s 2 p Sy 24 LAY 24 rank( ) ) rank( ., ) il (4.8) 4646, XM T A
B B

¥l XY, 8 B=BCX +YAB. O

1.6 Smith ¥rEF

EX 1.6.0.1 % P ZEH A% F P EFN#EAE, 30 P W BEHFE, W PHAZ
TS X ABcZ™ EFETZ LHWEFE PQ, /% A=PBQ, WK A5 B &
7 .

EIE 1.6.0.2 W P ZEHFEP £ 7Z EHEFE S HX Y det(P) = +1.



K

F—% PBRANAR 20

EMX 1.6.0.3 & P e Fla|™". S HMNY 0+#det(P) eF &, P! eFz]™", P#HA Flx] £
7. % A BeFlx]™". ZfF%& Flo) LWEFTE P,Q, 4% A=PBQ, WH A5 B
% Flo] EEAEK.

EX 1.6.04 & P e R, 9 R ZERF. L HMNY det(P) £ R #FHE(r (BFF £ 1)
i, P ¢ R, P#A R LM% % A Bec R £HF%E R LWEFE PQ, £
B A=PBQ, W#H A5 B % R F#EMHHK.

BL6.05 T 0 ton i b A AT H AR G, Gw( )( 1) .
£ veson u
(; ?)(1 1) L)
SR [ W]
()G )
PR [ ]

<DNE%A(maj AT DL TS ol LA R B T T, T A € G
a3 ay
b by

o FREABARAT A BATHISERAR R, 158 B = (b )
3 4

), Hrp b, >0, |bs| <by.

-K%EEL#%%,%QEQCY(qcﬁ.ﬂﬁdaW)qgH,%u
0 Cy
c1,cq € {1, -1}
1 d
o YRELAEWIERALH, 193] D ( 2), EITICIEC S O
0 1


https://baike.baidu.com/item/%E6%9B%B4%E7%9B%B8%E5%87%8F%E6%8D%9F%E6%9C%AF
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. A(z) 01
5 1.6.0.6 F[x]>*? F YA 77 [ 2R 15 45 M5 F ik 12 5 A B BF G, G o | ( )( )

Au (al 0) W= RMEMEAR, HF \Nz) € Fla], ay,ae € F\{0}.

0 a9

SERR © BT 2 BTSRRI Ot 55— S R R o
= A T L AT T R B
@(®) a2(0)) o T s R O A R AR, AT

az(r) as(w)

@ XMTE A=

AeQq:
VN v g S AL N bi(z) ba(x) v
o HWIFERTEX A AT 2 0AH RERVE, WTLEE] B = o) XA
0 2w\ T
det(B) = by(x)by(z) € F\ {0}.
EIR 1.6.0.7 X THEEEHREME Ac2™, FEZ FWEAFE P,Q, 15
PAQ = diag(dy, ds, - - - ,d,,0),

Eb ddy,--dy REES, FAEA d BB duy L<k<r— L

WEBR XHHEFEILESEL (m,n) ERECEEIRGNE. AR A0 FH mn>2 4 A= al) i,
45)

m%%ﬁ%%,ﬁﬁﬁﬁ%P,ﬁ%PA(z

B FIREZEROTME Q. (873 AQ = (d 0). Him>28n > 26, ¥ B =(by) 5 A Hihl
o by > 0, FFEAA by RATASN. JRATHIE b1 SR by, 4 SRR RIL

(1) 1F1E bin ARERK b1y BEBR. AAAERRTTIE P, {815 PB = (¢i), HHA ¢ = ged(bir, bir) <
bis 5 by BT E.

(2) AFAE by AREHE b1y BEBR. AFAERITFE Q, 613 BQ = (cyy)» HH ey = ged(biy, byy) <
bis 5 by KIEADETE.

(3) F1E @ £ 1 M j # 1, 11§ b; AREM by BEFR. & Ble(—b—J) 1(1) =
11 =bus ¢n=(1- b”)bﬂ + bij DRERE 1 BEBR. ALATHIE (1), : iEEE.

), EEP d = gcd(al,ag). %l A= ((1,1 (12)

(cij), T

BT by BRI by, SMUAEAERISERTTRE P,Q, f#15 PBQ = ( ) 0) XHEEUTEE C
11
LR VA g EAE, BT 58 JiE BA.
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EMX 1.6.0.8 % A BEREE ANHE F W FRAARALNLE Dy N A Bk ATHI R
B F. #FFME: Dy=1; % k>rank(A) &, D, =0.

EI 1.6.0.9 Dy =dydy---dy, 1<k<r, EF di,do, - ,d, WWEHE1.6.0.7 Frik.
WERR % P, Q e EE.6.0.7 Bk, N

diag(dy, do, -+ . di) = P[{5 0 L] AQII3 1]
F¥E Binet-Cauchy A3,

didy-dy= >0 det(P[L 2 E])det(A[ 2 ]) det(Q 5 1)),
1<) << <ip<m
1<j1<go << <n

AW Dy B B0, MTFAEE 1<ii<is<--<ipg<my 1<j1<jo<-<jp<n,
A[iriz i) = Pz in] diag(dy, d, -+, d,) Qfl[jll 20

J1 J2 - Jk

FHRHE Binet-Cauchy A3,

det(A[B 20 0]) = D0 dudi e dydet (PR R ) det (Q7U5 2 )
I<t1<to<--<tp<r
A% dids - - dy B 28 F, Dy = dids- - dy. O
~— . D . \ . ,
EM 1.6.0.10 R #EZH1.6.0.9, d, = 5 P AE—E, Y AWE K ANTERTF,
k—1

1<k <rmxn £ diag(dy, do, -+ ,d,,0) A A BIEA AR EF B Smith AFEL .

7 1.6.0.11 #HFEAFEEIR LA T LLE X, T Smith /77K — B FEAEBELER EE X

1.7 %ERERIMEM

a b 1 A . \
B 17.00 % A— ( ) cre, po ( ) S
c d 0 1

a—Xc b+ ANa—d)— Nec
c d+ Ac .

B = (b;) = P AP = (

REEHKE] N, # by = 0.
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71.7.0.2 FHFEUTERNEAH 7H A 5 B:

00
® det(A) =det(B) 12 A 5 B A8 M: [F L.

® rank(A) =rank(B) 12 A § B T4 M: A= (1>, B = <2>

® tr(A)=tr(B) 18 A5 B ~AMl: A= 00 ,B(O 1).

5 1.7.03 £ A, 5 B, Al (i=1,2), M A, ® Ay 5§ B, ® B, 1L

(P1®P2)(B1®B2)(P1®P2)_1 =(PL® P) (B ® Bs) (P1_1®P2_1)
= (PBIP[") @ (PBoPy ) = AL @ As.

H>J/ (3.3.8) AT det(Py ® P) = (det(P1))" (det(P))" # 0. 0
B 1.7.0.4 B A= (ay) e R, EF a; =i+j. K A BFTAFAEHE.

f# AR

11
2 1 (1 . 1)
A: . .
Lo 1 2 -~ n
n 1
T H ] (3.12) %0
1 1
pa(r) = det(xl, — A) = 2" * det xIQ( 1 1) 2 1
1 2 n
n 1
J;_n(n—l—l) .
2
= 2" ?det
n(n+1)(2n+ 1) n(n+1)
_ ; -
_ n—2 _n(n+1) 2_n2(n+1)(2n+1)
Bl A BB REAEEA n—2 4 0 fnk n(n2+ D n\/(n + 1)é2n +1) .
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EI 1.7.05 X AcF>" W ARKMEEAETF. W AYUEF LHEUTHAFE —
FENMFEEN LA ERETREEL

AIIn1
k
EBR = B pale) = [J(x = A)™ Ay A BAS, W A = P! P,
=1 )\k[nk
Horpr P AT TR, AR Y8 E S N U B E (B N, X R ARHAE 725 (8] ) 4E )
>\1]n1
m; =n —rank(\I — A) =n —rank | P~ | NI — P
)\k]nk
)\ljnl
=n —rank | \;] — =n;.

)\k[nk

k
<: Wopa(z) = H(w — )™M N Ay N I 1 {ay | sio1 +1<j < s}
i—1

%?ﬁ‘fﬁﬁﬁéﬂ (/\l] - ;1)15 =0 El/‘]—‘/l\%ﬁlﬁﬁﬁxw Sp — 0, S; =mn1+ -+ ny 1 < 7 < k. EJ%D
P=(ar ay - a,) WL AP = PdiagOi L, Aol Aely,). BB P =0, B

k Si k Si k
AT Z Z T;0¢5 = Z )\;I' Z T;0¢5 = Z /\2—,31 = 0, Vt.
i=1 =1

1=1 j=s;_1+1 Jj=si—1+1

Hrp Bi = Z ;. ]

Jj=si—1+1
NP VIR U
k-1
ID VDV

T A, Ao, A PIIIASE], & B Vandermonde 77 [ ()\gfl) AL B = Z z;a; =0,
Jj=si—1+1

Vi. W ® =0. ik, PR HE, A5 dag(Al,, Aol Ml ) FHEL O

5 1.7.0.6 % n KE— 4T feFlx], kK AcF>", #45 pu(x) = f(a).
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B fo) =aot+ax+ - +a, 2"+, R F IR

0 —Q
a- |t e
0
1 —Qp-1

EIE 1.7.07 FTHEE AcF>", & ac F #7 dao = da.

k
=1
R W g, = Z—A BT G(4) # O MIFLE o € T4 18 gi(A)a # 0. % f, = S,

L %

Bi = fi(A)au. B pj(A)B; = da(A)a; = 0 F1 pl' 1 (A)B; = qi(A)oy # 0 13 dag, = pji. &
k

a=> B Hdaa#do Wl p (i =1, k) WARATLIMR dao BEHRFEAD ¢ TXT j # 4,
=1

¢i(A)B; =0, A ¢;(A)B; = (A =0, HXE dag, =pl" tq TE. W dao = da. O

EE 1.7.0.8 % A € FY" HE dy = a, f € Flz], g = ged(da, f), W rank(f(A4)) =
n — deg(g).

MERA MRAEE R (5.15), FAE a € F 2 daa = da = ¢ar T52 o, Aa,--- AV o 52
Fod W —21 0L, gkm f(A) MEZEHREBDNTRETERERN 2 = r(A)a, HHr e Flz] A
deg(r) <n— 1. IR r T LML

fAlz =0 <= f(Ar(A)a=0 < dao | fr <= da| fr = %A]r.

it = df(ii%? b CA T ),

{z| f(A)z =0} = {r(A)z | rehfIfEH deg(r) <n —1}.

{r(A) | r2rKIfEXH deg(r) <n —1}

h(l’), ZEh(Z‘), T ’xn—deg(h)—lh(l,>

AR n — deg(h) 4EZkME23 0], T2 rank(f(A)) =n — (n — deg(h)) = n — deg(g). O
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1.8 1RFEIE]
AT FELIER F-ZtE78 0] V' B AR A FIE 2 TR 85 -

PATTRATE, | duTRAALE da,o T HEAAFLE

dA,a

da

FEGIANZ KRR T2 85 e #EAT,  Je AR A1

] 1.8.0.1 (A FRERAHRHEME) % V =Fz],Ac L(V): f(z) = zf(z). ¥ TFHEEEE S
A flx) eV, THREFENEF, #7F of(x) =\f(zx). B, AREFEME.

X 1.8.0.2 TE THMWAHEL TR —ZTUAF WX R K EKER, BIEV AR
HLRMETE, ZEXHE AWNREELERRGEF ¥ (HALKKEZEV 2EKHAF LH),
BIE pa(z) £ F FRAMR, W AREREERFERE. F5, palr) KLV ZHREL
M A A R

5] 1.8.0.3 (A FTREA LT L MFEM) % R EWW4&M=H V = C°R). ¥ THEE ) € R,
fl(x) = f(z) <= f(z) =ae’, EF acR FHik, FAEZHE N LMD T D R
H, MRHFMERE f(z)=ae’ a#0.

5 1.8.0.4 (da(x) FIREAFALE) R WA K # D AR, EERH&K/NZTA.
5 1.8.0.5 (da(z) WTHEAFAAE) R LA T S LR A RAEE, 4&F /%K.
5 1.8.0.6 (da(z) NFAEHE dyo /7E) KV =Flz], D € L(V) B BE. MHHEE f eV,
deg(N)+1 £ £,
dp,f(x) = ’ 7
1, f=0.

5 1.8.0.7 (dao(x) FTREAAFLE) B charF =0, N Flz] EWAL X% S X THEEEHNE
o #BEH /N T

5 1.8.0.8 (dao(z) FIREAFEAE) & V =Fz], A€ L(V): f(x) — xf(x). N
a0 + a1 A+ as A? + -+ ap A¥ : f(2) = (ag + a1z + agx® + - - - + apa®) f(2).
T ERE 0# fEV, day FFFE.

da(x) B oa(r) MFTER, T daa(z) 78 F HER—E L A MFEE.
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k

EIE 1.8.09 XV 2 F EWARELMEZE, AcL(V). & o4 = Hfi, Heb fi,- i€
=1

k
Flz] WA EZZE, N Vz@Wi, HF W, = Ker fi(A), dimW; = deg(f;). ¥ 7l#, FFEA
i=1

fi=(x—=X)™, n; =1, W W, =Ker(MT — A)™ =& \; X SR F = 4.
k

EE 1.8.0.10 #V EF LGB EE, AcL(V) ARDERAR da £ da =[] fir £F
=1

k

fi,. fre€Fx) AAHEZE, NV = @Kerfi(A). FERIH, FEA fi=(x =)™, np>1,
i—1

mx 2 A BFIEE, Ker(NT — A" 2 N\ AR BAR F = 4.

EIE 1.8.0.11 (FR7=MI0fE) wV 2 F L&z, AcL(V), S =& AWATAFMEE

WEA, Wa= N\ UMK TFZERE. EXTERE acV, dao, FEH AT UL Fla] T2 8B4

—REAXNFM, NV = @W,\.

AeS
£1.8.0.12 FEFEISOIRZERATHREL HEZE, T E#1.8.0.10f/F#1.8.0.11% = [4
FEHAERS]. Fo, FE1801INHE G AR T (5 UL (9.6.9)).



FTE HN IR

SIE (1.2.5) sRKATAHR f(1) = f(2) = f(3) =1, f(=1) = f(=2) = f(=3) = -1 ®WZ K
f(@).

f& 5 fo, fo YONWRUE NI, W b= fi — fo W2 h(£]1) = h(£2) = h(£3) =0, TRH
CAF B —NRHE fo(x), NI BE A 250

f(@) = fox) + g(z)(x + 3)(x + 2)(x + 1)(x — 1)(z = 2)(z = 3),
Hrp g(z) AEEZ I SRR, R 7N Ar € REGESN, AT LB
folz) =14 (z = 1)(z — 2)(z — 3) (co + c17 + c22%) .

AR, BT AR, WAL fo(r) = e + coa® + c5a® FArmsL, Fber vk
W — AR
1 . 1., 37

_ R i
fo(x) = GOx 4x + 30x'

0
ST (1.2.6) KAA#HR f(1) = (1) =f"(1) =1, f(=1)=f(-1)=[f"(-1)= -1 ®Z I
X f().
B2 fo, fo YN RBERIM W h = fi— f #H2E h1) = K1) =h(1) = h(-1) =
W(—1)=h"(—1) = 0. HZWXFRAE, +1 ¥2 h(x) WER, AEHEDN I TEAED
1FEN—NRERR fo(x), NIRRT 2008

f(@) = fo(x) + g(z)(x = 1)°(z +1)°,
Horb g(z) MR Z . BT RECE TR —ANFRR
1, 1, 5

folz) = 3% — g% - gxg—i—Z:cQ—i—Zx— 3

28
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7 2.0.0.1 KAWEEREE AL EA BB 1E W Hermite 75 H.
SIRR (2.1.8(8)) ¥ m € N*, sk Am, H+F

arby  aiby a1b3 aby

asby  agby asbs asby

A:
CL3b1 CL3b2 a3b3 (13b4
ashy asby asbs asby
aq 3]
. a a
BN A= || (b b by b)) T (b by by by) | | = aibi+ asba + asbs + asby,
as as
Qay a4y
Fr LA
a1
m Q2 m—1
A™ = (a1by + agby + asbs + asby) (bl by b3 b4>
as
Q4

= (a1b1 + (lng + CL3b3 + a4b4)m_1 A.
[

2

SIER (2.1.16) A TRT| Qo =1, Q1 =2, Q, = ’22;_1, Vn>2 FEEREFRET Q,
n—2
BTN K, FEH Q, € Zla).

R OHIBIEXRR, 1 = 2—1 — QQns = Qi — Qni1Qn1> % 01 3 7 75 Qni1+ Qn1 _

@n
Qnt@na  Qt+Q r. T Qp = 2Qn1 — Quoo(HIt Q, € Z[x]), FFEMERIME

- Qn @1
~Rp
Qn 1\ (@ )\
weeafz)-eof e ()
[l
axr,_1+b

SIER (2.1.16(2)) 2, =
CEEERTTTASW

, HF oa,be,d ZEE. FIFEEFRAREELD {2, nen
Cxp_1+d


https://math.ecnu.edu.cn/~sfzhu/course/NumerAnal/Interpolation3.pdf
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n n aQYp—1 + bZn, N
ﬁg /7"\ Tn = y_1 m\[J y_ = —y ! 1- ;F‘;Ujlﬁ Yn = QYn—1 +bzp_1, 2y = CYn—1 + dzn—1 }H\IJ

Zn Zn CYn—1 + dzn—l

Un . a b Yn—1 . . a b Yo

Zn, c d Zn—1 c d 20
ETE = ’ I)_I\IJ Tp = 0 . 0

c d ¢ dp Cno 4 dy
S (2.1.17) & on BEEEH, a, a9, 0,1 REFEZH, EXHEELD vy =u = v =
v = 1,
Ukr1 = Up + QpUg_1, Vgi1 = Vg + Qp_pUk—1, Vk=1,--- n—1.

W w, = v,.

WERR B 2.7, F

1 Ap—1 1 Ap—2 1 ay 11 1
1 0 1 0 1 0 10 0
1 aq 1 a9 1 Ay —1 11 1
1 0 1 0 1 0 10 0
11 1 1 1 1 1 1 1
= (1 0)
10 ap—1 0 az 0O ap 0 0
A H
11 1 1 1 ax 11
10 ap 0 1 0 10
RIAT1S u, = v,,. O

3] (2-1-18) e o, A1, a2, - 7%%%%(, bo, b1,bg, - - - %E}%#{s R ap=0, ag =1,

IEBA . max{an, ani1} = n.

WERR X



$F AR
IBLEE i &
Apt1 bn Cn-1 Qn,
an, 1 0 Ap_1
A H
bk Cl—1 _ bk 1 1 0 5 1 0
1 0 1 0 0 cp1 0 ¢k
B
An+1 bn Cn—1 bn—l Cn—2 bl
an 1 0 1 0 1
b, 1 b1 1 b 1
1 0 Cn—1 0 Cp—2 0
154
Un, bn—l 1 bn—2 1 bl
Up, Cho1 O Cpno 0 C1
Unp 2 17
NHEAENEIE 2 0 > 2 A
Up +V, =N
(%) bl

® Y n=2H0

V2 &1

% b1 > 1(Eﬂ bl > 2)) )I_\”J C1 = -1, U\ﬁﬁ u2
n = 2 By AT

® B A EENT n (0>

X]LFL H ﬁ/

Un—1
un“’”n = Up— l_l'(un l+vn l
ﬁzﬁ Up = bnflunfl +Up1 2 2Up_1+ Uy 2 1+ (Tl—
>1, WeHE 2

Up—1 + Up—1 > n—1

3) M IR KR AL, HIEE 2

(% 1)

2, U2+U2—U2—1

Un

1) =mns up+v, = (b —

31
1 b1 1
0 Ck—1 0
1
0
1 1
0 0
1
0 )
Un, 2 n, -
(6% 2):
Up + v, 21

. % bl = 11 IJ]\IJ c1 = 17 }‘Aﬁﬁ Uy = Vo = 17 jﬁj/@ﬁ%ﬁz ]-

> 1, WAk 2. Bt

bnflunfl + Un-1

Cp—1Up—1

b1 =1, W ec,_1 =1, NI wp = tpp14+0p_1 =>n—1>1,

1+(n—1) =n, WHEBE 1; & b1 >1, iy Cn-1=—1, M

1) Up—1 +Un71 >

Xﬂ‘fﬁ‘%ﬁﬁ 2: % bn—l =1, ]J_I\U Ch—1 — 1, U\Tfﬁ Uy = Up—1 +Un_1 2 1,

S Up—1
o
Up—1
Up+Vp = Up 1+ Up 1+ 0, 1) = (n=1)+1=n, WEEE 1 & by > 1, M e,y =—1, I

Up = bn—lun—l FUp—1 2 2Up_1+Vp_1 2 N5 Uy +V, = (bn—

W 2

1= Dty +v,-1 = Uy +v,-1 = 1,
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HO@ A HIa X n > 2 AL, Tl

Uny1 | b, 1 Un | bou, + vy,
an, 1 0 Up, Uy,

AL B a, = u, <ny WIAE apy1 = botty + vy = Uy + v, = n, WA max {a,, ani} >

O
010 O A O
SR (2.23) WA A=[0 0 1|, B=|0 O A|. kFASES B RRAZ M I7E,
100 A O O
X1 X1 X3
g w5 B FMAZHMTIIEN | X0y Xon Xog |» FHEA Xy 1709 3 iR, W
X31 X32 X33
X34 XpA XpA AXy AXa AXo
XosA XA XpA| = | AXy AXs AXa
X33A XA XpA AXy AXp AXi

it X = Xi11,Y = X0, Z = X3, JUES= X@'j AT | A,A_I,X,Y,Z FTon. THHE 54

X Y A
ATY1ZA ATIXA ATlYA ),
AYA Y AZATD AXAT!

He XY, 7 AEE 3 k. O

SJEE (224) W\mxn H%@GE’]I\/\%V—{(JJ y)|$—12 My Y = 1727 ’n}’
ANTE (v1,11) 5 (22,10) HAF L HAXY |21 — 20| +|y1 — 1| = 1. £V HERFHENFHF.
Rl o3RG KT G AR .

iR H R A% GOBD Grid[{m,n}], HXSMRIEREAEE A= 1, ® P, + P, ® I,,

01
1 0 1
P, = 1 0
1
L0/
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S (2.25) EXFAE GL,G, WHEM G =G x Gy, 0 T: GHTEE V = {(v,v2) |
V; % Gz E]/‘]Iﬁ,m} (Ul,UQ) — (1)1,1)2) /TE G éﬁ _J_'IE./TX_JEI (u1 =0 _E{. Uy — Vo 7:5 G2 )
B (Uz =vy H up — vy = Gy 5’73\) bitl G1,Gy HIAR B4R M R G B4R AE .

BB P HRE Gy, Gy, G HIAREEFERER Gy, G, G. W Gy, Go 2354 m,n AT, 4%
<1a1)7 7<1an)a(271)7"' a(27n)a"' 7(m71)7"' a(m7n)

FIFFEARIC G TS, ¥ G IIAR AR R TR A S — N B R m x om 438, 27T
B, i “uy = o1 Boug — v & Go 0307 5 I EARIARBAERE N 1, ® Gay 1% “up = vy H.
w — vy A& Gy KA S E AR EEAERE R Gy © 1, T “HAE e o KR nfs

G = f(m®G2+G1®I>

Hrp
f{0, L2575 {0, 137 (f(M); =
M, FHAk

]

SRl (22.6) &k n I FERE Q, WIAE V = {0,1}", AATA (21,29, ,7,) &
(Y1, Y2, -+, yn) FEAF S B Y |2y —y1| + oo —wo| + -+ |2 —yn| = 1. 18V B FH)F)F
7. BE Q, 5 Q1 KR, FRADHREMEREERT Q, WANELEE.
o - 01 ~ Qn1 Ipns
B Q& Q; MAREERE. N Q) = ( ) HYn>28, Q,= ( N ) O
Lo ]2”_1 anl
SIRR (2.2.7) WHEMFRM AC,BD HEX. iE#H: (A® B)(C® D) = (AC)® (BD).

UERR i A = (ai;), C = (cij)> Mx Aw B = (a;;B), C®D = (¢;;D).(A® B)(C ® D) £
(i,7) B EALHI 7y P

> (aiB) (e D) = (Z ai,cckj> BD = (AC);;BD

k k

Hrp (AC);; ®om AC 1E (i, ) MEAKITTER. XKW (A® B)(C® D) 1 (i,5) M ELE 7
Wt e (AC) @ (BD) 1E (i, ) LB ALH 433 O

L 2.0.02 OWE Ac P> 5 Bec P m T, 4 AeB Wi, H (AB)' =
A'® BTL@E4 T E

(A1Ay---Ap) @ (B1By- -+ By) = (A1 @ By) (A, ® By) -+ - (A, ® By) .
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SRR (2.3.2) EHA: FT=KkWEHE P, HFEEIHE o, 8, FF P=1+a8".
UERR MIAIZEREFERE ) i By = eje] TIPS
Sz] - [ - E’L’L E]] _|_ Ez] + E]z — [ 6]6 + ele + 63 T
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SRR (3.2.3(6)) wHEAAIK: | 0 T b

.
Il
—

Spn—1 Sn " S2pn—2




HF B AL 50
1 1 1
B OWGEEWTVER (siagoy) BV =| 1 70 T T R VYT,
x?‘l xg_l a7t
2N [ (-2 m
1<i<j<n
Co C1 Cn—1
—Cp—1 Co Cn—2

—C —Cy - Co

I,_ . . N
B )= cat, Z= 1 YLwE s ¢ = f(2), 27 = —1. % n BT
< B

=0
2= <w(i—1)(2j 1) >, Hrfw=rcosZ+isinZ A 2n WM. it A= (a;;) = 202, N

n n

ai; = Zw(ifl)(2kfl)w(2k71)(jfl) _ Z (ww)(%_l)(j_l) (2k—1)( Zw (2k—1)(i—j) _ nd;.

k=1 k=1

S A = 00 = nl, QT 0= 10 YEN
n

w w3 w?n—l w (.U3 w?n—l
w2 253 (2n—1) w2 W2%3 2(2n—1)
z0=| S z -
w(n 1) w(n 1)x3 w(n 1)(2n—1) w(n—l) w(n 1)x3 w(n 1)(2n-1)
-1 -1 -1 wh wnx3 n(2n—1)
1 1 1
w
w w3 w2n—1
WS
— W2 W2X3 W22n=1) :
w?n—l
w(n 1) w(n 1)x3 w(n 1)(2n—1)
2

bl Z = Qdiag (w,w?, -+, H271 98 D = diag (w,w?, -+ ,w? 1), I

ZF =D — C = f(Z) = 2f(D)27"
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TR
f(w)
3 n
det (C') = det (f(D)) = det J(&) _ = Hf (w1
- k=1
f (w2n 1)
O
G Gt - G
CQ+1 Cq+2 . Oqun A
Sf (3.238)) WHATAK: | P PN, S o0 REAH
Cq+1 Cq+2 o Cq+n
ptn “ptn ptn

ﬁ¢ﬁThﬁ@(_4ﬁL_q (p+ D)UAD (q+ H)UXFA “i 5§ RIBE” ARBURH

(g+5)!(p—g+i—j)

Ko BAMEBIIERE S BRAALA, R AERE

1 1
: A
g o100 ((p— q+i—Jj) ) s ((qﬂ')!)'
N T #i& Vandermonde 1745, FATH PN E N

diag ((p _(ziz)i 1)!) ([(p —(Z J_r 3—+f)_—1y)'!+ 1]!) diag ((qij)!)

e, deg(fi(z) =5—1. H

W, =p—q+i—1, MEEWIEH f(z) =
A BOS AR 5 1 AR BRIEEAT 5138 i«

filze)  falwr) - fulzn) 1wy - 2!

n—1 n—1 n

fl(:i%) f2(:952) fn(:flfz) _T 3’:2 $2: — H (j—i)ZH(n—i)!ZH(i—l)!.

33

fl(xn) f2($n) fn(:pn) 1 z, -+ =z

e s — Dl(p+ k)
HTRATHI R RN H RPN TEATE O
1+a%—0b*—¢? 2(ab + c) 2(ca — b)
SRR (3.2.4) 1L B ; Q(Qb—c) 1+0%2 — 2 — a? 2(bc—|—a) = (1+a2+b2+02)3.

2(ca+b) 2(be — a) 1+c*—a®—b
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UEEA
1+a®>+0°+¢ c(1+a®+b0+c%) —b(l+a*+b+¢)
LHS =0 | o090 14+b%— ¢ — a? 2bc + 2a
2ac + 2b 2bc — 2a 1+ ¢ —a?—b?
1 c —b
=(14+a+b+) [2ab—2c 14— 32— a? 2bc + 2a
2ac + 2b 2bc — 2a 1+ —a%-0?
1 0 0
=(1+a®+0*+)|2ab—2¢ 14>+ — a2 — 2abe 2ab? + 2a
2ac + 2b —2a — 2ac? 1+ —a?+ b* + 2abe
=(1+a®+0*+)[1+b0+ —a?)? —4a’*P + 4a*(b° + 1)(¢® + 1)]
=(1+a*+b*+A)>.
O
SRR (3.2.5) Wn MEHFTE Q= ( i=1)(i- 1)>, HF w=rcosZ +isin2 £ n KEMLR.

I det(Q) =nse?, Ho o= D2,
IERR @ SRR det (92) BN n3. HFIE |det (2)] = det (2)det (2) = det (22) = n". i

_Zw(z D(k—1)5(k=1)(j-1) _Z( )(k DG k=1)(—5) _ Zw(k—l)(i—j) = ndj;.

k=1 k=1
XYL A= 020 =nl. # det (202) = n".
@ FHEWEEMA 0 = 02y 23, LIRS, 4 0< <n—1Hf,
arg (w/ — w') = arg (w’) + % (7 — (arg (W) — arg (w'))]
:@+1 7T_27r(j—i)}:7r(2j—|—2i—|—n).
n 2 n 2n
FR
arg (det (£2)) = arg < H (o — w’)) = Z arg (w’/ — w')
0<i<j<n—1 0<i<j<n—1
94 % n—2 n—1
- ¥ m( ]J;n“r”) - %Z > (2j+2i+n)
0<i<j<n—1 =0 j=i+1

(n—1)(3n — 2)7T
1 :




o B AEM -

@’
e Cl)i
4l 2.3
[l
1+ albl a1b2 cee @1bn
N /= S w asb 1 + a b Ce a bn
S (3.2.7(1) HEAAH R EE: A=]| 202 2
anbl a'nb2 —_— + anbn
f# M Sylvester 1751 z0EEE,
ai
a2
det (A) =det | I, + | (bl by - bn>
G,
ai
a n
=det | I; + <b1 by --- bn) .2 =1+Zazbz
: i=1
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’fti&é%%ﬁ Aii =1- aibi + Zakbk’ ﬁﬁl_'_—/l 1 7&] HﬂU % 1< j, ?}EEH&?E Aij ’T’kj\j
k=1

(1) a;b;

1 _|_ Cllbl a1b2 ................ [ R a’lbn

a2b1 1 —+ a2.b2 .............. a.2 ............................................ azbn

T4 a;i1bi1 ais

air1 1+ a;11bi4

. . . oo . .1. +‘aj—1bj—1 .
b.1 b.2 ................ @ ................ '.bj_1 bj o bp

1 Q.vnn-. Qpc v 0
0 1..--.. Qg v v 0
1 ai;l
o Ai+1 1
(=1)"*a;b; D e

o 1

0 0-vvnn. Lovonnn 0 0..-... 0
; 1

0 0---... Uy o 1

Hﬂ%él’é%ﬁ%?ﬂﬁ‘]ﬁ%‘ 1A §—i— 1 WG E RS

(_1)i+j ' (_1)j_i_1a'jbi = (_1)2j_1ajbi = —Cl,jbi.

1

ﬁﬁy ﬂ:Zl 7 >j HTJ‘: H_jtﬁ Ai]‘ = —ajbi. E&ﬂgﬂj Ail = A*. ]

det (A)

SRR (3.2.16) W f(x) = i fix! F1 g(x) = igix" MEERE LA, frgn #0. W T m+n
fr i=0
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B 77 [
fo i I
g_ fo i fm
go g1 " On
}mﬁ
go 91 - Gn
A Sylvester 77 [, det(S) #r A Sylvester 4 . iE A :
(1) det(S) = g [T TT(0s = w)e 2% wn,e v 80 01, w0 43R [ 70 g #57H
=1 j=1
1.

(2) det(S) #0 U EHAX Y ged(f,g) =1.
SIRR (4.1.1(4)(5)(6)) T4 T 71 48 4 &4 #%.

1 2345 12 22 37 42 57 13 2% 3% 43 53
2 3456 22 3% 4 5 6 28 3 4 5 6
34567 32 4% 52 6 T 3 45 5 6 7
456 78 42 52 6> T* & 43 5% ¢ 73 8

BB EIE mxn A= (ay), HPa;=>G(+j-1)"keN H

k

i =3 (D)

A= ((z _ 1)k7j+1)

[\

ding (.G, h) (7).,

m><(k+1)J ~

B b C

KA B #af4EIH 0,1, -+, min{m, k+ 1} — 1 A Vandermonde 77 FEVE AT HiFE, FrbA
rank(B) = min{m, k + 1}. BNy C FAT4EIH 1,2, -+ min{n, k + 1} A KK Vandermonde
T EEVERTHERE, FTLA rank(C) = min{n, k + 1}. XFA rank(D) =k + 1, FrLA

rank(A) = rank(BDC') < min {rank(B), rank(D), rank(C)}

= min {min {m,k + 1}, k + 1, min {n, k + 1}} = min {m,n, k + 1}.
F—J7H, & r = min{m,n, k+ 1}, FEiE rank(A) > r. {FEH: OfF IR A FLE5
A AU T AL AR AE T s @B kA0 [ X 7 i AT AR e B AT A AR T . @A — o /e e 271 ik
PR B A AT T AR M AN AR SRR B % To be continued... O
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SIRR (4.1.4) B ERETESE AHTURT AN BC PR, £+ B Z7FHEKE, C &
T iKY

I, P P s
iR ¥ A= P © Q Hhpr=|(" "7 0= O G BRI ITE A #£ O
O O P; P, Qs Q4

Hor>1, T2

e (i) (e e

P,
Hi P,Q REWRTTFE, LR E TR M A AR — o HEME TG, WA ( '

Py
(@ Qu) fFilie SCHALHEN MR .

) B3 % »

SIRR (4.1.5(1)) % A € T SEBH DL T & AL b 4 1
© ARAEL.
@ A ZATH.
® Alx =0 A HEM#.

A
@ FH& BeFrmxn, fig ) i
B

W @=@: W BN A BI—NHAH: AB = I,,,. Wl m = rank(AB) < rank(A) < m, Kt
rank(A) = m, A 17k
@=®: DN AT kA [ 7 285 B e B AT AL B bR T, T DATT 8 A — (Im o) 0,

I, L,
ﬁEPQEF”X"%EIiﬁﬁI@.T%ATwQT( )w()(:)( )w0<:>w0.

0 8
@=®@: K}y ATe =0 AHEM, U&7 855 PAT=| " |, Hh A e Fron

0

N A [m T O
R, TR AT = P! W B = (0 Infm) (P~YT, W BT = p! :
O [nfm
I, A ‘
(a7 BT) =P _pll, = Pl i — (p~1)T .
I B
o [ A o

O=0: B (CnXm an(n_m)> = I, WHSHRIER AC = I,. 0

B
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SIER (4.1.6(1)(2)) % A,C € F™", B, D e F™» iEH.

(1) # A, B HEFHKN, N AB 27 #HkM.
(2) # C,D #EFHHH, N CD hEF HHH.

WERR A AR -

(1) A TeAT i R A AR SRR R PR K.

(2) 7R AR AN 52 SR R R
T4 H (1) FEME, (2) FHEL W ApnxnBuxpy = Bmxp. — 71, rank(E) = rank(AB) <
rank(A). 53— 771, H Sylvester Bk A%, rank(F) = rank(AB) > rank(A) +rank(B) —n =
rank(A). #{ rank(F) = rank(A). O

n, rank(A)=n

SEE (4.1.7(1) % A€ Fn, A° 2 A BHB A TE JEF: rank(A47) = {1, rank(A) =n— 1.

Y

0, rank(A)<n—2

\

I, s
JEBR % A= P ( ) Q, Hrp P,Q e Fr>n &alifi .
0,

rank(A*) = rank Q| =rank [ Q" P* | =rank :
O O @)

FRAEE5ORE I (3.3.7), H5RZEREN P =det(P)P,Q* = det(Q)Q" W[, i/
I, . \
() 3R 7 MEAS O3 SR AR R R R v = 2 o FHEFTCR (BA) AT EX ML

I’f‘ S N — Ir e
F, Hr=n, N ( ) EXT AL NIEFICEK, rank ( =n; &Hr=n-—1,
@) O

I, L.
= diag(0,---,0,1), rank =1;
O @)

I,
rank = 0. ]
O

SRR (4.1.7(2)) KATE A, BeC™™ HR A* = B* £ 0.

-y
D
=
YA\
3
|
g
=
~
~
Q
~__
|
Q
3
X
3

WEBR HH ) (4.1.7(1)) 58, A* # O < rank(A*) > 1 <= rank(4) > n— 1. H>#M
(3.3.7), (A*)* = (det(A))niQA, Ktk A* = B* «— (det(A))"fQA = (det(B))n*2 B.
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® # rank(A) =n, W det(A) # 0, MIM det(B) #0. 1 A = Setéi%))z, M B =\A,

H IR (3.3.7) AT %0 By
B = (M) = \"AT = AT = A= 1

2km . 2km

M B=XA, HH \=cos 1—Hsm (k=0,---,n—2).
n— n—
@ # rank(A) =n—1, W rank(A*) = 1. ® A* = Pdiag(1,0,_,)Q, HH P,.Q Z&nlif

JiEE,

1
A*=p (:) (1 0 - 0>Q=a5T7

0
Hp o & P IERE—%], BT /& Q WG —417T.To be continued... O

SRR (4.1.8(3)) IEBA K&

rank(A ® B) = rank(A) rank(B).

I, L, o
iIEEH iﬁAApl( o Ql’ BP2( O) QQ’ ;H\:E{j PlanaPQaQQ %B%ﬂ@ﬁlz$m

Kronecker #73H7E A FR 4 5 (2 (2.2.7)) w13

A® B=(P® P) ((Lﬂl O) ® (ITQ O)) (Q1 ® Q).

M P P15 Q ®Q ¥, itk

(o))
rank (A ® B) = rank ® = riry = rank(A) rank(B).
@) O

O
SIRR (4.1.8(5)) IEHAB ALK
rank(AC — BD) < rank(A — B) + rank(C — D),
H A BeFm™n, C,D e,
MR @ # B = O, WHIEAZERA AN rank(AC) < rank(A) + rank(C — D), XHA[H

rank(AC) < rank(A) HAZSER]. KL, 7 C =0, WAGEASE T FLHLET.
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@ THFE B#£0 H C+#0 WEE. mylELtsni
A-B AC — BC
rank(A — B) 4+ rank(C — D) = rank ( ) = rank (
C—-D

CM?BC BC’BD) (ACEH)I%?BD
—=ran = ran

BC — BD)

> rank(AC — BD).
BC — BD BC —-BD BC-BD

SRR (4.1.8(6)) AR 4K

g < rank(AB) — rank(BA) < %7

H& AecF™n, BeFrm,

m
moy
5 il

I, O B, B
ERR AWiHE A = , B=|"" "), M B, € P # rank(A) <
O O Bs By

rank(AB) — rank(BA) < rank(AB) < rank(A) < %,

HIAAFEAXCERSL, BT AW r = rank(A) > %, MM rank(By) <m —1r < % H

B, B, By O
AB = , BA=
O O By O

AR
rank(AB) = rank (B1 B2) < rank(B;) + rank(By),
By
rank(BA) = rank > rank(By).
Bs
T

rank(AB) — rank(BA) < rank(B;) + rank(Bs) — rank(B;) = rank(Bs) < %

¥ A, B HHRIAT#F 3 /20 A5 O
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SR (4.1.10) W E R £ T f(m):Zfi:Bi, g(:c):Zgixi, HE m+n BB ITIE
i=0 i=0
fo i I
o }nﬁ
g — fO fl fm
go 91 " On
go g1 - On

KAE: rank(S) = max{deg(f) + n,deg(g) +m} — deg(ged(f, 9))-
n—1 m—1

HWEBR % u(z) = Zukxk, v(x) = Z vpr®. FERE
k=0 k=0

1

X

(w0 s o ve) S| a2 | = u@)f@) +o@)(@),

;13m+”_1

N
IR, W N (v o wpy v e o) o WA
rank(S) = rank (ST) =m+n — dim {z | STz = 0}
=m+n—dim{(ug, - ,Up_1,V0,"** ,Um_1) | u(z)f(x)+v(x)g9(x) =0}.

1]
f() I 9(x)

u(@) f(z) +v(z)g(r) =0 <= u(@)-

ged(f, g) ged(f, 9)
8 e (i, ) = 1, OB
f(x) (2) g9(z) ()
ged(f, g) T oged(f,9)
i
(#) = wiz) ged(f, g) (=) () ged(f, )’
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M w(x) BCONE BHESE, HilEL W&,

{deg(w) = deg(u) + deg(ged(f, g)) — deg(g) < n — 1+ deg(ged(f, g)) — deg(g),

deg(w) = deg(v) + deg(ged(f, g)) — deg(f) < m — 1+ deg(ged(f,g)) — deg(f).

rank(S) = m + n — (max {deg(w)} + 1)
— m+ 1 — (min {n — deg(g), m — deg(f)} + deg(ged(f, )) — 1+ 1)
= m +n + max {deg(g) — n, deg(f) — m} — deg(ged(f, 9))

= max {deg(f) + n, deg(g) +m} — deg(ged(f, 9)).
0

SR (4.1.11) BE R LTR fa Zfzx g(x Zgzx i n B EBFTE B = (by),

f(x)g(y) — wal,z L1

l‘_
i,7=1

KiE: rank(B) = max{deg(f), deg(g)} — deg(ged(f, g)).

S_]EE (422) i7}1; Al,AQ c men, bl,bg c mel' :L[]:_Eﬂ %éﬁ'f&ﬁ%éﬂ Al.’E = b1 —% A2$ = b2
P R MEENERBEE, WEETY 7E P eF™™m, #1F PA; = Ay B Pb; = bs.

JUERR 1% Ajx = by 5 Asx = by HIfRZ3E] N {ao + Mo+ A Oy | A,y Aoy € F},

[nfT
HrAr r =rank(A;) = rank(Ay). H aq, -, LHETLRTE oy, o = Q , H
O

I,
HQ e F=rx(n=n) Syl iy e, FEh A;Q (

) :OEI%EAin@ Ci> (i=1,2). A
e,

A rank(C;) = rank(A;) = r, FrbATi% C; = P, . , HA Poe T ORI R, @ =1, 2.
@)

WP = PP PA =R (0 ¢) Q7 = (0 ¢) Q! = O

SRR (4.2.3) RHEME A ZAT (F)) #Hik EHA: BE AW XEEE < BZ AWE (X)

WERR LA A ATk 9l
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I
=: WA=P (1 0) Q, Hrp PQ 2R N B=0Q! (0) Pt

AB =P (1 0) 00! (I) P l=—PIP =1
O

<: & B AR—AE,
ABA = (AB)A=1A=A, BAB=B(AB)=BI =B.

XIS SO R ) 5540 i L. O
SRR (4.24) RERE A=PQ, HEF P Fl#HEKk, Q 1TFHHk. IEH:

(1) % A= PQ, P Fli#tk, Q fT#%, WEATEHIE R, 48 P=PR, Q=R'Q.

(2) & PLQ" 472 P,Q Wiy XM, N AT=QTPT & A By X4 £,

(3) AWEA N EEMTTUERY QTP R, H+ PLQ 452 PQ ) X
T 4 [
JEER (1) % P,QT A P,Q Ky U SERE. IR (4.2.3) &1 PTP = QQt = I, i r =
rank(A). 1 PQ = PQ, Wili[AI 23k Pt 153 Q = PTPQ. [AIEEAI{E P = PQQ!. ¥ B
A PQ = PQ BIf8 PQ = PQQIPTPQ. % P,QT N P,Q W)~ SUH4HERE, e A4 5k T,
A e T4 A I 1 2]

PTPQQT = PPQQ P PQQT = I, = QQ'PIP.

MO R =QQt, 35 R~ = PtP. i1 Lal%n R EFT R,

(2) R FRIAE I L T SRR PR SR L

AATA = PQQTPTPQ = PQ = A, ATAAT = QTPTPQQTPT = QTPT = AT
(3) W B & A WAE— SCEERE. ) SOUH RS e L (5 —%),
ABA=A — PQBPQ = PQ.

WP QT N PQ I SUHAERE. BRI (4.2.3) &1 PTP = QQf = 1. K PT,Qf sk, A
FeTEAXMImAR QBP = I.. FHEEWNILFN 30 ET. A3k QF, PT 53 B=Q'Pl. O

SR (4.25(1)) & A ZXAAE GEH: X THEREEER b <rank(A), AF kHk+1H
i E FAEME



B B AR 63

IERR © JGiEW] A A5 rank(A) Brafidfi E7HRE. W A= P (]O O) Q, Hrh PQ ZATiT5

]|
I, O R O
A=P QP T|PT=P PT.
O O O O
SN—— ——
ERT » 4T BT » 5 ien S
R O .
AT =P PT = AT R = R, H R EXERASIIE K P Y (P Ry),
O O

O O @)
r YRIEFAERE P[] B A= PSPT K Binet-Cauchy A,

I, O Pl
sttt Py 5l r WA A= (B O) ( ) ( ) By Py BliRE, BB Py

det (A [(4777]) = det (P [473]) det(Ry det (PT [ ]) = [det (P[44 ])] det(R) #0.

11,

HCA [0 ] B A B rank(A) BraTidE AR
® W AcFn %y =1 IEAWSL. FEA 0 F9, B4 01 B AR,

*
A= A 5
*
Koo o * | Apn
0 * 0
Ay O O
- -+ : +
0 * 0
Oceevvvnn. 0l0 Ocvevvvnn. 0| an, e |0

A1 rank(A) < rank(A;) + 2. NS 3 KT

rank(A) = rank(A;). H Ay BRI E TR A BR8E T HERE RIS,
rank(A) = rank(A;) + 1. RFIEY k = rank(A) Brér@igor, JFEEZE A K
rank(A) By Al FREREED & B R0 AERE

rank(A) = rank(4;) + 2. AFUEH k = rank(A;) + 1 B a8z, A REER A
f rank(A) B8 £ FHERERD k4 1 Bl 5 O

g5
#

e

HEiL 2.0.0.7 #F A BXATE, W A —F A& rank(A) W7 £ F4E 1%,
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¥ 2.0.0.8 %

0 1
10
W AWEEFENE FEEALTE (Fib A WEEEEN = FEEHTH), dkitHY
B (4.2.5(1)) MILER TR T ok ot

SIER (4.2.5(3)) % A £ RAHFE R AT EME 0L EH: r = rank(A) £1EHK, #HA
THETEK k<r, AfkNTEEFHERE

HEBA To be continued... O

IE (4.211) ZAE ABRE A" =0, A"V £ 0, m>1LARAREFE, m HBhH AW
FEEH. LA

(1) BETHFE P, 8 PLAP 2 L= f7TE

0O B
. o .
(2) LT A% P, 18 B= P 'AP = , AFEAN A ARE
Bm—l
O
%ﬁmy&%w(zcg,ﬁ%éa%ﬁ%ﬁ%o
O
o .
3) BETHEFE P, /8 C = P1AP = , EhEA ARE
C(m—l
0]

\ , I . _
M, C; #otn ( ) HEeaZalAnEHE 0.C KA Weyr 3.
@)

I,
(4) FEE®RFIE P, 1% PTBP = diag(J1, Jo, -+, J.), £F &N J; = " 1) =
0

URRICEREGE 0 JFAREHT A SR ROIARDT FEHE, U2 charF =2 B, 1= —1.
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ni WA, m=ny >ny > > ngdiag(Jy, Jo, -+, Js) A Jordan 7 [, J; # A Jordan
B

MERR (1) X das (Bum/h 2 W) H9N. YR EREC 1 i, SRS RINET R, 4
WAL
I
B YmERENI m —1 (m>2) NERE. & A=PB ( O) Qo» HH Py, Qo 2

R R
ﬂﬁﬁ@,ﬁ%thﬁ@m%ﬂ%(; ;),m
3 4

[ 1 [ Rl RQ 1 Rl R2 -1
O O Rs Ry O O

R AHER k> 1,

A TSN m AT
R (R R) =0 H RP2(R, Ry)#O0.

[E&Jb%&&ﬂﬂ(& m) TR, Ll R S i Hﬁﬁﬁ(l &)m
—AHEWRAES R £ 0 B R =0, B Ry BIREISECY m— 1. BURSNMEYE, FE7ERT
WM Q1 Q'RQ =U & E=MTKE.

—1 -1
A=F (QUQ *) Pyt =P (Q ) (U *) (Q ) .
O 0 1) \o o 1
Q

Py , WCh P EPRRTR.

(2) AN (1) WHEHRERT L, BRI INsE N AR P, {8 PIAP =
(Bij), o, 7etfE B =S5 B, Atiﬂiﬁﬁaij% By WA E TR, SRR AN O W EFRECN 1
i, ZHREARGRIAT M, SO @RS mEERRECN m — 1 (m > 2) BE5B L. 1%

(1) BB A
Ry R
A=R | " | P
0 0
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O B
o .
IR, AEETIE Q i QT R.Q — S|
T m—2
O
O Bl S
o . * .
APO(Q ) o Bpa (Q )Pol
I I
0] *
O
O Bl C’1
O . Cy 0
kA A B | H po( ).@%ﬁfuwﬁ B, (1 o)
I
@ Cmfl
O

ks, AT LR C 2N O:

I 0O B 4 I
I Ch O Cy I -
B—o :
I O Chph I
I O I

(& J/

FUR T AL, SRR AR

O B O
@) Cy
= B,, s : ,
O Cpa
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O B @]
@] @]
AR AT . By, | EEFZEMNE—ATE C 5
O (Ch-
@]

e — AT T AT M ) R AT I AR, AT Oy ATTRE. RIAAET S5 R C,_ R =
([ o). e

1 O B O 1
1 O O I
Bm72
I O Ch 1
R O R
P qp—
O B
@)
_ B,
O B,
(@)
AR AL S50 5% R RIARIE.
O B
G) i (2) i, aTRE [ O TR
B,
O
0 O BT,
4 Bf O i 0 |
BY
BT , O o)
I
Hrp s =AML T (2 “HLXFFR” RR). B C; = BT, BIAHE.
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(4) HEREE (2) T B M SREATREZE 14 L BIINE 17, KBRELW 1,
RS A TR XS ML 0, BRAKE A 1, EER MRER ML LR 0
WL E S B AERAD 1 SRS AE AT AR T RAT PR B R EE LS 1 R9AT, XA 1 TR E
S ERP IR, H AR ReRYE DL E Rt irA 1 1, 45 B BEHRR Jordan J5FE, XML
TR R AR H RS R T — AN E A L. 0
IR (5.15) % A€ R™" JEH:

(1) A+ AT BRAEE AT & L2
(2) A— AT BB AR 45 E 3 0.

(3) & n A, N A LHFEAALE.
(4) # A TEFAEE, N det(A) > 0.

WERR (1) S THER “35 A BXFRRFRE, W A MR EAZSEE” . % (o) 2 A F—D
HHERE (75 C A1 Cd %), ]

Aa = \a — a'Aa = \a'a — (aHAa)H ="«

— a'da =) a"a = Na"a =) a"a % A=\

(2) ZEhFAEW “%5 A RRIFRGRE”, W A FFHEEA AR 0. % (A a) & A
)—ANFAEXS (7 C F C*t 25 5E),

Aa = \a = o"Aa = \a'a — (aHAa)H ="«

aHa>0

— —a'da=)a"a = -da"a=) a"a== ) +)1=0 < Re)=0.

(3) A wa(x) £ C EAHTHMR, IR A tHBL, Bl SEAR.
(4) H1 A TSAFEEATEN n ZMEEL W Ay, Ae, Ay, A € C\R N A BIFTH L

fi. A=A LT det(4) = [[ AN > o. O
1=1
SRR (5.1.8) W AP F R4 E 7M. IEH:
(1) % FERE by,by,+ ,byy €F, BETHEFE P eF>r (£F PLAP W3R n— 14

X‘Tﬁﬁ%ﬁibj‘\r% blaan T 7bn—1-
(2) & tr(A) =0 B |F|>n, WHEAETEFE XY e F>", fF A=XY -YX.
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e 1 0 1 0 a1 + xap  *
e an?éo, )ﬂﬂ( 1)/1( 1)(11 2 )’ﬁﬁixféan-l-xambr
- x * *

a1 + xas; *
= » AELE o ayy + zag = by

* *

1 0 0
A - ™ Rk
-1 1 a1l — Q2 Q22

3, AH n—1 W ETHE B ARAETFE X B MAHAMRRK, A THLT
B C ARAETFE, X ¢ MAHAgER, 45RaL. M O 24 )i .

. 1 =z
‘ECLQl?éOy I)_I\IJ A
01 0 1

. %am:am:(), I)_I\IJ all?’éa22’ (
HIE.
Hn>

b1 (8%
B C

. E ot Il (1 )(b “)(1 )(blm * ),ﬁﬁv;«éoﬁ
v I B C —y 1 * C+va
ay =0, C+~a NEgimiiiE B, Sielior.

. E B0, (1 _7) (bl "‘) (1 7) (1_'”3 * ) e~ £ 0 1
I B C I * C+ By

Y8 =0, C+ By ARLETTFE. RGN B, 4R RAL.

(2) # (1) & |F| > n &0, FAEAHTE P e Fo 1§ B = (by) == PTAP KAl
n—1NMITEB N0, Filtr(A) =05 B WXALICREN 0. W X = diag(l,--- ,n),
Y = (yy), HH

bij
Yij = =
1, ri=7.

# i,

WXY =YX = (= j)y) = B=P AP, I A R PXP A1 PYP BT, O

SRl (5.1.10) % A, B e FV™ % & AB =0, M, = diag(A+ B,0), = diag(A, B). iEH:
oy = ouy. FHEFIRH M 5 My A 7 s AL
MEER

A+ B zl, — (A+ B)
on = det | xly, — = det = z"det(zl, — (A+ B)),
O xl,

zl, — A )
o, = det = det (21, — A) det (z1,, — B) = det (2*I,, — z(A + B))
zl, — B

=z"det (xI, — (A+ B)) = pu,-
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My 5 My AEUAH] 5B A = By, € BP0 A% = O. 8B = —A. N rank(M;) = 0,
M rank(Msy) = 2.My 5 M, ASHHAL. O

A 2.0.0.9 RAZRIFNFL: pa(z)pp(z) = 1"parp(2).
S (5.1.11) & A, B € F™" % E rank(A) = rank(B) = 1. iE#:

(1) palz) =a™ —tr(A)z""".
(2) te(A) #0 & A TTLURGUT % 7 B 520 00 B 41k
(A)

(3) tr(A) =tr(B) 2 A 5 B # e n o b EL M4
ay
R (1) B A= || (b o b,) R A KRR bl (312) Sk
Qn

oa(z) =21 (az - Z aibi> =z" —tr(A)a"""
i=1

(2) H (1) A A BIFRHEEA n— 1A 0 10 b tr(A). O EME: 35 A FTARBUSON f 75 B H.
tr(A) =0, M| rank(A) = rank(O) =0, FJ&E.@7 0 M: 4 tr(A) £ 0 B, A FRHMEE tr(A)
IR EE my > 1, FeAEE 0 BIJUTEE my = n — rank(0] — A) = n —rank(4) =n — 1,
Womy +my >n, B A PN ML

(3) RFIEF M ©FF tr(A) = tr(B) # 0, H (2) &1 A 1 B 43 B AT X 4k N

diag(0, - - , 0, tr(A)) Fl diag(0, - - - , 0, tr(B)).@% tr(A) = tr(B) = 0, H rank(A) = 1 HI{FEL
PR - s € (| Aw = 0} R RALT TRTE T P = (a1 - any )
0 --- 0 %
MgE tr(A) =0 TR AP = | 1 ¢ 1|, WATR
0 - 0
AP=P ¢ 7 , B PTlAP = “ o




E i SRR 7

0
i rank(A) = 1 1781 B £ 0, BULGTE n— 1 HA7HE Q Q8= | |. FA

'

Q

1

QU

Wl QP LAPQ ™ = Ey,. [AF B u[ ALK By, HALLEESM K RA A 5 B AL, O

SRR (5.1.12(2)) % A, B € F>" AE#H: % rank(ABA) =rank(A), N AB 5 BA 1L

I. O
JERA &AP(

()O>Q,ﬁ&?%ﬂﬂ&BQl<&&)Pkmu

By By

I, O I, O B, O
rank(ABA) = rank(A) = rank QBP = rank =
O O O O O O

Rt By 25 FE. A

AB— P B, By p-1 Hit B, Bs
O O O O !
B, O
@A A ARHCEUE Y AL P A S AT L ( : ) %

CH-CE )6 %)
EERBIEIREY
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MEEAT NI X = —B'By, Y = BsBy' XHUEW T AB 5 BA Ml

lﬁﬂﬂ%%ﬁ@&wﬂ%%wmwm@E%ﬁﬂAgEBA%E(O .

B, O
1 )ﬁ@l[ﬂ
@ (5.1.12(3)) & A, B € F™". iE#]: #& rank(ABA) =rank(B), M AB 5 BA L.

I, O . B, B
SERR W A= P Q, FTagdE B=qQ " | P
O O Bs By

(o 2) (6 2)
rank(ABA) = rank(B) = rank QBP = rank(B;) = rank(B).
O O O O

B (4.6) Z518 0 rank(B) = rank(B,) <= fFERME XY, f#15

BQ BlX Bg YBl, B4 - YBlX

P
B, B X B, O
AB =P P!, BA=Q7! Q.
O O YB, O
I X\ (B BX)\ [l =X\ (B O
I O O I O O
I B, O I (B O
-y 1) \YyB, O] \y I O O
B, O
W AB 5 BA kT | ) . O
O O
SRR (5.1.12(4)) % A, B € F™". %#4|: rank(AB) = rank(BA), AB 5 BA FH L.
1 000 0100 0100 0100
0100 0000 0000 0000
iz A= , B = AB = , BA = .
0010 0001 0001 0000
0000 1000 000 0 1 000
BXMEFE P W2 PAB = BAP, it®E S5 P VWEELT, KWAGFEYGE P, 5

PAB = BAP, Bl AB 5 BA AL O
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SRR (5.1.13) % A= (a;) € C™", pu(x cha:k, N R A WEEREMR. EH:

(1) A <14+ max |cgl.

0<k<n—1

(2) |A] <2 max |ck]n R
0<k<n—1

(3) (Gershgorin El# R #2) HFE k 5 |\ — ap| < Z |a;]-
J#k
WERR (1) AWk [N > 1. 98 c= ,Jnax k| HER (5.2) &1 pa(z) N n XE—20, B

X \nf
c,=1. T2

a(A) =0 = \" = —chkk.

H =M A%
n—1 n—1 n—1
A" =1 _ Al
A" = CEA el AP <ed MF=c < :
e S g S e P T i
BIERIG N <14+ max e
0<k<n—1
o, . 1 1
(2) A A #0. 98 C:0<I;Igl<ax_1‘0k’ﬂ’ M e < F HRiEE, ik W <3’ i
n—1
A" = Y ced®| TAE
k=0
- n—1 nz—f |Ck’ nz—i c nfk_n c k<n 1<1
S A N R A
= k=0 k=0 k=1 k=1
X JE. HURAERAFIE.
€
B) Wa=|: | & AMNS XN XWNIFFERE. AR n > 2. 1
Tn

n
Ax = \xz — )\IZ‘:ZCLijJIj g (A—aﬁ)xi:Zaijxj, 1=1,---,n.
j J#i

Wke{l,-- ,n} BIEE—MHL |21 = ||z]|e FIFEFR, H o #£0 0JHI |2 #£0. T2
T
()\ — akk)xk = Z A T; <~ A —ag, = Zakj ZL‘;
J7#k J7#k
= AER TS

xﬂ

T
Z| gy ! \Zw

[E1ps

A — ap| =
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SRR (5.2.2) WAL Agy o, 2 n A A = (ai;) B9 TR AFAEME. IEHH: ZV Z Qij ;.

=1 2,J=1

WERR BN AL NS, - A2 2 A7 IPTAAFAEE, BTEA

Z)\Q =tr(4%) = ZZal]aﬁ.

. \ 2r . 2m
M@ (5.2.3) WEEH m>2, w = cos —— +isin —. iEHA:
m m

(1) ¥THEE feCla], H#& geCla] 8 [ f (" z™).
k=1
(2) HFHEE AcC™, B=A" WHESTR op(z) Wl]j <wm0
HUERR ( H Zakm EEE Hf whwz) = Hf (wFz), ik
k=1 k=0 k=1 k=1

HT w= COS% + isin%, IR A m 1k 1k, Wb #£ 1, BB ap(1 — W) =0 HEH
ap = 0. 8 [ f (') =S g(a™) B,
k=1

@ i —am == [(9)" <1 = = T (4= o) = ~[] (e - o) BB A 55
I, BRI L Hd5 h=1 k=1

"I, — A" = — H (A — wkx[n) .

k=1

S Yl

ep(z™) = det(z™1, — A™) = det ( H (A —wkal,) ) 1" Hdet (A —wral,)
k=1

_1)n H(_l)nSOA (wk m+1 H _ )(m 1)n H ©a (wkx) .
k=1 k=1 k=1
BERFE ¢ H am RN op(a) H (w a:m). O

SRR (529) ® ARFMERE %, FEFELELK i<j, R/ A 5 A AU ILH: 7
EEEHK k, H7F AP WEEEHE 1.
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SRR B Ar, oA, 2 A € CO BT RFAER. EREEIA A1 T 40 AT

GVl G GO G T A Ul A S
o § ATRL 6,00 R s LN, TR s 41> nl B, AR
o < B, M A IRFEAE A, - e 5 AP IRREAE A AN = A (=1, ).
Wk=p8—a AWM N A0, BFHAN=1(3G=1,---,n), WH Spec(4*) ={1}. O
SIER (5.2.10) % T RAEHEA, {A, |ic I} & — 07 FRRT XM EHFIE.

(1) iEH: FEEREE o ZRHH A WARLFTEEE.
(2) IEBH: BEFNELZHFE P FEHF PTAP HE L =AFE.
(3) MEZHIHK R MEERRTF L7, # RSB

B (1) © JAETITRT A B A SOOI, RO T — (L2}, AiAy — ApAy. B A
ER Ay FISFIEE U EEGE r. & 2. - 2, 52 A 5 N AEIRFE RS A ) — 415, %
X:<ZB1 wr),Xﬂ‘—‘/]\j:jl?"',T’ﬁ

A1<A2w]‘) = AlAgiBj = AgAlxj = AQ/\QC]' = >\(A25B3>

AT Az, HB7E A BI5 XN MERIRHE [ F, R Asz; 2 X M50 S LRHEA G,
MITAFLE Cy € C7, fF18 Ay X = XCo. % (p,u) & Cy F—MFAEXS. X H51 ) 4l 2k
PR w#0 AT50 Xu #0. KA

Ay(Xu) = ApXu = XCou = Xpu = p(Xu),
[N Xu 7E A K95 X AHAERRRE A, B
A (Xu) = AN Xu),

Lk o = Xu BUAE Ay 5 Ay HIASERHE ) B

@ BRHEAN m > 2, AMCGX A m AN RE LR I A B L. AN
I={1, mom+1} B AR A M. & 20z, & A TS A HIFE RO %
I, WX = (@ - ) FOWEL WMER € {2, m+ 1}, F1E G e O,
i A X = XC;. TR
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A5 X (C,C; — C;C)) = O, Ti X Bk, # CiC; = C;C; B Cy, -+, Coopy RATHIE.
RGN, EATE AFER R v, FOWH o = Xu & Ay, -, A BI— DA IS

=N

EH.

(2) % A BN,

® M A, € X I A SR

® WAHA n > 1, GEOHINE 0 x n (056 FEERIZ Bior. % o R
A AR, H Aa = Ao BN a #0, FIOVEEMTSEE P bl o 5. T

&PA(a>Q(a=Q(& ;), Viel.

A .
[g&p( ;)Plﬁﬁﬁﬂﬁﬁ%ﬁﬁ%

m%aﬁ(& *)(& *)(% *)(& *>’ﬁﬁ%ﬁ£M%BﬁbﬁBﬂé
Bi Bj Bj Bz

AN B BE BRI A)

(3) @ SEHUR R _EMSSHR BNFEREAE C B A SURHIE [ &
@ ERAUR F _EMscHik AR F ARSI EA AL & O

SR (5.39) IEHA: EEEHKTE AUE—HMETN A=B+C WHK, £+ B 7 LUMHE
WMTFATE, C REZEFME, FH B,C #HAURTAH AWEZTX. IHETHAHLN A
#y Jordan-Chevalley 7 f#.

WEER @ 26X A B Jordan AR#ETEAEBHZE . W A FIREAFRFEERN A, X\ H J =

Ji
» Ho g i A LN RHIEE R Jordan SREJELA, HEMECN A IS

Js
B n,. WX« #H J;, = M; + N;, Hb M, = N1 XA, N, 2% F 5, H
M, Ny
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W J=M+N, Hb M EXNATE NE2FFEHE, HMN=NM. KN\, -\ W
ANEL, FrPAZ I (2 — A)™, - (= N)™ AR, HPEREREHE, FEL g 2

g(x) = hi(x)(x = X)" + N (i=1,--- s, h € Clz]).
KN g(Ji) = hi(J)(Ji = ND)™ 4+ NI = NI = M;, Frbh
9(J1) M,
g(J) = = = M.
9(Js) M,
Mii N=J—-M=J—g(J) i J KLt
@ HEEMWEL. & P'AP=J, Wl A= PJP~' = P(M+N)P*. %4 B=PMP,
C =PNP7', W B W UARLT X MATTRE, C ZEEITRE. X

g(A) = g(PJP™Y) = Pg(J)P™' = PMP™' = B,

TG C = A — g(A) 2 A HEFR.

® Tl LR RAME 1. B A= B+C = B+, £FFHLERNOME t B, 5
Oy TS O TRIR A NZTRTH AB, = BAGHEEZ R M BN 1),
A AC, = C1A. H A5 By BN ZZH ) B = g(A) 7lf3 BB, = BB, R CC, = C,C.
W C 5 Oy RSN e, W (O — C)r+t = 0. TR

B-B =0C-(C = (B—Bl)r+t:(cl—0)r+t20.
I3 #% A,BeF>", H AB=BA. # A B A fif, WEETHHE Q e Fn, £
B QAQ 5 QT'BQ RNt f Ik,
Al

(S EAUEN: KOy A aIxs e, BrbAEEn 858 P, ff P7TAP = ,
Asl

\
/]

T A e A BREPTPIAFRIRRFILE. B AB = BA Al43
(P'AP)(P'BP) = (P 'BP)(P*AP).
Bll
Kt i+ 5 8 B =0, Bl P7'BP = -4 B Ik, BrBh PTIBP
BSS
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WA, TN By #AT XL, RIEERIETTRE Py 8 P7BG P Xt TR
(Z: ]-7 78)‘ JJ:[:

P! P,
P'BP
Pl P,
oyl il ing
Pl_l P1 /\1]
P7lAP =
Ps_l Ps )\sI
Py
Q=P 9P AT 7 R )

Py
HELESIE, % Q 2R Q7'BQ 5 Q7' BiQ WX AT FER T B, U

(Q'BQ-Q'BiQ)"" =Q (B~ B)"Q=0.
H Q'BQ — Q 'B,Q XA HFET e RegeZF ik, #m B=DB,, C=C,. O
7 2.0.0.10 B,C #FUXRF A AH£ T = BC=CB.

SR (5.3.11) % Moo A B n BV EHOTIE A BB REME.p(A) = max [\] # 0 A B
.

(1) IEHA: kETOOAk =0 WRASELMZ p(A) < 1.

(2) %er RERH Y o BBSEE EH: 4 p(A) <r B, EEFRAK D oAt K
4. - =
HWEBR (1) A A BN Jordan J7RE.

=: lim A"=0 = Jim M=0= |N<1(i=1,---,n) = p(4) <1.
—+o0

k——+o0
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<: AYTRFEE A Z—> Jordan 7L J,(\) = A+ J EEZ. W

k

0 1
lim A¥ = lim | M + = lim Aki<>Ji
k—+o0 k—+o0 . 1 k——+oo = (3
0
. ,
n—1 ]{I
— 1 k—i 7,':
(2) AEFREE A R—A Jordan B J,(N) = A+ T WIEIE. & f(z) =) az’s i
k=0
Cauchy-Hadamard EZ AL f/(2) = Z ket USSR v 2 p(A) < r B,
k=1
0 1) Fy . W
S (n—1)!
n—1 :
B <SP
fA) =fN+J)= 2R JF = 00
SN
0
O
I/ (5.3.12) (1) KFrAHRE eX =1 8 X € R
(2) ML Ae RV, FA X e R, 57 X = A?
(3) ML AcR™, FE X cC™, EF X = A2
Xy
MR (1) &k X =P P, Hep P BAIW TR, Xy, -, X, & Jordan Bt
Xk
eX1
meX =p - Pl e =1 MeY =1 i=1,---,k FHHKE N =



F_F BT 30

» B =20, BTREINALKAE, N AT, Min=1, H

NOfime v v e |

[= ==

0!

=1, M XN=2kri (k€ Z) BHKIN, NTEX e R, 2kri Y5 —2kri BO I,
HIX (ALK AT R Mk EAHAN B R) A

(0 ) () (™)

MR X = Pdiag (0,Yy,---,Y;) P71, H 21“”) (ki€ Z), O N n-—2t

[ 1N
N[O —-
N[ NI

N
/]
_H.
=
I
|
[\)
-

S

ME T, P ONAERE n BTl .
X1

(2) We* =AFMHX =P Pt e R, Hidh PR FE, X, -, X,
Xk

#& Jordan Ht. Ul A= P P (1) e R LUK det (e/2WV) =

Xk
ot (V) > (0 A4

(3) HI det (¢X) = ") WA det(A) # 0, B A BUATTWT . Radsk, % FAE— T
JFE A, To be continued... ]

SIRR (5.4.5) W fi, for--  fr € Fla]) REAFELEWME —STR, A £ f WA FIE LH:
fifa-o [ UETTES diag(Ay, Ag, -+, Ay) AL

WERR AWk k= 2. 12 B = ] dp(z) = lem (da,(x),da, (). X da,(x) =

A
(@) = fi(x), BTk dp(x) = lem(fi(2), fo(w)) = fi(x) fol). T H deg(dp) = deg(f1)+deg(f2)
WATH dp = p, L B 5 op B fify HATREAIBLE > 3 TS RIIGREN1. 0

S (547(1)) i/)% A e F>n, a,ﬁ e 1 Jﬁ‘%/ﬁ ng(dA@,dAﬁ) =1. ‘LEE% dA,a+B = dA7adA”3.

JEER ¥ f R AETF EXT a+8 ME—HELHR, B f(A)(a+8)=0, T4 f(Aa=
—f(A)B. WILIFAZR dao(A) BE] daa(A) - f(A)a = —daa(A) - f(A)B = 0. KXBM] dao- f 1
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AETF EXRT B H—MEEZOX (FEEUL - HERRZIETFR). T2 dag | (daa - f)-
é:él:/fl\ dA,a 5 dAﬂ E%’%ﬂ%ﬂ dA,ﬂ | f ﬁﬁ’ dA,a | f ﬁ?j_’\jéﬁﬁ dA,a E dA,ﬁ E%ﬂ?%l‘
daadap | [- 2 f=daarp MFE daadap | daass. 53 J7TH B daa(A)-dag(A)(a+B) =
daa(A)dag(A)a+daq(A)-dag(A)B=0T11F daarp | daadas ZiLsdaars =daadag. O
3@ (5.4.8) 1% Hessenberg 77 [# A = (a;;) € F™™ % & Ham-,l #£0.IEA: da = pa.

=2

ERR VERE] (M — A) [\ 200 ] R E=ArEE, Hit
det (()\I —A) [1271711}) = (-1 Hai,ifl # 0,
=2

MITAHER N € F, & rank(AM —A) > n—1. #29 \ € Spec(A) B, i rank(\[—A) = n—1,
BIPL N ASFAEE Y Jordan B A 1 4. XIAN Jordan B i/ 2 Wi 545 1E 2 T = 4%,
H A s/ 202 H Jordan FR#ETEH A Jordan /N2 WM&/ M AR, FrLh

ds = pa. O
B I
\ B . " .
SIER (5.4.9) % A= , ¥ BeFY" HE dp = ¢p & Fla] A4 AE
o
B
B: da= pa.

MERR Wt B A & moxom 2B W f 2 A BE—FE20iEt, [

fm ()

f(B)'_f/(B);' """ oD

£A) = =0 = fOB)=0, k=01,---,m—1.
. f(B)

(B)
It dp | ged (f, f---, f"7Y). B4 f = das W1 dp 18 Fla] BARTAR dp | da EEE]
deg (dp) = mdeg(dp) = mdeg(pp) = mn, MEHEHHN A KIME, 8 da=dE = oa. O

SIEE (5.4.10) iEF: W FHERE AcFr, Hh& feFl], £/ AWEHEAE A = f(A).

WERA @ 5 A AT, B A BRFEZ N pae) = 2" +apa™ T 4 a4 ag, HH
ap = (—1)"det(A) # 0. 1 Cayley-Hamilton &2,

pa(r) =0 = A (—iAnl gz ﬂf) -y

o Qg Qo
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S Yl

1 Ap—1 ap
A_IZ——An_l—n—An_Q—---——I.
Qo Qg Qo

[i14
* -1 1 n—1 an—1  p_9 ai
A" = det(A)A™ = —det(A) [ —A" 14 Inzlgn-2 o BT

Qo Qo Qo
@ #H AANAY, %y 2%, WHO, f#14E f € Flz|, 14 (y[+A)* = fyl +A4). %
y =0 HifFE A* = f(A). O

SRR (5.4.11) & charF=0, A, BeF>" & AB— BA=A. iE¥#: A BRE %,
WERR @ SGiFEAXT 1<k <n, tr(AF) =0. 4 k=1 B BHRML. 4 k> 2 i,
tr (A¥) = tr (A" "'(AB — BA)) = tr (A"B) — tr (A* 'BA) = tr (A"B) — tr (AA*'B) = 0.

@ HIEHESN 1<k <n, tr (Ak) =0, W A RFEETE AGK A Jordan FrifEF,
ABIATTHA A, -, A H e (AF) = 0 32177141

Ntk M =0, k=1, ,n

WA TRV, WATEE N £ 0, 258 Eb T RRULL charF = 0 51 5 X, £
iR\, £ 0. ML (LTI TR B ) R

MWy XNr=0, k=1,---,r

Horb A, A PIPANE].L AP

Ao A 0 1

AT T 0 1

M B Vandermonde 47512 A] %0

Ao\ .
det |+ o [ =[x JT =) #o0,
k=1 1<i<jsr
N
T LT RAA R AR, TE. M A =TT O

SIEE (5.5.1) %6]: “Ve € F, ol — A5 ol — BHE” T2 “A 5 B #5540,
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xl — A= ,B = : Y =1

r—1 xr—1
W, BEEKIEAR ol — A5 ol — B M@ 2 # 1B, FIA x— 1 # 0 7] HYIEA R
PANHREESAR AR AR diag(x — 1,2 — 1,2 — 1,2 — 1). O
S (5.5.2) w Ae v, ol — A5 diag(fi, fo, -, fo) & Flz] FHEAERK, f; £ 2T
. EH:

(1) B P eFla]™™ #45 (o — AP =N, £%F X=lem(f1, fo, -, [a) € Fla].

(2) A(A) = 0.
(3) A 5 diag(Ay, Ag, -+ , Ap) ML, HF A £ f IR FTE.
S
WERR (1) & Q(af — A)R = , Hrb Q, R € Fla]™™ RBJTRE.
In
7 f r
Q(zI — A)R = =\,
7 In m
TRAA N 2457 A
A
fi
M=Q '\\IQ=(zI - AR Q.

fn

N J/

P

(2) & (@I = AP =X, HP=> Pa's M=) M\a'l, Ht P,eF>", \,€F, m
=0 =0
FERENF R IERE. W Py — PA = NI, HILGE
MA) =Y NA =N (P~ PA)A =0 (FERMII P ANEHERE).
=0

1=0
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xzl — A1
(3) Rk L diag (f1, -+, f) BABHK. FER 1 20K
I — A,

Ji B AR, B (4.15), SHMERAE 1 B—2 0 f, KA A, MFHETRE o — A,
) Smith FRHER N diag (L1, fi), R k= deg(f,). AAIFLIL R LT R EHRBIE. O
7F 2.0.0.11 (2) BETIEAEE (5.18(2)) M F — %) #&E.
SRR (5.5.7) % A, B € ™", iE8H: # diag(A,---,A) 5 diag(B,---,B) #fil, W A5 B
A8

MERR W ol — A PIFIERFHN p (1 < i < k1 < my < ng). W ol —diag(4, -, A)
——

kA

WHIERFHN “k 07 p 7 (1 <i < k1< my < ng). MIi ol — diag(B,---,B) 1
kB
|
VIZRFAWMN “k 507 p/ (1 < i < k1< my <ng) 8 ol — B RPIZERTAHAN
SRR (6.1.2) % P e RV™ % E ||Pal = ||a|, Yo € R iE8#H: P ZFxK 4.
MERR 1 SRR LRTEECTHEH RN AR, B, XHERE o, 8 € R™,
(a+B)"PTP(a+p8)=(a+B) (a+p),
JEIHL R I E o PTPB = BTPTPa RI155)
a'PTPB=a'p.
WX v =e;,B=¢e; (i,j=1,---,n) HAEE P WFIREHHIERL. KEN 1. O
MERR 2 NSRRI AL
o' (PTP-Da =0 YoaecR™,
A1
KN PTP—T s RSETT B, fir AEAE n B IEZ T Q815 PTP—1 =Q .. Qr.
An
&
A
a'Q Q'a=0, Vo eR™

An
Ha=eQ Bla'Q=el, 8 N\.=0 (k=1,---,n). L PTP=1 O
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I (6.14) K a,BeR™, axB EZHERER, P& 3 W #L47M%.
(1) IEE: # P € SO(3,R), N (Pa)x (PB) = P(a x 3), Ya,B.
(2) % (Pa) x (PB) = P(ax B), Ya,B.P £ &M AHER FE?

B (1) AUl o 5 8 BIEEX TRAEE v e R, (€4 (o 8 ) T il (213),

-1 1 71_ 1
(a B ’Y) P _<P<a b 7>> _det(P)det<a B v *

SN——
3
L

X
~
S
=

BB — LA Pt IF 558 = AR A 2
(ax B)TP = ((Pa) x (PB))" <= (Pa) x (PB) = P(a x f).
(2) [ (1) #EFFHE PPT = det(P)I. MiARATHIAG (det(P))? = (det(P))*. #&
det(P) =1, PPT =1, P ZIEATFE. O
SRR (6.1.6) K n B Givens 4 % G;(0) #2 Householder 7% [% H, £ C £ # Jordan #R/EW.

. . , [cosf —sind N . .
JERB © Givens FFE: BN HIEFAEE N cos +isind, T sinf £H N 0

sinff cosf

HIEeAE C B, BRIk Gy;(0) —ERefE C EARRDY kA
diag (cosf +isinf,cosf —isinf,1,--- 1).

@ Householder J7FF: A v # 0, Fibl tr(vv') = tr(vTw) = |[v||* # 0, HI>J&E
(5.1.11(2)) #1 vo" #£ C AN AL, #EI H, 7€ C _ERIARX Mtk 1

om, () = det ((1’ — I+ %va> =(@—-1D" det((z —1)+2)=(z — )"z +1),

Kt H, ATHE C _EAHRLS Mt
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SIS (6.1.10) % cve, Be,ve WE XL (6.2) ik, 1<k <n. iEH:

k—1 In— \
=1

(2) det(ala"' 7ak7/6k+17"' aﬁn) = det(/gla"' 7/6k7ak+17"' 7an) = det(A)

WEBR (1) e X (6.2), H

k-1

k—1
Br = oy, — Z (’)’ZTOék) Yi = (I - Z’Yi’YJ) Q.
i=1

i=1

k—1 [ni N k—1 O N
BAE P:I—Z:'yfyiT 5 ( . O) IEAZAEARL,  BPHIE —Z’yﬁf 5 ( ) 1EAL
—I

=1 i=1

k—1 k-1
[k:—l

*HTU\, ‘H_j;E[]ﬁE Z’Y{Y;r 5 IET*HM "LE; A= Z’Yz’)’;r’ EE ")’ZT"YJ = 5@' /%[‘
i=1 i=1

k—1 k—1 k—1 k-1
e (zm) (z m) S Tt =S T — A
=1 =1 =1 =1

I,
HIB] (4.10) FRORESE T RERIPER 0T 4 A MILT ( O>, Horh r — rank(A). FHEE Y

vank(A) = k= 1 G0 (v, oo ) SRR OSSR RIIERA, RO o W
Vi, Ve LRIEFREN
k—2
Ye—1 = ZM%,
=1
MWH A v =0 (i =1, k=2 4Ty, =0(1<i<j<k=2)F|vl=1G=1,--,k=2)
AR =00G=1,---,k—2), SE&ETE T2

-
k-1 N
T .
A= Z’Yﬁi = (’Yl ’Yk—l)
iR Vi1
——
AT

Bk & — 1( T 7 T B T 7 8 R R S S RO B A AT
(I’“ O) LB A 4 A

1,---,1,0,---.,0.
—— ——
k=14 n—k+17%



$o% DML g7
k—1

NHHA A= Z’)’f)’;r SEIONRRTTRE, HEH (6.7), ©RHIEAS 7 BEABON M AL, BRFEE
=1

I
BRI E A EmeT [ O) T JE A AT
(2) #5ESL (6.2), #

k=1 T T
Ok = o= 3 GrtB > e =B Y S8
TR BEAELHR BT S
det(A) = det (o, , o, Opy1, -+, )
2 det (Bry -+, Qs Qpsr, -+ 5 )

@

@
— det (,61,"' ,,Bk,akJrl;"' 7an)

2 ..

@

= det (ﬁl,"' ;ﬁkaﬂk-l—la"' 7/371)
= det (o, B Brsts - Bn)
2

le

det (Oﬁl,"‘ ,akaﬁk-i-la"' wgn)
0
SIER (6.1.12) (1) % A BRMMEHFE EHA: T+A T, FH B=(U+A) "1 - A
EIER T .
(2) % BEER M, FET+B . IEH: FERSHREHTE AFEF

B = (I+A)YI- A).

MERR (1) BN A RIRAFRITRE, Frbh A BRFEE AT R NAE 0 523, Bl —1 ¢ Spec(A),
Wi+ AR T B=(I+A)(I—-A), BEILT AMEERE [+A) 51— A
T e (X ZEFNE MN =NM H N mfii, W MN~' = N"'M. iXH M =1- A,
N =1+A), HERIE

B B=(I-A")(I+A") " (I+A) " U-A)=(I+AI-A"T+A) " (I-A) =1
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(2) HZMG A= (I+B)"'(I-B). %iF: AT=(I-B")(I+B") " =(I-B")I+
7L AR AT = —A, BHE (I +B)I - B Y+ (- B)(I+B") =0, HETHMK

3. O

A A
SIRR (6.1.13) WER 7 IE A= ( ' 2) CIEHA det (A1A]) S LF SR G HNY Ay =
Ay Ay

MERR H1 ATA =T pHORIETR AT A + AJA; = 1. Iy AT AL AT A #ZFIEER), R
IERERDNLEAERE a, alATAia >0, AT Aza > 0. FE5IHL, 2 (a,\) N ATA B
£ XA,

aa=al (AJA + AJA;) o= Moo+ o' A Aza > Ao,

TR 0< A< XEJy AT Ay R0FRIETTRE, i IEASR Ak \det (ATA))| < 1. 555 aL Y
HAYY AgA3 =0 W A3 =0, B A RIEZTHEMIZEMT Ay = u

Ar Ay
Az Ay
(1) Ay MERBHREE N HR [N <1, AT |det(4)| < 1.
(2) |det(A;)| =1 L HMR L A= diag(A, As).

SRR (6.1.14) RIEXF M A= ( ) B A R EHA:

WERA (1) B ATA =T pHRIEAI1E ATA, + AT As = 1. 5 Ay BAT—HFIEME A, BEILX R
FHEF &N o, N
o (AT A + AJAs) a = ala

A Are = Aae JEITHD

M2aa = aa — ||4sa® < oM,

M A2 <1, BN < 1M | det(A4;)] < 1.
(2) <: H A3 =01 ATA, =1, # |det(4;)] = 1.
=: |det(A;)| =1 Bl det (A1A]) = 1. I (6.1.12) &1 Ay = O. Tl A =2 IERTTFE.
Ay RITRES As = 0. O

SIRR (6.1.15) %k Ac {1, 1} iHRE AAT =nl iEH: £ AF pxq o —FHEME, M pg<n
WERR W HIZ TR EATRR LK ¢ SR REIRATIEN ay, - oy BT AAT =nl 15

T
aiaj + q = TL(SZ]
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i/
0< (o4 +aoy) (o4 +ay)
=p(n—q)+plp—1)(—q)
= p(n — pg),
Bl pg < n. O

SRR (6.1.16) & P n M KA, FANTHER n MARERFE A, PTIAP
XA L FEZENER/ AP ZER 4.

WERR HHRE, ST n MYXSFRSEEOTFE A,
PlAP=P"A"P 7T «— APP" =PP"A" = PP"A,

Bl PPT 54F% n Bt wRse o BEe R a &8 #. RIKI A = Eyy (k=1,--- ,n) AJ %1 PPT

A1
R A B PRI A = By + B (i =1, ,n,j = 1,-- ,n,i # j) AIH
An
A=A (i #5). BAEAE >0, 115 PPT = pul. HH N = 1M, W (AP)AP)T = %PPT =1,
e A BIONPITK. 0

cosf sind 0
SR (6.2.1) (1) EA: R 3MERZE A FTUERHEMT | —sinf cosf 0 iy
0 0 det(A)
Vi
(2) I E R 2B LT A X

SRR (1) BT EA 7 MEROAT S0 A A E A (BB (6.2) HOHEIR), FTLA det(A) €
+7
Spec(A). HEH (6.6): # A WRHEEIASLE, W A AHT ( . (A)) s A5 A A E
et

cosf sind
FRAEE, W A AT | —sin® cosd (HH sin 6 #£ 0). X FIEERE T FrERIE
det(A)
k.
(2) ©® # det(A) =1, Bl 1 e Spec(A), WAFE o #0, W2 Aa=a, T2 A XN
BN UL o B Tie .
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@ 4 det(A) = —1, Bl —1 e spec(A), WAFE a#0, HL Ao =—a, TR A XM
AN IE LN o TR 5 0L o IR B R I R 5 O

SIER (6.2.2) WM FIE A BeCV" HRE ps=pp.AE5 B ZL—EMHEMN?

o
ﬁ$~ﬁ&m«%A( Z>BQQMW@%@$%QMMM%
1 —1

rank(B).

SIEE (6.2.3) % A BEHFE, ke N EH: A TUAHMT EXH#ME — AF TOAEHT
% .

MERR SRAERA 4 5] BE.
513 AT keN* 5 XeC\{0}, J,(\)F & Jordan #-&H A J, (AF).

[5IBFRER: X J,(\) = M + J,(0) fEZIiR 15

\F ..C',i)\k*I ' .C',f)\k*2 SEERE C’g—l%\kfn+1
Jn(A)k:Z(i)Ak Ja(0)' = S o
=0 )
"

Hea m > kI O UM 0.8 B = J, (A = M1 f1T n—rank(B) Bl J,(\) # Jordan ¥z
AETE HRFEAE Y AP 1) Jordan BREGADEL, FrUA TR rank(B) = n — 1. ERES X # 0 B,
det(B) =0 H B 1945 £ n— 1 =475 LAEZRIFHE. ]

HEH (6.6) KAMERIEAS T FE AT IEZ AT

cosf; sinb; cosfy siné,
dlag I 7[7_1 )
—sinf; cosf; —sinf, cosb,
cosf), sinby

HA o, € (0,7) (k= 1,---,s). T2 FIRFIEME N cosfy, £ isinfy(H

—sinf, cosfy

R), MUERIERTTRERAE C FAHRIG M. BT A ZSEO7FE, A vJ#E R _BAHRLT IR T7
ff «— AWHE C EMBITIEZT M < A e C EAHLT diag (%, --- '), Hrh
0 R (i =1, n). MXEMHT AP °AT#E C _EABLT diag (e/*0), ... el*0)) (k € N*)(=
FE IR < RN det (AF) #£ 0 HEH A WTI, XF A BJ— Jordan H& J(N), [N #0
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I, Jo(A\)F 19 Jordan FRHETEA J, (AF), Wl AR RTARRAG AALREHEE A 1) Jordan FRiETE
A Jordan HRASE —BrE), WED A FIARRON Mk, HATED A AP EER KON 1). 3
LT AF ATFE C EARATIERR 7R, WRIATFE R _EARA T IEA2 7 RE. O

SRR (6.2.4) WA RZEFE EH: AFUAR EAMTALTHE < AFUEC L
LT 2 A 7

WERR = BEPE (6.9) LR AESEHOT BT IEAS AL T

k:

X T sz 7 RE (k=1,---,s), HEEMH af, £bp0 B, MOATLE C _EALIX A

—br ag

b, # A ATTE C _EARLT X6 A 7 B
<~: % A ﬂE C L*HM\XUL%@C, ﬂi& A *nyﬂ: dlag ()\17)\_17 T a>\sy>\_s7 )\254-17 te 7)\n)’

A
HA A, AN ER dogrg, o, M ERXNT Ny =ap +bpi (K=1,---,5), (k )\_) 5
k

W) % Cla] Eft Smith by [ L WENE C AL B
—bk ag (ZL’ - a)2 + b2
RIBAB A O R EABLT T -

SRR (6.2.4 1H) B £ = AT T S — R XA T

A A
TR HEE I R4 %(5 ; RIS, W Ay, Ay B0 S5
3

H AAT = ATA 18 A1 AT + A AL = ATA, WIISRIEFFRIA tr (A1A]) = tr (AT Ay) 13
tr (ApAY) = Ay FTHGHEF IR =0, W Ay = O. Wit A, AT = ATA,, BD A, B, [H]

B Ay Y. SCREZEXT 2k E VA48 AT E B 5 0
SISE (6.2.5(2)(3) % A £ n MAEEHFE, AeC M acC> £ AK— EIEEH

RLHRFAE ) £ A -
(2) a2 AT WEFERE.
(3) #ANER, a=u+iv, EF u,v e R, N ||ul| = |jv| H u Lv.

WEBR (2) SE— thE# (6.15), B TFE P 613 PMAP = D ARXMAITFE. U
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e ot ANFHENE < Pla & D N IER &,
e ot AT KFHEME < PYa & DY HIRE A &=

DRI o] VAL RIE R . B REX A TTRE D WIRFIER &, T 8 /2 D HRHER &

!
&D:diag(Al,---,)\n),ﬁ:@l bn) AV by, by £ 0, by =+ = by, = 0.
by
Ay by X'b
] 5 AN = =\ =\ TEDB=|""|=23 WAED
0
Ashs b
0

FRFE . (RATERE T A5 AT MR o FRFEE L)
FEZ W ARNENBEE Ct B A XA ER, U Aa = Aa. TiE A a = Ao
FIAEE (10.30) TOO K ER (10.27) b (A" = A 715
|40~ = (A'a T A'a )

= (Ao, Aa) - A(Aa.a) = Ao, Aa) + [\ (o, @)
= (Ao, Aa) = A (e, Aa) — A (Aa, @) + A (e, @)
= (Aa — \a, Ao — \a)
= [ Aa — Aexf?
= 0.

B) H (2 Wi Ada= a5 ATa= a. HFE& A \=a+ib(b#0),a=u+iv. T2

Au = au — bv _ ATu = au + bv
Aa = \a = , Ala=a =
Av = av + bu ATv = av — bu
Mt
u'Au = au"u — bu'v uTAu:(uTATu)T
u'v=0 = u'v=0 = u L v.
u ATu =au"u + bu'v
KlFH

T

v Au = av'u — bvTv v Au=(uTATv)"

wu=vv — |lul| = [|v]|.

uTv=vTu=0
u'ATv = au"v — bu'u
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O

SIER (6.2.6) & n MSHFE A = (ay) BR ay = 0, Vli—j| > 2 #H apmains > 0,
Vi < n.

(1) iEH: ATUER EAUTAREFIE, AT A TLUAEMT A 7 .

(2) EHH: dy = pa, AT AF n ANFHAE A ZRAEE.

WERR (1) 3RAIMTE A FTRAE R _EXHAARMBT =X Ao AR5 Bl A 8 R BUEI € LEAR L

i
1
d; @11 - Aip A d
") L
dn ap1 = QGpp é

MR (=X ) XHRR 7 B nT 15

d; d;

d—jaij = d—iaﬁ — d?azj = d?aji.

W& i # j WENAHHIE i — j| = 1 HE. &S aja; > 0, HEREA d; > 0, U
FERUE dy Ja, Hried

( d%alz

_ 2
= d2
62121
d2a23 . d2
— U3
a32

2
dr 10n_1 P

\ an,nfl
AR IRIARLG do, - d,. ZHEUE L A 7 R EARLT (S0H48) SFRTRERIE TR, M A A]
FXT fa 1k )
(2) &M [ aii # 0. Sl SIE (5.4.8) B da = pa. AT A BEEASREAEAE R X R
=2

F 14 Jordan B, Z54 (1) HXLE Jordan HEE 1B, BY A G n ANPEFAR R A SCRRAE
B (2T XFR 77 BE B R #B A2 55 4K). O

SRR (6.2.7) WEHFTE AL B RRF] 2 #e. L.

(1) £ A BAEHE, N AL BT RRTX
(2) £ A B HEMGEFE, N At B # AB 2L 7.
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WERA (1) B C = ABT — BTA. NiE C = O, Rk tr (CTC) = 0. 1
tr (CTC) =tr ((BAT — A"B) (ABT — BT A))
=tr (BATABT — BATBTA— ATBAB" + ATBBTA)
=tr (BATABT) —tr (BATBTA) — tr (ATBAB") + tr (ATBBTA)

ABDA 4 (BTRATA) — tx (BETATA) — tx (BETATA) 4t (BBTATA)

=tr (BTBATA) —tr (BBTATA),
PR tr (BTBATA) = tr (ATAB'B) = tr (AATB™B) = tr (ABTATB) = tr (ATBABT) =
tr (ATABBT) = tr (BBTATA) W4 tr (C7C) = 0.
(2) RFFIH ATA=AAT, B'B=BB",ATB = BAT, AB" = BTA. O
¥ 2.0.0.12 (1) BiEBA AT & 3] AL (6.2.10(1)) 25 AT = f(A) 5§ B #HIx#H, #W A
5 BT M R
SRR (6.2.8) oAl ik R TH e n MEH T E A B #IH|F.

N

(1) A5 BRMAx#H, A5 BT RRTZ#.
(2) A B #MEMTGT%E, A+ B M AB #ITEMT 7%,

j ( ) %NA+B(O%)5AB(]ﬁ5MﬁB
] 0 1 -1 1

SR (6.2.9) % A £ n WA EH:
(1) # A+ AT WM BT, T A QREENZHHREHR
(2) #F A RFEEWZHAMEEL, N A+ AT SHEFMEERELH
WEBR (1) ENXFRTBE A+ AT BFIRFIEAE#S 2 RS2, ArPAt e (7.4(2), A+ AT BIEE
1. % (A ) 2 A BAE—FHER, B Az = Ax, W
Ax = \x —= z"Ax = )z,
2HAT = M = 2HATx = M.

TiE a" (A+ A7)z = 2Re(N)az. 1 A+ AT KIEEMES o2 > 0 H1 Re(\) > 0.
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(2) MRIE. B A+ AT BURHEE R SE A A, W A+ AT BVGEM, [ (1) o
B A BAE—RHERT (N, z), A 2" (A+ A7)z = 2Re(\)z"z < 0, F/& Re()) <0, 5%
(Eezidicy O

SIRE (6.2.10(1)) % A & n WAEZE A, W A5 AT EXMM, #EEE f R E
# AT = f(A).

b
AR © Ak A C4RER (6.9) HHIHERT A 77 RE. )R 7 IE RS2 5 K az 5
— a

_ 1 1 _
(“ b) T3k, T3 AT ( 0) (“ b) ( O) _ (“ b) ST [
b a 0 —1 —b a 0 —1 b a

o ") ke

@ XFIERTTME P, AT = f(A) Bty (PTAP)' = f (PTAP), MUyl A B4R

S (6.9) tPIHER AT, HETT R R ke | (=1, s) FTE

—b; a

—A f € R[z], ﬁ?%f(ai b") = (ai b) A N (i=25+1,---,n) B f(\) = A

—bl a; bz a;

7 bz TR
FIF (2 — a0)? +02 £ “b ML EL TR, M f e
—Y
{f —x + 2a; mod (z — a;)? + b7,

f=N mod z — \;.

N TR ERREIEZE, T A1, Ay RIS 0T kLS
WA (2 — a;)® + b7, HAWDZIAATLR, WENTAAIMR, h b # 0 #EHIERVER,
H HIEHE R 2R B R — RSk 2 TS R 2R R AT I A 2 AR 5, 0nT DU fr B
P 2R 1) 2 T TR I P e A B H P R A S O

SIER (6.2.11) W I BIERES, {A/|icl} R—UFWHRRIREWNEFE. EH: Fi
FRAME P, #5855 P 1AP ZFEHE (6.9) FHEX A FE.

MERR H I (5.2.10(1)) MIFER B E a £TE A RASERE. AU o =1. 34
A; € RV B dn B E SN L. W EEAD no> 1, RO KN noxon BHERE L R 32 e
WRREASL (ORI BT ).
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O # o fesSErE, WEHXMARIEE N € R G o NE—FIHIESE DT RE P, T
)\i X
AP, = A = , Viel.
i )= (a ) ( Bi)

) Pl SRRl s e i 1 i 45

*

Ai
M A =hP (

B;
\; A A \;
AA; =P * ;o pr=p ("’ i i Pl = AjA,
B; B; B; B;
. e [N ¥ o
LA BB; = B;B;. BN, 1 A; LI B MR R T 15 ( ) G, M
B;

o) (2)-(2) 5

A8 B8 =0 H BB, = B,B]. Kk {B; | i € I} &—HMPHR AWM MIE T X B;
2 IRV BB AFAE IEAS T BE Py AR Py B Py #2EHE (6.9) HHEXT M7 FE. T2

Pop (1 P) W LA T
2

44 . = 44 1 AY A =] .l AN
@ Ha=u+iv MELHE. & u=Fko, N e NN FESEERE A &, X AR A

WEHAOHEE. H u 5 v &R, & A5 o XMNEFHEEN N = a+1b;.

o A1 N € R, Vi, UK N SET7 B B SERFAEAE — 58 A R B ) SERFAE IR & (2 W) (6.3.9(6))
WEFR G (1)), 1% v FFRHATRALER R A, B D AILLRARHER &, oo
E.

o BHAFAEHEA N ¢ ROMEE (6.2.5(3)) AR ||ul| = |lv]| H v L v.

Au = a;u — bv

Ai’U = a;v + b,L’U/

=5
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% (@ o) TRNELE P = (@ & «) W

AP=4A(a w «)=(a o « (a‘z’lzz ;) Viel.

a; b;

M A =Py (bz “

*

B;

a; b; aj bj
7 7 * J J *
AA,=p | e b4 Py
B; B;
aj bj ” ai bi
=p | Y b Pl = AA,.
B; B;

a; b;
a

LT BB, = BB, B4k, A, HE R ESAR DR Fa e |

) Pl R R A W i1 R A5

*
e, i
B.

W b = S S R F TR (20518 (6.2.4 1) GEWISR BI85 1), Bk LI “w
WA, WA BT B — B.BT. 8 {Bi | i € I} R Bipi TR Aa A M s ke, %4
B, BB S AETE IR Py MA34EA Py B,y HEFEHE (6.9) T EUHER 77 FE. T

10
& P =P (01 P) NP RS TR O
2

SIER (6.3.2) WELHIEHE A B c R %2 ATA = B'B. it¥H: FEEX A% P #4&
PA = B.

MEER B ATA = BB M A 5 B GAFEIN IEZAHIARHEE, RIEEIEZTTRE P, P, Q1, Q2
fiif3 PLAQ, = P,BQ,. FFHEH (6.10) iEHIEFERTEN Q1, Qo 733N AT A, BT B AEAHALXS f
I BT IEAS TR, BAARTHL Q1 = Q.. T72 (PJP) A= B. O
SRR (6.3.4) REHFE AWATHERRER, FITHELRFER. IEH: FEEHRTIE
PPy, EEXTTE Q- ,Qp MEH Ny, Ny BEF

)\IQI
A — P1 ’ c. PQ.
AeQr

MERR WEHTTE P AI1S PTA BT HEEK VT, BREHRITE P, 1S PTAPR] 171
BN ERT (RARE ZBASBIRE —PRA ). id B = PTAP], X B 3EZ7



s

B B AR 08

A Gram-Schmidt b IESZ GBS T HE P, Mt B BT (F1) [ & P E 22 7T 0

(451
B="r , Hray > 20, > 0(B AR RN R R, B o FTREN
Qp,
by
). B, B EREAENCAS B BT R TS B = Q, B Q RIF
bn
LI, by > 2 b, = 0. WH
ai b?
B'B=| . |=Q"| - |@
a, b2

H1 BT B FFAEE I ME— P K ARG AT R by, -+ 0y A @, an B DHESL AE Ny, N N
X AECR AR B RS, BRI na, - ng U

Qi - Quk Ailn, Ailn, Qi - Quk

sop () @ MAY PSR AQy = AQue T4 0 £ I A # A B
Qij = O.Vi# j, M Q RAMEXT MM (LA diag (Q1, -+, Q). M

)\1[TL1 Ql )\1Q1
A=PBP, =P P =P B.
A, Qr MeQk
OJ
SIEE (6.3.5) % Ay, hoyeee A € C 2 A € RYm AT B AE (6 SE A 5 diag(M], Dal, -+ [An])

ERAERY B Y A ZNT 7 E.
MERR < AGRHETIRE A T4 ER (6.9) H e M 77 [

. a bl Ag bs
dlag y " 7)\28—"-17"'7)\” .
_bl aq _bs Qg

ATA = dlag ((a% + b%)I% Ty (ag + bg)[% )\gs-f—l? s 7)‘31)

)

= dlag (|)\1|2IQ7 et |)\25|2]2, )\§S+17 LR )\i) .



T2 IR AR bR HE T RIAFAE.
=: AR A FiieEd (6.5) ik E=M77

Ay x % * * %
* * * %
A, * * %

An

99

i A = Pdiag (], --- 5 \al) @ 3o P,Q RIERHTEE. thEBATARGIE M| > - > Aal.

N a; b
WA = (i=1,---,s). WA RHET#,
C; dz

n s n
tr (ATA) _ Z |/\z‘2 AT R AR AR P9 P4 T %) 9 Z |/\2i—1|2 + Z )‘12
=1

i=1 1=25+1
e . .
tr(ATA) = A A TRR PR =Y (@ +02 +E+d2) + Y W
=1 1=2s+1
FHT L 85 2 A S )
=1 =1
fH

2| Aai1|? = 2 (agi_1dai1 — boi_1c9i 1) < @ + b7 + ¢ +d2,

XA 555 BT
tr(ATA) =Y (af +07+c+d7)+ Y A
i=1 1=2s5+1
XULHH A REXT AT . B

S

=1

=1
Gl

S S

i=1 i=1 ¢i = —b
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AN A; TR ( ) RGBT A RN TR O

—b; a;
SRR (6.3.6(2) M THEREEHTE A, FENBHERTIE P, P, B/ A= PP
X 0
O O
SIE (6.3.6(3)) HFEREXFME A, BENKNELFE P, Py, #8 A= PP,

Y 0
WEER W A KA RN A= P ( ) Q, 4 PL=PQ,P,=0Q" (0 o) Q HIF. O

WERR HEHE (6.6), FAEIESTFE P, fi15

cosf; sinf, cosf, siné, -
A = Pdiag R A, -1 P .
—sinf; cosb; —sinf, cosf,
1 1
B = diag R 1,
-1 -1

~
0

&

S

cosf; sinb, cosfy sinf,
C = diag A A, =1 .
sinf)y —cosb, sinfl, — cos6,

Bl P, = PBPT,P, = PCPT. [¥&%| ) (COS o ) = (COS o ) Jll
-1

sinf); —cosb; —sinf; cosb;
H A=DPP,, H PP, RXHIEZ I O

SIER (6.3.8(2) % B £ A T4, M |B| < |A].

WERR 1T 5 1R85 FEAHSR AN AR SRR R I 5T 7y %, pr bl B AR A8 B R A
2 Efiy. R4

1Bl =[[(38)

I
O~
Sle)
2
O~
Q0

W< A IAI- (S8 < 1AL

SRR (6.3.8(4)) & A &M, W A BEFE p(A) < |A].

IR W (N, ) 5 A BERE MRS,

A A
Ao _ Al
e P

Pl A AR S p(A) < || A 0

Aa=)da = |\ =
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. oy 11 o
IR (63.9(4)) Hpg €L too] R+ = LAE @ = (1) € B WA A= (a) € R
7& N

D=

]|, = (Z |£Bi|p) Al = [max [ Az]]p.
i=1
EH: Al = [ ATl
MERR SEiE RN 5] HH

51 % x e Ry e R™, A, = max y' Az

ll|lp=1
lyllq=1
[SIBEMUER: HFHIE Az, = ”rrllax y'Az. it o = Az, 8 =y, I ||af, = ‘mlaxl,BT

HRTEUEAN Holder FERA BT < [l 81l = ey B o= (o - an) + B =
(b o b)) MSEBREHARE (@ o oaw) 5 (0 1) R HERES

5.1
HRN yTAz e R, ALl yT Az = (yTAa:)T =z ATy. HEIHEEE A, = [|Al, O

HE 2.0.0.13 || Allo = ||AT1.

Al

SJ@ (6.3.9(5)) (AT [E &L (6.3.9(4))) UEHA: |\/m

< Az < VnllAllr-

WEER HH>2JRR (6.3.9(3)), W k 2 E x| = nax |Az||;. B « = e, MH Cauchy-Schwarz
zl||1=1
i=1

A&
'a“' R
A Az, = a; Ly
1All, > [|Az|s = ‘/; 1j| ‘l =

HH>J/ (6.3.8(3)) &> (6.3.9(3))

2
m
1ALl < lAllF < ngﬂj@; a;; \/ gl%ZJ%I) = v/l Al
1=

> (6.3.9(6)) (RLT R AL (6.3.9(4))) EH: [|All2 = [IAT]l2 < VI Al - [[Al5:
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WERR HIEACARHRARETE T L A 5 AT E S ET IR, 8 ||Allz = o1(A) = ||AT]|..
SIFB (1) 5Z 77 Mol SEAFAEfE — 2 A A L B SRR AE 1 &

L3130 (1) BOLE: B A RSHFE, (), @) R A B9—AMHER . A € R U o 570 o = uiv,
Hp u,v BPASERE. B4 A(uiv) = Muiv) = Au = u, Av = M. L u,v FIEFR
[ B RV A) /D i 22 1 SERFAE A B D

SIE8 (2) [[ATA|2 < || ATA|,.

(5130 (2) (ONER: JEREE] ATA (B A SERtRoT M i) 1 A ARAA £ AL T 2B A2 S 40 R (16
FRE(EI BN A LB THEPI SRR, BB IC Apax NV AT A PISCRBREE, T ||ATA|, =
Amax. HIBIEL (1), % o 52 ATA 95 N 0B SRFAE i (R (], = 1), T

ATAa = My = [|ATA|lp = | Amax@llp = Amax = ||AT A2

T [ATA]l, > AT Aa]l, = |ATA]]2.]
R ATA AF S FRT B ) IR AR A AT AR &7 0 8 (FERF AR B IS EX
AR PRI ESR ), Bl

B (6.3.9(4))

JAIZ = 01(A)? = 01 (ATA) = | ATAl2 < [ATAll, < AT, - 1A, = Al Allg-
[
SRR (6.3.10) % A e R™", 1<k <rank(A). 1E#:
or(AX) . 01(AX)
A) = 1 = .
on(A) = gmax Ty OenklA) = min T

WERR SRl Bl 5] B

I3 % AcR™", HEE 1<k <rank(A), & X € RV, #74% rank(AX) = k.
I
CSIFERER: BEHRTTFE P e RV fi13 AP HIHT £ FIZMEER Il X = P ( k) ,
O
rank(AX) = k.]
EIE (Courant-Fischer) % A € C™" & Hermite 7[5, \(A) & A 958 k AFFAEME. N

A = D Bl @)
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@ JGiE op(A) = Jnax Uj_(ég(). # rank(X) < k, N rank(AX) < rank(X) < k, MMM
cRnxk 1
01 (AX) = 0. HAERTE X G| BT AN % X ZFE R BTG rank(AX) = k. FEIGESE

~, H

AX X
0r(AX) = min H a||’ o1(X) = max”—a“
a0 | a0 |
g
or(AX) < i |AX | < ou(A).

< min <
o1(X) et || Xaf
Hrih&E — A% S 2 Courant-Fischer FHFHEL: X Ae R,

.| Az]| . [ AX all
A) = — —— < o,(A).
on(d) = max min S = M xag S

¥ 0

R U BAAAE SRR RS X e R™F g LSS S oz, W A =P (O o Qe AN
¥ O 1 by

WSAE R, M X 8 QT W k5, 5 AX =P o ) ( k) =P (O . HEE

p
@)

L
Jn
=&
=
s

0r(AX) = or(A), WEEEXQT< ) A o (X) =1, #5

™

@)

@ FHEH —AER K A WaREDHN A=P (O ;

) Q, H Moore-Penrose |~

—1
SN AT = QT (E O) P
O O

B , AAYY) x—aty . 01(AX)
(A = 1 AT = 01<— B .
Ont1-k(A) =0 (A7) Ygl[{glxk or(ATY) Xrerl%kg’?xk o(X)

SRR (6.3.12(2)(3)) 4% A, B € R,

(2) RIERJ7 & P 4% ||[PA— B|r w/.
(3) KZ# N MERFIE P #ER [|APA— B|p &/D.

# (2) |[PA-B|} = tr (PA—B)"(PA-B)) = tr (ATA+ B'"B— ATPTB— BTPA) =
|A||% +[|B||% — 2tr (BTPA). i tr (BTPA) = tr (PABT), & USV & ABT W& S,
y

tr (PABT) = tr (PUZV) = tr (VPUY) < tr(X),



s
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RIGMAESRIBT VPU NIEAR T MR, Hxt oAl 1.4 P=VTUT B afits.
It |PA - B||r Bi/AMER VA% + || Blj% — 2tx(D).

(3) HFTATEAAL®’ A > 0. [ (2) & |\PA— B||% = tr (APA— B)T(A\PA - B)) =
tr (\PATA + BTB = MTPTB — ABTPA) = XA} + || B|} — 2t (BTPA) = M2 A[% +
|B||% — 2\ tr (PABT). & USV & ABT (W& S{H 5, W

tr (PABT) = tr (PULV) = tr (VPUY) < tr(2),

BIR RS SR T VPU NIER M, HXH e R L 1% P = VTUT WS, f
)3) NN o tr2 (2

4 A=) e 1apA - Bl mEAME B - . a
AT ER

\ . Y O >t O
@ (6.3.13) " A R ELHERE, A=P o o QEFFENHE, X =0Q! PL.

A
(1) X 2—8, SERHME P,Q WHTX.
(2) # A= BC, % % B,C 4 B A # AT ##EME, N X =CT (CCT) ™ (BTB)”
21y
Y, YaXYy

1

BT.

(3) AWERS XHEEEN WY =Q ( ) P TR Y > IX)r B

Y]] = (1

X 0 X 0
A (1) ®A=P ( ) Q1 =Py ( ) Qs & A WAL MR F A E 0 M, T
O 0 O O

b Y
PP ( ) = ( )QQQI-
0] O

X1 Xo

by
¥ PP X RNT DN PP =
0] Xz Xy

Y, Y-
QT =" |, m
Y; Vi
X2 =XY;

X112 O YY) XY,
X3X O O 0

Y,=0

)
), K QeQT XRLF ( O) PN
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X, X I R
XY PT P = 01 2\ RIE R, BT X, FHEAT BT RS (BT X,
X,

2—1 2—1
B4 TS Xy = O. FIFA Vs = 0. FIEH Q! ( 0) Pt = Q5! ( 0) Pyt

E_l E_l
BIAE Q2Q7 ( o] = O) Py Py HET T TS 26 AR RIZ AL

(2) WiEA%1 X == CT (CCT)™ (BTB) ™' BT W2
AXA=A, XAX =X, (AX)"=A4X, (XA)T=XA

H1 (6.10) %1 X BISA A ) Moore-Penrose |~ S
Y1 Y,

Y Y,

(3) Y =QT ) PT & AWHAE—T SG8. e (4.9) M, XZEMT AYA=A

;

YYiX=X%
¥y, =Y

V) =%
iXYo=Y, =

Yy =Y32Y,
Y3XY1 =Y
Y32, =Y,
\

R S B A
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R A IR
IV|p=/tr YTY) = |tr | P 2 o) pT
vy )\ v veey
IR A 2y,
= e | PP 2 !
sy \ e vev

_ E) 4+, N+ YTYREY
Y'szfl_f_YlTZ}gTYZ }/1T1/1+}/1TE}/2T)/22Y1

T

— \/tr ((Z=9%) + tr (Y Ya) + tr (Y{TY3) + tr ((YQEYQT (Y22Y1)>

>/t (7)) = IX ]|

AT AL A B o
-1 — =P la —1 1
el = o (%' §) P el 22222 | (37 g)l < L,
Hr r =rank(A), HAWW rank(A) > 1. FE5HT M HAY B8 =e, ) a = Pe,. ILH}
el =@ (%) v )P le] = (%) v, e

Y= X O

1
>~ = |x].
a

T

SR (6.4.2) EH:
w

\ 4, < TS
(1) ER2MEAER | |, EF 2,u,p e CHE P+ |wf=1, |p=1
-Ww Z
0

1 0 in 6 s ()
(2) HE 2 HEF%EHw .9) costr e ) (e ) %0, R, Vi
0 "t

—sinfy cos s 0 el
(3) EE 2 ML T MEMtwm N[+ uP, EF N\ pueC, P =& Hermite 7 [%.

(4) ER2MATEHEH 0 X +pQ, EF A peC, Q 2B %

b
I8 (6.4.3) % a,b,c,d € C. iEH: (a d) 5 (a 2) EARGL L B AR Y [b] = ||
0 0

SRR (6.4.5(2)) KiHE rank(A—1)=1 A n WBEF7E A
BT A= +a8", |la] =1 H AA" = 1
I+ Bal +ap + |BlPaa’ =T — Ba" + ap + |BPaa = O

NHEAPIMINEIEMFE A e C i1 8 = A
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E— AWK o = Pey, Hf P & n MIETTFE (3 o # e, MEL Householder J7 R
Hy=1— oo, Job v =a—e). fill 6= PRI B = PYB). FRALTMSHA
|

BelH + eléH + HBH2616|1_| = 0.

WA= (b o b,) o RS ERERIS ST, A k=2, 0, A b= 0.
1E N e C, 1§13 B=)er, Bl PHB = \Pla, HEI B = \a.
B BRI ©A R

AA" =1 = (I+ap") (I+Ba")=1 = Ba" +ap" +aB"Ba" =0,

AMA=1 = (I+Ba")(I+aB")=1 = Ba"+ap"+88" =0,

Xt Ly R] 15
BIBHZQIBHBQH — IBBHIB:aIBHBaHIB S B:(aHﬁ)a

TRA+A+LDN2P =0 A+ (A+1) =1, HE A+1] =1 # A= -1+¢7,
A=1+ (" -Naa", HHF 0 R, |a| =1. ik, BRI XS T A #0H 2
ARA = 1. RIBIXFERT A RAFTA AL rank(A — 1) = 1 #9 n [ 85 B O

¥ 2.0.0.14 ¥ 0 = 7 B X 5 2 Householder 77 [#.

A B
SIER (6.4.8((3)(8))) & BEEL p: C " — R™™ . A4 Biry (

, H¥ A Be R,
-B A

IUE A :
(3) p(X) 5 diag(X,X) &AL

(8) p(X) TLABAAKHIE — X THABAA A FIE.

WERR (3) EEME A AR

(0660 )

(8) HISI# (6.2.4), p(X) AISEAHMURITE T < p(X) FTLAME C EAHLTX M 07
B, TR (3), p(X) 7£ C EABLT diag (X, X), TRXENT X £ C Bk, O
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SRR (64.12) B AeCE AcCV" WEEREE, o1 < <o, My < <y, TAE
Hormite 7 X =  (A+ A¥) 0 Y = (A — AM) WFiA #HAE . E93:

r1 < Re(N\) <z, 1 <Im(A) < .
MERR W o & A B RLT N HOREIE ) &, D)

Aa = a = a'Aa = \a'a = oa"A"a = \aMa.

TR
aXa =Re(N)a'a, a'Ya=Im(\)aa.

Ty

H X s& Hermite J7FER[#% X = P PR, e PRI D B = Pla =
Tn
(b - bn)T, i
L1 n
a"Xa = g" B=> bl € [1:8"B,2,8"8] .

v, =1

FRERZS oMo = gHB HIFSIE. XF Y AL 0

SRR (6.4.14) B A, BeR™™ EBA: £ A5 BEMEM, W A5 BEXHEN
MERR 7ROk G| H T RER QS .

EX (1) 7 A e C™ B Descartes M EX K A=H+iK, &% H K € C" &

\ \ A+ AR X A— AR
Hermite #[. H7[E H = + M A A ¥ Hermite ¥4, K = 5 A AWK
Hermite 4.

5138 (2) # A€ C™" & Descartes 7t A=H+iK. N A B % — HK = KH.
(5138 (2) FHER: R

AMA=(H-iK)H+iK)=H*+ K> +i(HK — KH),

AAM = (H+iK)(H —iK)=H*+ K? —i(HK — KH).

TR AAN = APA «— HK =KH.)
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SI3 (3) L AecC EXHAME N AZALTE — FEnNWEXTHEQ 5 n MK
AEFE D, 5% A=QDQ".

(513 (3) KHEW]: W A=H =1K 7& A If] Descartes 7M. H A XIFRA]43
H +iKT=AT=A=H+iK — H' =HK'=K

XA H = HY, bl H 2L RI7RE. FH K W2 R Hol 8 (2), A 2
WhHM «— HK = KH. XH/E (62.11), BN H 5 K e al 38 fe i) sext #-J5
B, TSR 7 FE R AEAE 250 S8, I AEE IR T RE Q S5 XTMSETiBE Dy, Dy, fSi15
H=QDQ", K = QD,Q". XFtith

A=H+iK=Q (D, +iDy) Q" = QDQT,
H D=Di+iDy. RZ, # D ZXATTFE, W QDQT RXFRITE, M AR IE 77 . ]

SIEE (4) B AeC ZXAAMHE N ARE G — HFELWEXTEQ SEXNAS
% D = diag (¢!, ,e'f), E/E—N0;,€(0,2r) H A=QDQ".

(513 (4) REEN: DY A ZEJ5FE, PrBldigl# 3) 5 A=QDQT, MIl D = QTAQ &
PJ7RE. BBl D Besm PRy 1 EE. SO R EFZRIERIT ]

SIE (G) BV En WAKRERTE NFEELZIK p, £/ S =p(V) =NHETE, H
S2=V.

(513 (5) MERT: 513 (4), FAEIERZTIME Q S AT D = diag (¢!, --- '), fll
BR—"10;€(0,2r) HV =0QDQ". % E = diag (e ENRERIN:. 02”) , WA #)iE Lagrange fdifH
LA p, EEEA §HA p () =7, Fibh p(D) = B. TR S = Qp(V)QT = QEQT
X R, H S =V.]

EHE (6) (B7Mm QS o) U Zn MBEFE NEALE R WEXFIE Q. n MAHRE
S 520K p, £/ U=QS, £ S=p(UD).

e (6) FUEW]: 8 UTU R&XARIE T7 R, B LA 5128 (5), AAAE 2 T p, 13 S = p (UTU)
X A, H S2=UTU. % Q=US"=US, W Q &7k H

QTQ = S"UTUSH = sHs25H = (SMS) (SSH) =1
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T QT =0, MM Q ZSEITHE, #MZIER TR, HA U= (US")S=0Q5.]
m 2 JF il . % A, BeR™™, U&n WM EME A=UBU". N

UBUN=A=A=UBU"R=UBU".

B URU =T WIAEGLESE U0 = 1.t R UTUB = BUTU, Bl B 5 UTU Fefin
THe HEE (6) FFEEDfE U =QS, H Q RIEZ I, S &XNEFRE, HAFEZ D
2y b 18 S :p(UTU) H BE5 UTU MG B 5 S R H. i

A=UBU" = QSBS"Q™ = QBSS"Q™ = QBQT,
Bl A5 B IEAZAHA. O

SIEE (T.1.7) (1) BEH A A# AT L. GETHEIHFE P, /5 PTAP £ L= f
k.

O I, O
(2) WEHTIE A= AT L. FREAFIZHFE P, /75 PTAP=| -1, O O].
O 0 O

SEBR (1) WXSE (1) MIRERIRESIAESS (2) MIEERE L. 2 A y— B 7 Bems 5ig ERor. ¥
SEREE n— 1 (n > 2) WSSHOTFELE RIS, FHI%HE A € R JDy AT £ —A, Fi
DIFLE ij € {1, n} F78 T(1)AT,(1) AR ML ITEERAR 0. BT ARG ay £ 0.
X =2, UGE R Ty (— 22 ) AR Ty (—20) MATAI GRS BRI R

(an B) FI. & BT # —B, W HIRAGREE AT FAAE T 028 7 Q 48 QTBQ &

e, MG P = | o) PR BT =Bt @) REETIH Q

1

13 QTBQ = diag (( ’
~10

0 1
-1 0

N
1 1
A I EzEAD0N 3), ( Q) A ( Q) HIZE — AT TR MK a1y, ba, -+ by HL € f&

/ﬁE‘l‘ 5(@11 + b35>(€ - b2) 7é 0, l—ji%E% T13< ) E% T31( ) E‘E% I ( a11+b36 E‘%

> AT A2 e, B B B O B MR B A n R (B S5y, gt

a11+bze

=

2 ( a11+b36
s

A5 05 B A T A8 no— 1 B AERONFRIT B, B IR g BE FIFEAREE.
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(2) BN A ARSI, e (6.8) WG IR TR Py

T 0 b1 0 bs
P/ AP, = diag R ,O |,
— —b, 0

HEA b >006G=1,---,s) (&K NE ( ) BHAHLERIA). &
1

1l

0 1
) 70

s

TpT : 0 1
P2P1AP1P2:d1ag y
-1 0

BT Py, 615 PJ K3 PJPTAP P, FIEFNE (2k,2k — 1) (1B LRICRBEE
(s+kk)ME (k=1,---,s) MEAMITCRRFTFAS). TR P = P PP HAFTROTH S0y
R O

SIEE (7.2.2) % Ae RV £ ERMAHHFIE 5%

T
/ doy---dz, #8 / e A% qgy - day,
T Ax<l n

TR ELTR A WEH K.

A1
R © HAREESENAMER R A=PT P, H PONIERTTRE A, - A €
An
A1
An
=Pz 2= 1
/ dz; dz, = r / dyy dy, iy / . dz; dz,
xT Az<1 TDy<1 At An S 22«1
=1
k 2k
] Y Wda = n = 2k,
_ n SR et s
et(A 2P a
n=2k-1

(2k — 1)!1\/det(A)
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@ [FOF#IcrI#3
1 - i 22 1 2 "
—aT Az : g —z
e dzy - dz, = —— e =1 dzi+ -2, = ———— e ” dz
/ " ' /det(A) /R ' /det(A) </R )

ﬂ-n

det(A)

ﬁ;‘i‘rﬂ (723) )L/V}t 0 < 01 g 92 < 93 é . '\L_[EED%

1 cosf; cosby
cos 6, 1 costy | EEEW <= 03 <6+ 0y <21 — 065

cosfy cosfs 1

IERR AR TR AEREN G G IEE <= G & R® ksHENRE — A3 {u,v,w} FH
FEEAERE. B G X AICN 15w, v, w WARLNHE, e 5v. v 5w, w5 u
I A TN 01y Og4 O, T2 S iy S TE B -

BAEEH {u,v,w} CR? Z R WE < 0;<0,+0, <21 —03, EF 0,,0,,05 &
ANuESv, whu viwihkA.

=: H=MHMALI

cos U3 = cos acsin 0y sin Oy + cos 01 cos s,

Hr o AP Span(u, v) 5FH Span(w, w) JERH . H cosa € (—1,1] A sin 6, sin 0y >
0 {5

— sin 67 sin 65 + cos 0 cos by < cos O3 < sin 6y sin Oy + cos 67 cos Oy,

cos(fy + 63) < cosfy < cos(0y — 05).

L %91—|—02<03; Ehege(o,ﬂ'] m‘{(ﬂa‘ COS(@1+92)>COS@3, %}E E& 01—|—92>93.
o H O +0,>2r—05, 21 >0, 4+0,>21— 05 >1 15

cos(0; + 0 + 2) > cos(2m — 05) = cos 03,

%E élﬁ ‘91+62<27T—03.

< O +0y > 05 O3>0, >0 >0%60; >0, Kk w,v,w FHAILLE. H
01 + 0y + 05 < 21 Hl w, v, w AIHMHE. THE {u,v,w} KT, MW R 5. O
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SIRR (8.1.2(6)) #IMTTFHEAEELZ R FH &M= (z&&éumm&%ﬂ*ﬁﬁ%aﬂ%ﬁ R
XTIk FTH): WEFEN 1 WEZREFRREK Zana: RN

n=0
B AR, BIAZESNEAEINTEBALIT. O

SISE (3.1.3(5)) 4 F LS, TA U ZE V #T S0
U={AeV|AH=4}, V=C"", F=C.

R AR, BN U XNEERAE . 0
SRR (8.1.5) iEH: Y m#£An B, F L&A MEEE F* 5 Fr £ F 4.

WERR AGITBE m < . BHAAALERR f o F™ = B W N ey), -, f (en) € F™ ZRTEMG,
H [ R INENETRAT e, -+ e, € F™ BABAMIS, HIXZEAFTRER. O

SRR (8.2.2(3)) AWTUT R EW&E=H Rlz] WT & S £EGE LA KN
S={z'(1—-2)y|0<i<j<n}, HFn 2 ENEEH.

O #Hn=1 {1-z} &MIK
@ #Hn> 2R "+ (1—2) = 2" L NI 2" (1—2)5+2" (1 —2)* T = 2" 1 (1—2)*,
S ZRPEAER. O

S (82.2(4)) HITLLT R L 4M % Rla] $9F % S RER LA XM
S = {(l'_a())nv(m_al)n,"‘ ,($—an)”}, -;H:—E}:' ag, A1, -+, 0Qp cR Wgwjx[‘ﬂ

ﬁg Zﬂé‘f@:%?é i& f(x) = )\0<LU — CLo)n + )\1((13 — al)” + -+ )\n(x — an)n jjg i& X]Lﬁikﬁu
n Br-eHAT 2

1 1 Ao 0

T — aop r—a; - T —a, A1 0

(x —ap)” (x—a)™ - (z—a,)" An 0
tH ag, a1, ,a, PAIE A Vandermonde HFFEHFRIG =X ==\, =0. # S &MT
K. O

SIEE (8.2.3(1) 2IBULT R FH&HZH Cl0,2n] BT % § B 5 R &M AT,
S = {sin(nz) | n € N*}.
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R AT MHMERE n e N*, & f(x) = Aisin(z) + -+ - + Aoy sin(2nz) NFREL, WHKE
0,2,---,4n — 2 fr SHH5 3

r 1 . 1 A1 sin(z) 0

1 4 .- 4n? Apsin(2z) | |0

1 421 .o (4n?)?1 ]\ Ay, sin(2nx) 0
i Vandermonde FFEMEFIAF Ay sin(z) = -+ = Ay, sin(2nx) = 0, AT A\ =+ = Ay, = 0.
Hon FYEEMER S 2Tk, O

SIE (3.2.3(3)) AU R FH&H 5 C0,27) BT % S B 524 AT £,
S = {sin(mx) cos(nz) | m,n € N*}.

R ZRMEAH . HH cos(3x)+cos = 2 cos(2x) cos x 45 sin z cos(3z)+sin x cos z = sin(2z) cos(2x).

OJ
SRR (8.2.3(4)) AWTULT R Fey& M= Cl0,2n] WT & S R EAEL MM RN:
S ={sin™xcos" x| m,n e N*}.
iR M IS sinx cos = sinx cos (sin2 T + cos? x) = sin® x cos & + sin x cos® . O

—JEE (827) Q)}Z‘ fﬁ Eﬂ |4 t{j%@%éﬂ a1, Q9,0 /?p%/%-/é.—/]\ 673 %%Z:i% Qp, 09, , 01
é@éi/kééﬂ/ﬁ\, k= 1:27'“ ) T :LEE% a1, Q2,05 A %%«’fﬁﬁ?%%

i_l-_EEH & )\1041+)\20z2+---+/\nozn - 0 %“ )‘n #O’ )H\]J Oy ﬂEE A1,y 0p—1 QD%TEJE%'EH, E%J_ﬁ

B, # A, = 0. AKBEERIERIG Ny = ANy = - = N = O(EREBF k=1 WERA
TE o #£0), Wa, o, o, REMETLRT. O

_JEE (829) éirélﬂvm%% Sl {CYl,OéQ,"',Oén},52:{(}1+042,CY2+043,"',Oén_1—|—
Qs Oy + 0y }. WEBA B

(1) 2 5, ZRMA A, N S, £EEHES.
(2) % 5, ZAMTRE, N S, BEET L.

fR (1) I W TN Sy BIBCRE A TERA, W Ty < n. B2 Sy C Span(S;:) C Span(71),
%‘ SQ é;%‘fi%?%’ EE Steinitz %Tﬁ%%fi%ﬂ |Sg| < |T1| <N, %E E& 52 é)%‘fi*ﬁ?‘%
(2) M n NEHUSIER, 2 n NEE R
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() %ﬁ n ﬁ%iﬁ )&_ )\1(0(1 + 042) + )\2(062 + Oég) + -+ )\nfl(Oénfl + Oén) -+ )\n(Oén + Oél) =0,
& I AU (Ao +A)ar + (A1 + Ag)ag + -+ + (A1 + Ap)a, = 0. HH Sy &0 AT A

1 1 A 0
1 1 A2 0
1 1 An 0

idh A eFrxn
KN det(A) =1+ (1)1 =2#0, FFLL A Wi, ERTEHAREGERE N = =), =0.
WSy Belt ook,
@ #H n N H (o1 + a2) — (a2 +az)] + -+ [(n1 + an) — (@ +a1)] = 0 51 S,
A AEAH R O

SIER (8.3.1) % T C S CV #E Span(T) = Span(S), #HT#H%E T CT #7Z Span (T) -
Span(S). IE#A: T & S WM K& T KA.

MERR 5 T A2 S WIRCREAE TR, W S C Span(S) = Span(T') K (8.9) & T 4
PEARE. % T R T W— MRS XRH, W T CT. M\ T C Span (T) %1 Span(S) =
Span(7') C Span (T) , 1M T c S, # Span (T) = Span(S), XG5BT E. # T 2 S Bk
REAETCRA. O

SJRR (8.3.5(1)) EBH: # Span(S;) = Span(Sy), N rank(S;) = rank(Ss).

MERR % S HIRKRERMETC RN T, (i = 1,2). 1 S; € Span(T;) 4 Span(S;) C Span(T}),
MHEH (8.9) %1 T; & Span(S;) BT RLVETIRA, MM rank(S;) = rank(Span(S;)) =
rank(Span(Sz)) = rank(Ss).

U

SJRR (8.3.5(2)) EEH: #F S; C Sy H rank(S)) = rank(S;) < oo, M| Span(S;) = Span(S,).

WERR W oy, a5 B, B R ST 5 Sy BRI RA. B S, C Sy M
i, e, mEE 517"' ’/B/r éﬁ‘réﬁﬁ’ EE Steinitz %Tﬁ%%iiin Qp, -, Qp 5 517"' 757’ %
Py, # Span(S;) = Span(Ss). O

SRR (8.3.5(3)) #: S; C Sy H rank(S;) = rank(S,), 1B Span(S;) # Span(Ss).

fi2 S, ={ey-.,en -}, S ={e, - ,en -} =
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SRl (8.3.7) & AeF™™, BeF™P, rank(AB) = rank(A). 1EHH:

(1) H##& X e PP, 1% ABX = A.
(2) ¥THEREY e Fi*™m, #A rank(Y AB) = rank(Y A).

WERR (1) ¥ Th, 1o 70908 A, AB 5 1a) S AL AR 2RI TG AH, 0] b AR R ik = CmT A Ty
AT Ty 2R, B rank(AB) = rank(A) AIH1 |Ty| = |Th], IH Steinitz ##E BAF Ty
5 1y ZAh, AT A BFFIREHTTH AB WA EHLERE, IFE X € P, (615
ABX = A.

(2) 1 (1) M A5 AB WFREHEN, TR Y Z2RMEHSTEE, FIERE
YA 5 YAB WA EATIREN, TIAHELMERE, B rank(Y AB) = rank(Y A). O

SJRR (8.3.9) % A e F™*", B € F™P, rank(A, B) =rank(A). iE#: HFH& X € VP, 45
AX = B.

TR BT, T P8 A, (A B) BRI A, W rank(A, B) = rank(A)
BTy = |Tol. X Ty Wi T, ZPER i, 1 Steinitz BHEHRM T 5 Ty %4, W A 5

Q4B)mﬂﬁiﬁﬂmg%ﬁﬁ&,mﬁEXGwaﬁﬁszB. 0
\ A B \ -
SIER (8.3.10) & M = e Fmxn, A e FP*4. i : rank(M) > rank(A), 5 K ILH
C D

RAREFERFE X eF0m9 fuy e Fimp>?, 45 B=AX, C=YA, D=YAX.

WEBR PRikis 5 (8.12) WI 45 rank(M) > rank <A B) > rank(A).

i:%ﬁﬁ%ﬂ@@&%%%:ﬁmﬂ@ﬂ=mﬂ(4B)ﬂ AR Y € Flm—p)xp fgi
?%ELY(A B> = (C D>- EErank(A B) = rank(A) Hl, fF1E X ¢ Fx(v=9), {5 B = AX.
ZiERM8 B=AX,C=YA,D=YAX.

A AX
<: HYJEEAH, rank = rank(A). O
YA YAX

SJER (8.3.11) & A, B € F™" i |rank(A)—rank(B)| < rank(A+ B) < rank(A)+rank(B).

IERR © JibAEASER. W A, B IR EHRR KL TR A8 T, Ty, Wl A+ B 1
FlrE4 C Span(Ty UTy) 1§ rank(A+ B) < rank(Ty UTy) < |Ti| +|T2| = rank(A) 4 rank(B).

@ H®, rank(A) = rank((A + B) + (—B)) < rank(A + B) + rank(—B), Bl rank(A) —
rank(B) < rank(A + B), ¥ A, B BHEIGE A E AN O
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SRR (8.4.7) N HEHE Q LWAM=E, ZHEBR EEHH C ETREM?
WERR [RIAL. BADBEHE —BALER: R 5 R /ERN Q L igkitk 2 a [H 4.

© JGiEM R 2 Q RIARTEUL S geLk s8], FHRIEY:, & R AEN Q Rz (A
éﬁﬁgﬁﬂﬁ’ & r1,T2,T3, " %ﬁ*éﬂ Hamel %7 )”\'JHHE%? reR EIEE T1,T2,T3, " ﬁlﬁ
ZRPER A [R| < |QY]. S AETERT N QY WL, (HIXE R ANRHUPE.

@ HO, %y (A€ ) RRIEQ LI—HE, Hrorbstk I A8 W J{raes | X eI} 2

=1
R" 7£ Q B —4H2 i [R| = |RY|(FIZ W1 (8.4.8) iER] 1 i¥®@) 13 R < |RY| = [R|,
M |R| < |R", HCantor-Schroder-Bernstein & H R E] |R| = [R™|. T2 R < dimg (R") <
IR"| = |R| = 8,. HE#ELLGH K, dimg (R?) = X, = dimg(R). HEH (8.12), R 5 R {fEH
Q LR A [F ). O
SRR (34.8) fEA R L KEEE, ZAHBRH D aa” HEK R[] 5EAHLTAAN
n=0

2% R[z]) LG FEAH?

HEBR 1 ASFR. FATEM dim(R[z]) = Ry, 10 dim(R[x]) = Ry.

@ SGiERH NN 51X 18] (0,1] 2. &N (0, 1) AR —NSZEBCRH ik fl R, b
AREHERA 0 B (a0 2 A 0.01 FoR). EXMLAET, (0,1] PHRISEEIELL 1 #IAE
N I

o MERHK z € (0,1], BIELLT VAR @ € NV K o WAEZAE DL 1 5
BB BN ¢ BB — D&, REREE « T —N 15— 1 [AAHERRA
BAEN « R —D0=. Fll: 2 =0.100101--- Mz = (0,2,1,---).

« BOEW, EBIHE WU SO KRB EERE R @ € NY M BT © € (0, 1]. it
x=(2,0,2,3,---) XM 2 = 0.00110010001 - - - .

TRREATEN T N 5K (0,1] L5,

@ HOKMIN (0,1] 5 R %%, HAH N 5 R %4,

©® FHEM RY 5 NN £ SHMER (21, 29,23, ---) € RN, HOAKEA 2, (1 =1,2,3,---)
5 x; = (vi1, w0, i3, -+ ) € NN ——XF M. FREEEAS o B EIATHS, FIEXT AL EMN
e EATFIRIR SR A LLEA “F5s” XA RE RY 5 NN Z (8] 10U

@ Zi5oomfFE RY 5 R 4%, i dim(R[z]) < [R[z]| = |[RY| = [R| = X,.

® it oy = > 0w) RITE {an | A (0,1)) € R[] AHEKR. TN, WAL 0 <

n=0
A< <A < T EAENOK g, € R MR pnan, + - + pan, = 0. FEEEH


https://en.wikipedia.org/wiki/Schröder–Bernstein_theorem
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A€ (0,1) T @y, = g R A e — 0 R £ 0, T
N % A48 LHS 5 0o, 5 RHS {039 0 FJ&. 8 {an | A € (0, 1)} ZebEE%.

® HOTH dim(R[z]) > t{ax | A € (0,1)} = [R| = N,.

@ Zit@eH1E dim(R[z]) =8, H 1,z,22, - & R[z] F—4EH dim(Rlz]) = N, 1R
fEEE (8.12), M dim(R[z]) # dim(R[z]) ## R[z] 5 R[z] AlFH. 0

WERA 2 A[EM. ARIEE. 5 1, 2,22, - & Rlz] M—43%E, 7 Rlz] 5 R[z] Iﬁli‘@, i
R[«] MIEE TR, LAY 6 = f:x ty = f:x T L 2 Zb o,
43 by + bir NBEH ayo + anz Qﬁfﬁ%tﬂ bo + blm + box? AEEH aio + anz + algx 5
bio + bz + by LRIEFRH, Zbkx N Zalkx (i=1,---,n) &MERE. BT

b1, to, - A= R[z] B—2H%E, Wi N & Zb 2™ AR R RE 0 0B S L R AR T

RIEREL, 40> N I, anx ABEH t1,to, -ty LRIERE, TJE. O

SR (8.4.9) WV £ ¥ =, dimV > kn+1, [F|>n if¥#H: & AcV, #45
rank(A) > k + 1.

WERR JeilE B —> 5] B
M, + A Ay

Ag A4 AS A4

m Ay =0.

A A . N
5138 % e >, A; € F™*" % & rank <r, VXeF. & |F|>r,

A, B
[SIBER: R As 4O, W Ay 5 s> 1 el 74 By % B = (Bl 32) = A
3 4

r+ s MR )

IL'IT + A B chur A #
f(z) = det PO 2R et(By) det (], + Ay — ByBy ' By) .
B; B, 1 (2.19)

M.+ A A
BT deg(f) =, |F| >r, WAFE X e F 1T f(A) #0, 5 rank ( 1: ' A2> <rF
3 4

J&.1
XF kAN 2 k=1 BE58 BARRROL.
AW k—1 (k> 1) L, dimV > kn+1, W m = Ifrllea‘z}crank(A) >k fim=k+1
WZER AL TR m =k, R 1<i<n
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WU = {AcV|Ae =0} M dimU > (k—1)n+ 1. BASEE, G4 B € U,

1
’ff?%l“ rank(B,-) = k? & BZ = PZ ( k Qi’ /E\:EF' R,Q, - ann ﬂiﬁ EB Bz-ei =0 ED
O

I
( g ) Q.e; =013 Q;e; € Span(eg 1, ,€,). MEE A€V, rank(A+AB;) < k, VA € F.
O

A Ay

wA=P Qi Forp Ap e TR+ 1513, Ay = O, MM Ae; € Span(Piey, - - , Pey).
As Ay
L i B 1, -, n BUEE] dmV < kn, S5REETE. O

2
@ (8.4.10) W F> " ¥ x|V #HEEA N7 HEFRMT &, IEH: dimV < % + 1.
IERR HI P PISRAR AT S e, fFEAE F P K _EArd 5 P EESHMER X eV, PTIXP
se E=MITHE (I8 (5.2.10(3))). MG VR TTRERR 2 B =AM JTRE.
Xt n 4N, 24 n =1 BEEEROT.

i n - s v kv a= |0 | ok T,
:
0 0 b
VRV R B= | 0 b 0 BRI R T 22 ). R 2 R
by
dim V < dim V; + V";DQJ +1, =12

M AB =BA =0, 3 dimV; +dimV, < n. K,

, n (n— 1)2J Vﬂ + 1J n?
< |2 1< 1< 41
dim V' \‘2J+\‘ 1 + 1 + 1 +

AN RIASE5 18 BT O

SRR (8.5.3) A AIK VinVa 8 Vi + Vo A, Eo V), Vy 4 5%

(1) {cos"x |n € N*} 1 {sin"z | n € N*} & m&# C[0,27] B9 F =4,
(2) {cos(nz) | n € N*} F1 {sin(nz) | n € N*} &£ &8 C[0,27] B9F = [H.
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R (1) @ XMERE Mcosz+ Aycos?m+ -+ Ay cos"x:ulsinx+ugsin2x+~--—|—/Lnsin":cE
VinVy, fE£ o € [ ,2} ER V1 —sin?z 0 cosz ¥ sine BRBHAZ T, ML
WA LIS sine B2, B A =X = = Appr = -+ = 0. ﬂ’lﬂ@ﬁ&?lﬂ*
JCERICN Acos?x + Mcosta + -+ dgpcos®z. RN 2 =0 BF g+ N+ 4+ Xy =
p1Sin 0 + posin0 + - -+ + p, sin 0 = 0. T& X ZTERIEA

6

A4 ((:os4 x — cos> a:) + X (cos x — cos> :I:) + o Ao ((:082’c

T — COS2 J?) .

SERE k> 2, cos™ z —cos?x = (1 — sin® x)k —1+sin’z € ViNVy, XHIREF]HN cos?*
cos®z (k=2,3,4--) &MTEKR, WENZ VinTs 3.

@ 1,cosz,cos’x,cos’x, -+ ,sinz,sin®x,sin’xz,--- & Vi + Vo B BHEH cosz 5
sinz W IEBEBCRXAA] e, TIEEATERIETR: HAR, FEFEFEZHE f 5 ¢ 4
3 f(cosz) = g(cosz)sinz. 1E z € [0,Z] EMH V1—cos?z fRE sinz ¥ cosz HBHTNAE
JG, TRHEH f=9=0, i}ﬁ- )

2
(2) @ X m,n e N*,/ sin(mx) cos(nzx) dx = —/ [sin(m + n)x + sin(m — n)z| dz = 0.
0 2 Jo

w f(z Z/\k sin(myx) Z,uk cos(ngx) € Vi N Va, oAt my, ny € N*. |
k=0

2 fAx)de = / (Z g sin(mgx > (i i cos(nkx)) dr =0 = f=0.
0 k=0

WM ViNnV, ={0}, o I
@ W2 (8.2.3(1)(2) %1 {sin(nz) | n € N*} 5 {cos(nx) | n € N*} EN C|[0, 27] ¥
EMAMETE R, BE GO A {sin(nz) | n € N} U {cos(nz) |n € N*} & Vi + V5 HZE. O

1

I
SRR (8.5.4) % A= ={X eR”" | AX = XA}, Vo ={X e R | ATX = XAT}.
0

R Vi, Vo #E R By F 208 FF 0 8Kk Vi, Vo, Vin Vo, Vi + Vo B

MERR EER AX X X MEA TR BB —ATHRTEE, XA X X K/EMH &M
AB—ATMEINEE. BELH (2,1),(3,1),---,(n,1) fLETEPEMN AL N 0, Mt
REFMNML LU EMA. W dim(Vy) = n. XH ATX = XAT < XTA = AXT o4
dim(V3) = dim(V3) = n. A ViN Ve = {AI | A € R}, FibA dim(Vi NV) = 1. H4EeE B,
dim(V; + V3) = dim(V;) 4+ dim(V3) — dim(Vy N Va) = 2n — 1. O

SR (8.5.6) & Vi, Vo HERAMRE V T ZMEL.EH: & ViUVa=Vi+ Vo, U Vi C Vs B
Vo C V4.
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MWEER & ViUV =Vi+ Vo B Vi ¢ Vo, IMFLE o € Vi\Vo. XHERE e Vo, BN a+ 8 €
Vi+Vo=ViUVy, Filha+peViBia+BeVe. fia+BeVe WMa=(a+p8)—p8¢€ Vs
TIE. W a+pBeVi. Ni B=(a+8)—acV, BB IHEEMM V, C V. O

SIEE (8.5.7(3)) & Vi, Vo, W #E &M V 4T 2 . LM
VinW)+ (VenW) = (Vin W) + Vo) N W = (Vi + (VLN W) NIV

WERR Jogh AN 2 a] R A e L.
SIE Vi + Vo ={v +vy | vy € Vi,05 € Vo)

HEESIEE, VinW)+ (VunW)={a+8|lacVinW,BeVanW} X aeVinW 5
BeEVRNW, Ha+Be (VINW)+Va, o, BEW = a+p € W. M (VinW)+(VanW) C
(inW) 4+ V)N W. Rk, SMER ve (VNW)+Vo)nW, Hove (VinW)+ Vs AIA

v=a+p8, Bt acVinW, BeVo HvaceWHB=v—acW, T&BcVo2NW. X
(ViNW)+Vo)nW c (VinW) + (VanW). L HE—-A%S, HFASSFRE O
SJER (8.5.8(3)) & Vi, Vo, W #ELMZEE] V I F5 8. iEHH:
(Vi+W)NV)+W=WVin(Va+W)+W=WVi+W)n (Voa+W).
MERR H12T# (8.5.7(3)) EMAHHYSIBE (PR MBS E X) S W =W N (Vo +W). FH >
A (8.5.7(3)) BB —H G B =313
Vi+W)N(Vo+W)=WVi+(WnVo+W)))N(Va+ W)

(Vi +
=W+
(in
(Vin

<
)
=
+
g
)
<
+
3

KHEN T35S, B R .
SIEE (8.5.9) % Vi, Vo, Vs BRLIEZNE V HRET XM
(1) %l dim(Vi + Vo + Va) # dim Vi + dim Vs + dim Vs — dim V, 1 Vo — dim Vi 0 Vs —

dim Vo N Vs + dim V; N Vo N Vs,
(2) #/ FE (8.15), 4 ¥ dim(Vy + Vo + Vi) BIIE#H AR

f# (1) V=R?, V; = Span((1,0)), Vo = Span((0,1)), V3 = Span((1,1)). W Vi +Vo+ V3=V,
MVinVea=VinVs=VaNVz =V, NVaN Vs = 0. FRANGEEIGUE T F1 55 A AL
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(2) IBHWA T2 W A 4EECE BTN, A5 s DTS i 4ER0E 2

s S 2 s—1
> " dim(V;) = dim (Zw) + dim (V5 N V}) + dim (%mZV}) + -+ dim (vstv;> :
i=1 X

=1 i=1

SRR (8.6.3(1)) WAeR™ ", RPIFTZR Vi AWTHEER, Vo BAMFEYL Ax =0
BfREE. B R =V, P Va.

HWEBR e (4.8(2)), dim(Vz) = n — rank(A4) = n — dim(V4), W HFEERETTH VN
Vo ={aeR™ |a"a=0} = {0}, #bE®H (8.17) H Vi + Vo JEEA. X 4E80e # A
dim(V; + V5) = dim(V}) + dim(V3) — dim(ViNVa) =n, Vi @P Ve = Vi + Vo = R". O

k i—1
SIER (86.4) W SV, RERMASLELER (ZVJ) AV = {0}, Vi

i=1 j=1

MERR MR (8.17) KEA TR AELRUEHE (Z NI/ (8.5.9(2)) A

Vi | = dim(V})

% i=1

i—1
< dim (ngm) =0, Vi

Jj=1

Vi BHM < dhn.(

k k
=1 =1

i—1
= Vin) _V;={0}, Vi.

j=1

SRR (8.6.6) KREZL&AMZENE V={fcR[z]| f(1)=0} WFZ=H U={fcV]|f(-1) =0}
B — Ak = ).

R ATEWE (1) =0/ fc Rz "R

fl@)=(x-1> az+ D) =a(z—1)+(x—-1)> aplx+1)*

k=1
i, HAREGEME— W W = {k(z—1)| ke R} & U M—4b=0A] O
@ (8.6.9(2)(3)) & A e R™™, U; & A, AT E A KW R T X [E, W, & EHFEH
Ajx =0 7 R* FHMZEE, i=1,2.

(2) UhnNU;, & —7& Wy + Wy BIFN= 8] 2
(3) Uy +Us BBE—H 2 Wy W, 89305 112
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BR (2) A& FXTEE (2) MIFUEBREESZAESE (3) I AEAN . [R2)@ (8.6.3(1)) RI%1 (U NU) N
(Wi +Wa) = {0}. NIE R = (U;NUs) @(W; + Wa), RFTUE dim((U;NU) + (W +Wa)) = n,
WELE dim(Uy N Uy) + dim(Wy 4+ W) = n. H4E%0E HE,

dim(U; 4+ Us) = dim(U;) + dim(Us) — dim(U; N Uy), (1)
HHE (3) mZse,

1 (1)+(2)-(3) HR T
dim(Wy + W) + dim(U; N Uz) + n = dim(Uy) + dim(Us) + dim(W1) + dim(Wa).  (4)
T E FE (4.8(2)) 40

¥ (5)(6) FARACN (4) R dim(U; N Uy) 4 dim(W; + Wa) = n.

(3) J&. —JH, WinW, fHHAES Uy, U, PHEIIER, N5 U, + U, T L
A8 Ui, 5 UL+ U, TMERRESIEZNFAEBRES U, U, TREHIESR, Az

(03]
WinWy, FII6ER. W ay, -+ ,a, € R" & Wi NW, ()5, B A= : c R™", T W, N W,
(875
O
& A FATIMEART R B30, U+ Uy R&ETHEA Az =0 /£ R™ HRIfEZSE. [7 ]
A (8.6.3(1)) AlEl, R™ = (W, NWy)@(U; + Usy). O

S (8.7.3) WU W #ELUZEV WFZE.EA: (U+W)/W 5 U/(UNW) EIAH.
MERR Sk B 2 2 18] AR 25 2 [A) AT b 725 ).

SIFE (1) H V BEFLMZE. £TCSCV HRE T &MELA. Span(S) =V, WHEEV
WE B#WmE ICBCS.

(513 (1) BIER: EEE

X ={A|ICAcCSH ARLIETXI)
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FEMRF A<B <= ACB. %Y ={I | ke K} & X F—A8 (&FT4H), NI
R U= LB XHABRE ITcUCS, MfiUeX, B X PERBERALE X P L

keK

. MRGE Zorn 51, fFE X KRTMWMF < I MEKITTR B. G4 s € S AREW B HIAl
BAMRM, W BU{s} c S &ML 5 BE X BRAICTPE, Bt B2V K]

5138 (2) &= FWER T = B #HA A= .

(513 (2) FHER: & W REMW2E V W70, B3 (1), £ W K3 By 5 V 1k
B D By. I V = Span(By) @ Span(B\By) = W € Span(B\ By).]

HEIHE )R U=UNW)PA W=UnW)PB, MU/ (UnW)=A, MNiH
TUEAPW =U+W. HANW AEZEM A+W 2EHM. & T 2 UnW W2, T, &
AW, Ty 2 B, W APW =Span(TUT, UTs) =U + W. O

SR (8.74) KBV RR' M r £FZHE, r<n iEH: FE Ac RO FHV = {z ¢
R™ | Az = 0}.

(851
WA # oy, RV R, WiEB=| 1 | eR* R U REMTEH Bx =0
1828
g asial, Wl (8.6.3(1) WA R* = VPU, dim(U) = n — dim(V) = n —r. &
B
Bi, By U WK, BLA=| : | RO, MZEHHFEA Ax = 0 KIfFEZ (145

B
N T o, o WRERARIEE, 8V = {zecR" | Az = 0}. m

SRR (8.751H) R AeF™ ", U & AWMATH B £ RN F" BT =, W = {x € F" | Az = 0}.
M B /W — U By [F H Bk 5

(831
fi# TV,%AP<IT O) Q. Hh PpeFmm Qe Pl YikQ=| : :(51 gn>.
O O o
(83
VERER A B4T A AR (g 2) Q = E P47 250, # U = Span(ay, -+, ). H
(&7

@)
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r

O
Az =0 — ( )Qmﬂ <~ Qz WIHT r DM EN 0 F W = Span (B,41, -+, Bn)-

O O
WV =Span(Bi, - ,B), MF'=VPW. TRIEE v F* WKW v =v+w MF

A, HbveV, weW. dtka] st

p: F" /W = U, ZA@] =Y Aoy
=1 =1
e RENXU. W p AL TRz H, W p & F/W — U IR O

@ (8.7.7) %k I RIETEAE, V, RAUEZEV WFERE, W, £V, WFEHE, Viel &
U=Pvi. w=@w, mu/ws5[[vi/w) 2E—=RH?
el el el
B A—E. REIWT: WI=N, Vi={ar'|aecR}, W;={0}, WU =R[z], W EES
. [Jvi/w) =TV 5 Rlz] AMEIES U/W AFEH.
el el

SIRR (9.1.7(3)) RKi#H R AXY) = A(YX) tiFTE & BTk Ac LFM).

O

2 LLRERIA |F| > n. B0/ (5.1.8(2)), HARARTRE M € F i 2 tr(M) = 0, WAFTE
AR XY € B, 118 M = XY - VX, HIHE AM) = AXY - YX) =0 SHER
W ERGIE DY 0 BIHE RO TR LA e, #H

A(Ml + MQ) = tr(Ml)A(]n) + tI‘(MQ).A(In> = A(Ml) + .A(MQ), \V/Ml, M, € anrz,
AM) = trAM)A(L,) = Ate(M)A(I) = NMA(M), YM € F*" )\ € F.

WA REEE Y 0 FRE R Ry 2200 B B Ze M AR e B 9 BT oK. O
SIER (9.25) %V =F"", AeL(V):X —aX +bX", a,beF.

(1) # AT, ab HHRH TS LEEHRA L2
(2) * A BB S TR,

(1) B AeF™ & ATE P> AR FIEMERR, W A 03k bf n A
o+ bOLRTEEN 0), K n ATEEFIELT. SIFAMIEE N 0. H4 n? — n SUATHIFREA,
(AL A BT R AEARRIBAT AL (a,0) 5 (boa)s TR PHATRIEABTEZ LI 0. R FE

+b#0
9.7), AT — AT <— “rh <~ axb#0.

(a,b)5 (b, a)MHTE R
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(2) @ # b=0, W A MENEZTHRN 2 — a.
@ % b#0, W AKENZIXRBEDSN 2. H1 (A—dl)? =0T F A K2 T
N x? — 2ax + a? — b =

SRR (9.2.6) &V EF LWARELETE, Ae L(V). iEH:

(1) #EEZLTRX p(z) € Flz], £HF p(A) = 0.
(2) ARESH «<— ARFHEIH — AT,
(3) 4V ELRAER, (1) F (2) EEMHRAIL?

IERA (1) ¥ dim(V) = n, W dim(L(V)) =n2 B T, A, A%, | A RIEMCHEE A itk
F 2050 p(x).

(2) @ ARH = AW %o, 0, 2V HE & Ao, Ao, REMHESE, N
TFAEAERN O W Ay, oo N 18 M Aoy + -+ Ay, = 0, NI A(Naq + -+ + Apay,) = 0,
B ARG Njog + -+ N, =0, (HIXE ap, -+ o, ZETLRTE. 8 Aoy, -, Ay,
RPETEOC. B (9.1(6)) & A S, A AT

@ A = AW B A RZERTE Aay, -, Aa, &V FIEE, WEEH (9.1(4))
Mooy, a, B2V E F A RERY, WAFE 0 #£ 0 = oy + -+ + ppay, #18
AW) = prAay + -+ + ppAa, =0, THE puy = =p, =0, HXE v#£0F)E.

(3) A—E WAL, BT

© M5 ZH D : Flz] — Fla], p(z) = p(z) MMAERTZ T
@ LM M : Fla] — Flz], f(x) = xf () 255, EAZEN. O

SR (9.2.8(3)(4)) ® V = Flz], charF = 0, D : V — V,px) — p(z) 2% L #,

S:V = Vp(x)— / p(t)dt 5% #.
0

deg(f)
(3) A€ LV)HR AoD =Do A EH:HFEHF {a} e, ER Af) = Y axD(f).
k=0

(4) B AL(V) BE AoS—=SoA iEH: Kk peFla], #8 A=p(S).

MEER (3) B DoA(1) = AoD(1) = A(0) = 015 A1) NHEELL LA N H DoA(x) = AoD(z) =
AQ) =213 A(z) = e +p, B peF HEH, Bl chaaF=0H p=0, Alz)=Xz. &
A\, k=0, deg(f)

WA A = Y aDH(f)
k=0

AT A(2%) = Mo* (k€ N). # A= \Z. Bl a), =
0, keN*
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(4) SeHlp € Fla] 1613 A(1) = p(S)(1). Wbk p. 5 A(ab) = AoS(kat™!) = kSo A(xh1) =
s = kIST o A(1) = KIS o p(S)(1) = K!p(S) 0 8H(1) = p(S)(z*). HUL p BINPTR. O

SRR (9.3.2) S, THEF LWARELZERFE V vE, PENS BT WL EEMRE, S T
aAlE S, T W&, KK S* B T ey JZ B 5.

i v S={an, - ,an}s T={01,--,0u}, M S* BT BILEIEFEN Q. W

(5 8)= (o )P (5 3)= (a7 - a)@

Q!
of B
QT : <a1 Om)P: : (51 5n),
ay B
R aflay) = 0y = B;(8) T (ai(ap) = (8:(8)) =1 FREAMEN QTP =1,
MO S* B T [ Q = P O

E 2.0015 UERMK Loy %, AR LS EZRkA.

S (933 1H) WV =R[z]. ¥ TEZaecR, EX 7, eV*: flx)— f(a). 1L S={m,|a€
R}. 1IEBA: Span(S) # V*.

MERR EJE moo D e V¥ i f > f1(0). BAFEMPIANFL a1, ,a, € R 5 A, )N\, €R,
flif3 mpoD = Z)‘m‘“’ MXHMER p € R[z], #BAH Z)\ip(ai) =9/ (0). KK p = 2% (k =
i—1

i=1

0.1, ,n—1), HES Nt =0, B
=1

1 1
al eal A1 0
a]? DY a//?[/ . prm—
: An 0

3(n—1) . 3(n—1)

1 n
Hoa?, - a3 MASFE, FIH Vandermonde FREMERFIA A\ = =X, =0. H mpo D &
INATEE R XU 7o 0 D ¢ Span(S), MM Span(S) # V*. O

SR (9.34) BV £EF FWAERELEZE, S={er, - ,e,} £V HE, S*={ef, - e}
2 SHEE, AcL(V), AR AL S THEMEELT.
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(1) acV, BEXp,: V=T, f fla). IEH: p, € V™. K p, £ (S*,1) TH4E
L E TN

(2) =X B #ek st T pa. W 7 e L(V, V™) FEH 7 & B A8k 4t

(3) EH:tr(A) = ef(Ae;), 3 H tr(A) 5§ S BB XK. T T LR X tr(A) = tr(A).

i=1

WERR (1) X po, : V= F, f e f(oy) (i=1,2), H

(Pay + Pan) (f + 9) = Doy (f + 9) + Do (f + 9)
= (f+g)(a1) + (f + g)(a2)
= f(a1) + f(a2) + g(a1) + g(a)

= (Pay + Pas)(f) + (Pay + Pas)(9), Vf,g € V™

SHERE po: V* = F, f = f(a), H
pa(Af) = (Af)(@) = Af(a) = Apa(f), VAETF, VfeV™

HEpo € Vo, BT (5°,1) FIEHEZEN (i) - ey(a)).
(2) BHH

T(a+B) =Pass =Pa +ps =7(a) +7(8), Va,BeV,
T(AQ) = pra = Apa = M(), VAETF, Va eV,

bl 7 e L(V,V*). XT a = xey + - + zpeny HAZ 7(a) = po 7E (S*,1) T HIAAR N
T
(0 o )+ BOREOTOL 7 RO AT EIB,
(3) B A= (ay),., W

n

Do eil(Ale) = D eilAe) = Y i (A W i B1) = 3 ay = tr(A).

i=1

WS RV MA—HE, AR AT S FRMEMRS, WhEm 9.3) A A5 A4S, A
i tr (z) = tr(A), B tr(A) 5 S M. O

SRR (9.35) T A &MTH AcL(V), Ktr A, EF PQeF" &4 %MW,

(1) V =F>", AX)=PXQ.
(2) V={X e F»" | tr(X) =0}, A(X)=PXP "
(B) V={XePF" | XT=X}, AX)=PXP".
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4) V={XeF>*|XT=-X}, AX)=PXPT.

R (1) F vee Foom b b o1 B B OSBRI ST 8 Q = (ay)),,,, = (ql qn>’
X = (ml w) W PXQ 5 k 31

PXqy, = PZ%‘kiBi = (qlkP anP> vec X = (q,;r®P) vec X.
=1

CIX L) & B H ISR —&, B
q ®P
vec(PXQ) = : vec X = (Q" ® P) vec X.
a, @ P

Kk ATE B, By By By FIIFEFERR N QT @ P. HH2IRE (9.3.4(3)) %1
tr(A) = tr (QT ® P) = tr (QT) tr(P) = tr(P) tr(Q) 3B M55 HAHBL =M 5153).

(2) #5E V (3K Bry— B, oy, But, Era, Bag— By -+ Engy o+ B+ Byt
WA (ERLLE PR R A A e FODX0 0 gha s (1) S

A= (P )@ PIEE 1,n+2,2n 43, ,n® IRV ZE S n® Fla
Fif8 n? BT FERIE n? — 1 MIBF 3 THERE.

FHIL P TP &E—FIRE 1,n+2,2n+3,--- ,n> NTCEN a1, as, a3, ,an, N

Y a;=tr (PE,,P™") = tr(Ep,) = 1.

i=1

PRk

n

tr(A) = tr(4) = tr (P7T ® P) — Z a; = tr(P)tr (P7") — 1.

i=1
B 2
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ESYl:
Z B (AEi) + ) (B + Eji) (A(Ey + Ejp))

1<i<j<n

:Ztr(EiiPEiiPT)+ > tr(EyP(E; + Ej;)PT)
; 1<i<j<n

= pr > (pipij + piipii)

1<i<j<n
=5 Z (pjipij + Pjjpii)
ij=1
_ (P2 + (tx(P)*
= 5 )
(4) 8 P = (py),,,» MV WEA{E; —FE; |1<i<j<n}, HXEERL

(Eij — Eji)"(X) = —%tr(Ein) :

PR,
() = Y (Ey— Ep) (A - Ey))
1<i<j<n
1
= —5 Z tr (EUP<E” - E31>PT>
1<i<g<n
1
- 75 Z (pjipij — Djjpii)
1<i<j<n
_ ((P)” — tr (P?)
= I .

7 2.0.0.16 AL (3)(4) FI# BRI charF # 2.
IR (9.36) BV EF ten&M=E, SEV WEERFETE.
Amn(S) = {f e V*| f(z) =0, Vz € S}

A S HENT. ILHA:

(1) Ann(S) & V* 97 =8, 7 H Ann(S) = Ann(Span(9)).
(2) %V Z2FR%R, dimAnn(S) =dimV — rank(S).
B) T VHERTZERE V, Vo, &

Ann(V; NV2) = Ann(Vy) + Ann(V:),  Ann(Vi + V) = Ann(Vy) N Ann(V3).
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(4) FV=Vi@PVz, M V*=Ann(V;) P Ann(13).

WERR (1) BREAXIER N € F 5 f,g € Ann(S) #6 f+ g € Ann(S), A\f € Ann(S), FT
PL Ann(S) < V*. HE XK Ann(Span(S)) € Ann(S). XXHMEE f € Ann(S), SMEE z =
Aaq + -+ Mpag € Span(S), HA A, - AN ETF ay, - o €8, A f(z) = M f(ar) +
o+ A flag) =0, B f(x) =0,V € Span(S). # Ann(S) C Ann(Span(S)), MM Ann(S) =
Ann(Span(S)).

(2) E— Woep, e, 2 VI, e, e RHXMEIE & S MIARCRE M TC A AL
BN oy, o A= (al a) HF f = Ael 4+ Apel € V5,

feams) = (nei - Aep) (e ) (@) =0
(A1~ An) A A g
= ()\1 Aﬂ)A:O.

HEHE (4.8(2) RIS dim Ann(S) = n — rank(A) = dim V' — rank(.5).

EZ Wer, -6, A Span(S) HIEE, BRI TNV B e, e epq, - ens JFR
HXREEN ef, -+ e 45 f € Ann(Span(S)), W f 8IET r ADNAFR &9 0(5 N f 1EHIAE
DA R R E A 0), I STAER f = Aetsy 4o Anets

f(,ulel"f_"'_’_[j'rer)zoa \V/Ml,"‘,MTGIF.

Kt f € Ann(Span(S)). FFHZE (1) M50 dim Ann(S) = dim Ann(Span(S)) = n —r =
dim V' — rank(5).
SKS 1M (8.7.3) IV (2), TV — Span(S) @D T. Hips

p:T" — Ann(Span(S)), [~ f,

- - flx), zeT,
He f fEV ENELHR, B fz) = BHEAE p & TF —
0, x € Span(S).

Ann(Span(S)) [FRIFIBLS. [Rlik
dim Ann(S) = dim Ann(Span(S)) = dim(7™) ZERE fim T = dim V — rank(S).

(3) FX— # fe Am(ViNVa). ey, -+ e & ViNVa K3, K TH Vi +V, K%
€1y, 3€ryErtp1, " ,Cpo %-&;H;Xd"ﬂ%%y‘j 6; e 762' Iagﬁ (2) I‘lﬂ%n f < Span(eiJrl’ T 76:") -
Span(Ann(V;) U Ann(V;)) = Ann(V;) + Ann(V,). B Ann(V; N V) € Ann(Vy) + Ann(Va).
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# f e Ann(Vy) + Ann(Vs), WAFELE g € Ann(Vy) 5 h € Ann(Vy) 18 f =g+ h, MM
MEE z2e VinVy B f(z) = g(x) + h(z) = 0. # Ann(V}) + Ann(V3) C Ann(Vy N Va).

Zr B8 Ann(V; NV,) = Ann(Vy) + Ann(13).

ERZ & f € Ann(V)NAnn(Vy), MIXMER 2 = 2y +20 € Vi + Vo, HH 2 € Vi, 29 € Vo,
H f(z) = flx1) + f(za) =0, B f e Ann(V; + Vo). # Ann(V4) N Ann(Vs) € Ann(V; + 13).

HfeAm(Vi+ V) HV, CcVi+ Ve (i =1,2) WA f € Ann(Vi) (i = 1,2), MM
f € Ann(Vi) N Ann(Vs). # Ann(V; + Va) € Ann(V;) N Ann(V3).

Z& LT3 Ann(Vy 4 Va) = Ann(V;) N Ann(14).

(4) HEE (3) M,V =V Ve = Ann(Vy)+Ann(V,) = Ann(V;NVs) = Ann({0}) = V*,
FgiE Ann(V)NAnn(Vs) = Ann(Vi+Vs) = Ann(V) = {0} 18 V* = Ann(V}) @ Ann(Vy). O

¥ 2.0.0.17 TEHAXT A (9.3.6) F “FF” By LA LM
(1) BV =R[z], S={feV|[fRZP2HER} CV, pe V" :p—p/(0). Il ¢ € Ann(S).

(2) & e1,eq,e3,64,65 & R IFTEE, el e}, el el e5 REMEE. &
S = Span(ey, e3) = {(xl,xQ,O,O,O) ER® |z, 15 € R},
M Ann(S) = Span(e3, e}, €%).
SRR (9.42) BV =F>3, AcL(V): X — X+ XT. 555k Ker A #7 Tm A 89— 3.

O charF#2 B Ker A={X | XT=-X} ImA={X|XT=X} % Ker A f]—
NHN By — Erg, B3y — B3, B3y — Eysy Im A W— N8N By, By + Eia, By, Egy + E5, Esp +
Ess, Ess.

@ #icharF =2 i Ker A= {X | XT = =X} M Ker A W] —NFEN By, Esi+Fio, B, Es1+
Ei3,Es + Eos, B3y, B Im A = {X | X7 = XH X WxH5¥0 0} A Im A 1—ER
E9 + Erg, B3y + Ens, Esp + Eos. L

SRR (9.4.3) R Ac L(UV), W=Ker A, U,U, #=Z U WER%EF=E, U C U, iEH:
dim(Uy, N W) — dim(U, N W) < dim Uy — dim Uy,

FKF S R R b LA

WERR W A R ATE (U, V) ERIRRGINUE (0= 1,2). dhFR&EATE,

dim(U; N W) = dim(Ker 4;) = dim U; — dim(Im A4;), i=1,2.
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H ImA; C Im Ay 15 dim(Im A;) < dim(Im Ay), & Eip 1S

FEOEDARE. &5 Mor Y HANY dim(Im Ay) = dim(ImAy), H U, U, HRY%E SN T
IHlAl = Im.Az D

SR (9.4.4(2)(3)) % A€ LU, V), Be L(V,W). iEH#:

# Ker A=Ker BA, WHECe LW,V), #1F A=CBA.
(3) # ImBA=ImB, MNF#ECe L(V,U), #4F B=BAC.

WERR (2) & By & B 1E (Im A, W) ERIBRHIBLE. 5 Ker B, # {0}, WAL » € U, 15
Az #0 H Bi(Az) = BAz =0, H Ker A= KerBA 1§ Az =0, ¥J&, Kk Ker B, = {0},

. . . Bi'z, ze€lmB
Wil B, 85 13 C € LOW,V) W Co =  H S ImB = W,
0, r €S

HEMEZIIE C ALY, H A= CBA.
(3) W {Biticr &V W, BN ImBA=1ImB, FTUAFE {a;ticr 18 Ao, = 8. HIE
H(9.2) HUFAE C € L(V,U) Wi CB; = oy. BHKIE B = BAC. O

& 2.0.018 % (2) HFHECHAZTENTFEEMNARZ: (SAT) =AmmSEPAunT.

SR (9.45) % Ae L(UV) B A+£O. iEH:

(1) #E& Be L(V,U), #R ABA=A H BAB =B.B #A A W—AT L B4,
(2) B RE—H < A Z¥#BE.

WEEA (1) ® U =Kee AQU,, V=ImAPVi, A & ATE (U, ImA) L HFREIBG. #4i

. Al'z, x€ImA i .
Be L(V,U) Wi Bx = IR B MOV ZE B (2 007E2.0.0.18). Xt

0, r eV
TR rz=a1+a e U, HF oy €Uj,a0 € Ker A, H ABAx = ABAo, = Aoy = Az, Bl

ABA=A SEB y=5+ B €V, B 3 €ImA, B, € Vi, B BABy = BB, = By, Rl
BAB = B.

(2) «: H AW, W BA=Zy H AB=1y, B Hfith A~

= SRl B2 7 ) (R ST L 25 ) PR R 2% ) — i AN —

SIE RV ZL&UEE, {0} AU CV, WU #ANEE FE—.
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[SIFFER: W V=U@W, SEUKHE T2&Wr WS THES FllseSh
teT, W () BEMEYE LTEIE V = U@ Span (T\{t}) U {s +}).]
ik ik A AT A # O 1 Ker A# U H Im A # {0}.

@ & A ANRHGE, W Ker A # {0}. BI51E& (1) & U, AME—, Wi B ASME— (&
v ¢ U & Ker A H—MNTEFHBIRIE, =7 +7 HH 9 € U,0# vy € Ker A, NI
BAz = BAy, # x, 11 HGET AN 8] E U « BN ), P&,

@ #H A AW, W ImA#£ V. H5[ B (1) Vi, AME—, Wit B AME— (K x ¢ V)
Im A F—MINEEFRRE, 2 =9+, EFH 0#£v € ImA, v € Vi, Ul Br = By, # 0,
T EEHT AR 25 (8] 8 SCRIBRGDRE 2 BN 0), T ).

AR A AL, A AT O
SRR (9.4.6) % Ae L(U,V), Be L(V,U) #E ABA=A H BAB = B. iL%¥:

(1) U=Ker AP ImB, V =Im AP KerB.
(2) A % (ImB,Im A) F#EHBI S B % (Im A, Im B) &R #1840 T % 3% geit.

HWEER (1) @ % 2 € Ker ANIm B, W BAB = B 1§ x = BAx = 0, R Ker ANIm B = {0}. X}
FEreU,HABA= A1 2—BAz € Ker A, il 2z € Ker A+Im B. 1, U = Ker A@ Im B.

@ & relmAnKer B, MH ABA =A% v =ABz =0, Bl ImANnKer B = {0}. X[{F
BreV, HBAB=B# r—ABz € Ker B, il x € ImA+Ker B. Z5 L, V = Im A Ker B.

(2) & Ay N AFE (ImB,Im A) _ERFRFIEEGS, B; A B £ (Im A, Tm B) _ FIBR il B
SEE 2 =By € ImB, H BAB=B#& B Az=2; WWEEy=AircImA, H ABA=A
1% AiBiy =y. Wt Ay 5 By BIYIEBU. [

IR (9.4.7) % A B e LUV) #HE Im(A+B) = ImA@ImB. iEH: F#E U WTFZH
U, Uy, Us, B8 A (Uy,ImA) FeHIREBES A B £ (Uy, Im B) _b 8 IR &) Bk 4t 20 2 7 3 Bk
4, #H

U=UEPUPUs, KeeA=U,PUs, KerB=U U

WERR % Us = Ker ANKerB, Ker A = Uy @ Us, KerB=U, PUs. H U, NUs = {0} K&
UiN(Us+Us) ={0} 1 Uy + Uy + Us 2 EM. AFHIE U = Ker A+ Ker B. H Im(A + B) =
ImnA@PImB, WMEE a e U, /#4£ f e U, i3 Aa = (A+B)3, Bl A(a—p3) = BS = 0(&
JEHESH In A+ Im B 2EMAE). il a— 3 € Ker A H 3 € Ker B, i} a € Ker A+ Ker B,
U = Ker A+ Ker B.
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H UynKerA = {0} 4 AfE (U, ImA) ERWHR; H UynKerB = {0} 1§ B 1£
(Uy,Im B) L &n] i ). O

SIER (9.4.8) L ABeL(V) HR A=A, B =B.iE#:

(1) InA=ImB < AB=B H BA=A.
(2) KerA=KerB <— AB=A H BA=EB.
(3) BV EFRAEW rank(A) = rank(B) < HFAEI B C e L(V), #F1F AC = CB.

WA (1) «<: SMER y= Az € Im A, H Az = BAz 1§ B(Ax) =y, B Im A C Im B. [A]#,
FIH AB =B i/f§ ImB C Im A. #l Im A = Im B.

=: HHI (9.15) FTHI A 1E Im A = Im B _E PRI R IESEARH#, # AB = B. [F3A]
ik BA=A.

(2) «: HreKerB, Nl Ax = ABx =0, Bl Ker B C Ker A. [AZEAJHE Ker A C Ker B.
1 Ker A = Ker B.

=: HA=ATH, MEE aeV, a— Aa € Ker A = Ker B, { Ba = BAa, ]
BA = B. [AA[HE AB = A.

(3) W dimV =n. B (9.15) HV =Im AP Ker A = Im B Ker B, #HAIH Im A 1]

o aps Ker AMI3E apy, - an, ImB I3 By, -, B,y Ker B I By, By. H

B (9,2), FFIEC e L(V): B ay, Vi

s

g,

AC@Z = Aq;, CBp; B*=B CBi=Aw;, i=1---,r

Bi€Im B

ACﬁZ:AO@ a; €EKer A 07 CBﬁz Bi€Ker B

C0)=0, i=r—+1,---,n.
i AC = CB. H

SRR (94.9) ®w AeL(V), BZ AE Im A EHFR#BESS. G-

(1) V=ImA+KerA < B =i#4t.
(2) V=ImAPKer A < B £ 7 ¥ Bt 5.

HEER (1) <: B 2SR Im A? = Im A, RIHMER o € V, f£1E 8 € Im A, #13 Aa = Bf,
Bl o — 8 € Ker A # V =Im A + Ker A.

=: WMER a=p4+7€V, Hh geImAyeKer A, A Ao = BB. # B &4,

(2) #H (1) X ImANKer A= {0} < B ZHH 1T O
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I (9.4.10) A€ L(V)HR AT =0, EF m BEEHEER ARNBTEL . IEH:
FEVHWTFERU, #/V = éAH(U).
WERR X m )48 ém—m‘,,n Eﬁi@ﬁiu BB LS AT m— 155@ ® B A ImA LK
BRI, W B! = O. Hk, 74 U, <Im A ﬁﬁ ImA = @ A=Y U ) % {Aa; | i€ I}
& Uy W3, Uy=Span({a; |i€I}), W {a;|iecI} P, A(Uo)

e UyNImA={0}. KA A™Y(U,) = B 1(U;) = {0}, Fibh AImA) = G_alAifl(Ul).
H AN BRI AT A(U) NA(Im A) = {0}, M (UyNIm.A) C Ker A. K4 Uomiéém = {0},
FrEl Uy nIm A = {0}.

. V= <”é§1,4“(UO)) CKer A I ImA = @ AY(0)), FUMER a €V,

{8 f€ AU (6= 1, om— 1), 513 Aa =3 B BN By € Uy = A(Up), LS
=1
%E v € Uy ’ff?':af «4’71 = 613 ;£| 1= 2 Hﬂ‘, 61 € Aifl(Ul) C Alfl(ImA) = Im A" C Im A2,
m—1
KA v € ImA (i = 2,--- ,m — 1), 18 Ay, = B;. & A(a—%— Z’y) =0, Hf
m—1
a—y — Z% eKerA. T2V =Uy+ImA+KerA="U, + @ Ai(Uy) + Ker A. EEF

A" 1(UO) A™2(U,) = B™2(U)) C Ker A, VLJe b— mﬁﬁﬂﬁﬁ UyNImA = {0}, #H
(@ A~HU, )) + Ker A.

iX Wo X Ker A 'fﬁ’f:f V= (@AZ I(Uo)) @Wo’ EX U= UO@WO(HH Ul 5 UO %%ﬂ
M UynKer A= {0}, MMEAEERM), M AU, Wy = AUy W&

V=P U P AP P A" ()
- (UO@WO) @A(UD@WO) @D Pa (UO@WO)
:éAi—l(U)

F 2.0.0.19 X THERZEL A WA (9.7.5) 57£2.0.0.21.

SJRR(95.2) WV EF EW&NETE, AcLV), VHITERAE AFLWN. IEH: A=dZ,
acl.

IERR EE V1) AT A Span(ay), HH o € V, WAFFE N € Fy 15 Aoy = Ny T
FTIMER ay,a0 €V, f7E p e F, 13 Alar + as) = Moy + o = pag + o), HILTTE
)\1:)\2::&%1./4:@1. O
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JE (956) &V 2 F rWgEENR, ABe L(V) HRE AB-BA=A, n ZIEEH,

p € Flz].
(1) IE#A: Ker A" 1 Im A" #8 2 B-1 L.

(2) &% charF =0, dimV =n. iE#: A" =0, Kerp(A) 1 Imp(A) #Z B-+Z 8.

(3) BV ZELMRE4ER, Kerp(A) 2 Imp(A) £&F—E & B-4LH?

(4)

4) KerB" ft ImB" £ & — & & A-TXK#?
iR (1) SBiEW AB — BAY = kAR, 24 k=1 WEPE &1 4585 & — 1 B, W)
AB = A(AIB) = A (BAM + (K — 1A = (BA+ A A + (k- 1)AF
= BA" + kA",
RIS AFB — BA* = kA*. TJ2

A'a =0 = A"(Ba) = (B+nZ)(A"a) =0,
a=A"f = Ba=BA"5=A"(B—nI)p,

B Ker A" Al Im A" #852 B-AAZ 1.

(2) H (1) H AB - BA" = kA" WIESHERE f € Fla], f(A)B—-Bf(A) = Af'(A). ¥
B, HRE A KIENZIRA da(z), TTE ad (o) B2 A REZIE, WG da(z) | 2dy (o).
P IR B SRR m < ny, 3 da(z) = mady(x), B da(z) = ™. HILA %0
A" = 0.

YAEE p € Flz], H da(x) BIRIN 0 1% p(x) = 2Fq(x), HA q(x) WL q(A) £0]
WA, W Kerp(A) = Ker A*, Imp(A) = Im A*. Fih (1) BIFRIE.

(3) A—xE, RHIWTF. &V =C°R), A: f(z) — f'(x), B: f(z) — zf(x). WHH
(@f'(2)) — 2 (f/(x) = f'(x) A% AB — BA= A.

e Ker(A+Z) = {feC®R) | f'(z)+ f(z) =0} = {ce®|ceR} HY ¢ £ 0 ],
B(ce™)=—cxe ™ ¢ Ker(A+I).

000 1 0 0
(4) A, REIWT. MV =F, A=0 0 1|, B=|0 -1 0| 3N ABHK
100 0 0 0

MR, Xl AB — BA = A. tHEAH1:
o KerB = Span(es), fH A(KerB) = Span(ey), Bl Ker B A& A- A2,
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o ImB = Span(e;,ez), H A(ImB) = Span(es), B Im B A& A-AZEH. O

SRR (95.7(2) BV EF FW&AKEZER, Ae LV), W 2V B ATETFZEHE, B e
LV/W):la] = [Aa). EH: ¥ THEEBIETFZEU, H#E ATETFEEUDW, £
BU/W=U.

R B U={acV|aelU}, BHREUSV HW CU MEE acU, [a]elU, A
i B([a]) =[Aa]l € U, AacU. # U & AT O

SRR (9.5.8) BV EF EWAKZEN, A BeLV), UEV H ALTETFEN.

(1) 2t —ZEHFHE pelFz], #5F U=Kerp(A)?
(2) B —EHFHE pelFx], #&F U=Imp(A)?
B) 2E—REEANTETZRAW, R V=UPW?
(4) F ATE, B=A", WU RE—EE B-TEH?

(1) A—E WV =F,A=0,U =Span(e;), Nl p(A) = O B T, Kerp(A) = F? 5¢ {0}.
(2) A= . BV =F A= 0,U = Span(e;), Wl p(A) = O & Z, Imp(A) = {0} B F?.
(3) A—sE. WMV =Flz], ARMNPES, U="F,[z], WU FE—F=E W h—E
H B n 2T, NI W A ALK
4) A= WV ={af(z)|neN, feFz]},A: f(z) = zf(x),U = Flz], WEH
1eU@B(1):1¢U. 0

7 2.0.0.20 & 3) FIHHAE—HMEFT, ALEFEEAWAZELA—ER AFFETFEN,
B AREZAREEV EWERTHR, BU BARE AR TZRM, 88 V=UHU*
HUMZ ATZW (RE (10.12); % (4) FMEREAREBALTREEMEZE P&, EHAFR
%R A T ERR AWETR (BT (5.4.10) IEEFHO), NI U —E& B-TEH.

k

SR (9.64) BV EF EWMERER, Ac L(V) ARNETR da=[J(x—N), £F

i=1

k
M, M\ EFABAARE. EH: £E a eV JUETH azZai R, EF o =
=1

fi(A)a € Ker(NZ — A),

T /\ — )\

HEER AN (A = AD) fi(A)a = da(A) H()\, — )" =0, B fi(A)a € Ker(AZ — A). F
J#i

FLagrange #fi{f 2 Wi 0] %1, Z H

=1 j#i

)\_)\—1, }‘AWZ%—Q O


https://en.m.wikipedia.org/wiki/Lagrange_polynomial
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SRR (9.6.5) XV 2 C Fwvg=E, AcL(V)#HR A"=T. iIEH: E8 acV YLk
~1

n n—1
_ ) s 9
TH o= E ap R, £ ap=— E w ’”AjaeKer( kr — A) cu—cos—+151n—7T

n n
k=0

MERR HH o)A (9.6.4) UFBH BT EES o AT AR dy BN A BE— A FE Z A WA AL,
n—1 n—1

BE A MBS o — 1= [ (o —w), BikAEE [] “ﬂzﬁgyﬂ%zm

: wh — wi :
1=0 ]#kz j=0

-1 2" — (W &

H (ZE — wj) = = = (Whn1-igd = Zw‘k_ijj Exs
: =

, x — wk x — wk
Jj#k

—_

<
Il
o

-1

E wk‘k]
; n—1
r — w =0 1 kj g
II - = 1 :—E w .
n— n 4
Jj=0

k _ /j
w W
i#k —
J k

J=0

3

O

k

S (96.6) BV EF Ewd=n, Ae L(V) Ax/DZTA dA:H(x_Ai)mi! H
M,y €F BHAME. IEH: i=1

(1) Wi = Ker(MNT — A)™ & N\ b B9 R F 5 J8].
(2) (z—XN)™ &2 AE W, FWR%BET &/ 2 T
(3) H W, BFMRLER, m; <dimW; <m;dimV;, EF V; = Ker(\Z — A).

JERB (1) HEH (9.16), V = @W HEEE (9.13), WHER m > m;, Ker(\T — A)™ t2
j=1

@Wj PIxhZS R B (8.22), HH Wy € Ker(MT — A)™ 18 W, = Ker(MT — A)™. W, 72 A

]

(2) B W, AT (v — A)™ A& ATE W, ERIRRSIBUE T2 050, s 2 50
di(z) = (x = X\)™ HAFm <m. & m < my, HEH (9.16) H BT 5 %
it A MNELZTR, 5 da AT E. Hm =m, B (v —\)™ & A E W, RIER
| SR 1) B /) 22 T

(3) @ B W, RAEMRYEM KL (2) A TE W, 11 PRSI 2 50BN m,
oA AE W, ERIREIBO AR NIRRT A RS m. HEE (9.4) BIfS
dim W; = m;.

@ JGiE—PAEER
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538 % dimV =n < oo, A,Be L(V), N null(AB) < null(A) + null(B).

51 BEIEWT : B Sylvester BEANGES (1] (4.9), BRAEH] (9.15) HHL B = Z),rank(A)+rank(B) <
rank(AB) +n. HAEFERRATE null(A) = n —rank(A), null(B) = n —rank(B). BZEI{FIE. ]
HEEF AR, dimW; = null(AZ — A)™ < null(AZ — A) + null(AZ — A)™ L <

- <mynull(\Z — A) = mydim V. O

SRR (9.6.7) XV =Fz], A€ L(V): f(x)— zf (z).

(1) kK A B9 FTH $FAE(E LR AR B2 B9 4FAE F = B A AR =5 JH.

2) K AXFHEELEAE acV HBNLTRX dy.
MERR (1) MR of'(x) = Mf(2) 13 f(2) = ca?, K c € B0 f(x) € Fla], $fERE X\ € N #2 A
FIRFAEARL, A XS S HHRFE T2 )2 {ca? | c € F}ARM f AR N X REFRAE R & W) f )58 48
JEIT RS A0 bt (b £ 0, # N) T By A(bat) — N(bat) = b(p— N)a* # 0, FrbAaghm]
FIFHMER n € N, (A= AT)"(ba) # 0, A f ¢ | Ker(AZ — A)¥, # f ¢ | Ker(AT — A).
Rt X ARIRHE TS {0 | e € F). . .

ﬁa—Zaz L I={0<i<n|a#0}, Ha#0Mm IS MEEicl, H

(1) 1 A X T aa El’Jm/J\%Iﬁijj w—i W f(x) = [](x — i) B A KT ax’ (Vi) FI—Me

el

FLIR, TR AXT o H—AMCEZTR, Bl z—if % (Vi) I f(x) B A 5T

o M2 I O

SRR (9.6.9) XV 2 F L&M= NE, AcL(V), SZ AWHAEREENEAS, W, £ A
MEMRTEE. EH: BV =W\, WATEE acV, doo FEFETUE Fla] +

Aes
oA — K E R FAR.
MEER V:@WA, IR a € V, FFEEFHAFRB A, - € S M, e W)y, fifd a=

AesS

oyt o, R T2 X AERE 1 < i < by F7EE ny € N AEAS 0y € Ker(AT— A)™, ]
(A=MT)"a; = 0. W f(z) = ﬁ(:c =)™ W f(A)ey; = 0, Vi WL f(A <Z az) =0,
0 f R A KT o l—MUELTR, BTEE A LT o WEAETR deo. t dan | f T
Kl a0 WTULZE Fla] 50— KR TR -

SRR (9.75) BV R F AN TE, Ac L(V) REZZ#. X deg(da) M #1340 i%
WEBA: V ALl & T A-EF T = 8 W A A
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JERA O

¥ 2.0.0.21 &4/ (9.4.10) 53R (9.7.5) THRLMZE V B H A o475 K

V= @AH(U) = @F[A]ai,

o mZ AWNFEREK, [ TR AT HKIENE (XETEF W)
IF[A]OQ F[A]O{Q F[A]Oég

| | || [

v a

AWy [CAor (1 Aay 11 Aay

\ \ [

A(U) || Ay || A’ay J I Aas |

: } } } : } } : }

' ‘ | ’ | : |

A™HU) ’ A Lo 1A ag 1A Lag)
I

SRR (10.1.3) EEA: THI 77 A= (a;;) € R™™ EIEEFME, 1<i,j<n.
_|._

1 ! G
Wy =77 () s = G35 —
WERR BEEE (10.1(1)), R sz AR EAS A NILAES, @ 58 10 5 B,

1
(1) A2 R,[z] LN p(f,9) :/ zf(x)g(x)de fE2E 1,2, 2%, -+ 2" PR
0

1
(2) A & R,[z] LW o(f,9) =/ |nz|f(z)g(x)de 73 1,2, 2% - 2" FTHEE
b °
+oo T 1'2 T 1
; o 3l nl
R O

n—

SR (10.1.4) BV =R™", S e R™™ E#H: p(X,Y)=tr (XTSY) BV LHAMR — S
R IERH.
MR =: XMMERE 0# z e R™, WX e R™ AL x A5 HRoumB0oy 0 IAERE.
WAIEEEE. X £ 0 13 tr (XTSX) =" Sz > 0, NiIE S IE& R FIE S XK. B A AR
FRIEAF tr (XTSY) =tr (YTSX) =tr (XTSTY), Bl tr (XT(S—ST)Y) =0, VX, Y € R™*".
<: B S=PTP, Hf PeR™™ W WIER X € R™",
tr (XTSX) = tr (XTPTPX) = PXPrHILETII A >0,

SN HANY PX =0 Bl X = O. SO RRMAEME R W, & p £V ERAR. O
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S (10.1.5(2)) & w(z) € C[0,1]. # p(f, 9) / f(x r)de £V =R,[z] LA,
A —EA w(x) =0, Vxe[ ,1]

iR A—x. WHIE [0, 1] J:K‘Eﬂfﬁlﬂ? 2n RZ A w(x) 1@ w(z)—1 5EE Q(r) € Ry,_1[7]
IEAZ, MIXHER » € R,[x] #A / fA(2)w(z) dz :/ fA(z)dz, B p 52 IEE .
0 0

d2n N N
B R(z) = 2*(z — 1)*", Xon(z) = oo @), BRI B A5

/f&n dx—/JWMWWWMMZR%@H%*Wﬂ—Q@ﬂW“W@+~-
_ Q-1 / Q) (1)

1 R(0) = R(0) = -+ = REV(0) = R(1) = = RED(1) =0

/in dx—/QQ”) z)dr = 0.

FenlHh, / Xon(z) = 0 J deg(Xy,) = 2n fA74E © € [0,1] £ Xgn( ) < 0. IS T HUE 2
P c e R, T O

2.4: Legendre Z i, P (z) ~ Ps(x)


https://en.m.wikipedia.org/wiki/Integration_by_parts
https://en.wikipedia.org/wiki/Legendre_polynomials

s
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N \ S N 1 n n
Legendre £ = 0y # 3 7] g Rodrigues 2~ % H: P,(z) = 5 ';— (2 —1)"
"nldx™
PO(.CE) =1
P(z)==x
1
1
Ps(x) = 3 (52° — 3x)

1
Py(z) = 3 (352" — 302> + 3)
1
Ps(w) = 2 (63z° — 702" + 15z)
1

Ps(z) = T (2312° — 3152" + 1052* — 5)

SRR (10.1.8) ] ou, 0, o B n BERREE (V,p) FH—HEFTmE. IEA:

(1) EXTHERE i <j #FH plai,05) <0, Mm<n+1.
(2) EXTHEERE i <j #F ploy, o) <0, M m < 2n.

WERR (1) ML, B a, - oo € V SBIESHER @ < j #H plai, ;) <0 B—AHIE

n+1
TR, WHEEREN 00 o o 8 Y 0= 0, RS ={I<i<n+1|az>

i=1
n+1

0}, ={1<i<n+1]|z;<0}. H inp(ozi,oz%g) =0 K& plai, anio) <0 (Vi) F1 ST,5™
i=1
WA B BT =) w7 = ) map B p(BT, anse) <0 B p(B,anse) > 0 F1 BT, 67
ies+ ieS-
BIHEEME B 8T+ =014 0>p(f7,—07)=— Z Z ziwip(ag, o) <0, FJE.
€St jeS—

(2) XFn AN, 20 =1 MNEE o WL, HEEHE m <2, B or.

R R n — 1 gESEN RO, EAEEFERE o, -, aop € V IHEMNEE
i < j A plas,ap) <05 ¥ age TRAV BIMRHEIERSIE S, ag,y1 £ S FHIABIEN e,.
H p(cu, aoni1) <0 (1<i<2n) Bl a; (1 <4< 2n) 78S FE n NMebraEHART 0. X
BEZBAFE—NHEE agpr L BOTAYE a1, agn1 £ S Tl n— 1 NMrEHA
SN0 HAEE, FE1<i<ji<2n—1, o, 5 a; /£ S Rl n—1 MrEAFKT 0,
eI n M EIAKT 0, MM play, ;) > 0, FJE. LRI n 4k Sz RS [
y O

<

S (102.2(2)) K V =Rlz] LE— AR p, #% S & (V,p) WERE.
S ={T,(z) |n €N}, HEF T,(cosf) = cos(nf) =% —% Chebyshev £ K.


https://en.m.wikipedia.org/wiki/Rodrigues'_formula
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0, n#m
d ! d
g n=m%0
T /R EEK. O

SHE (1022(3) % V = Rl E8— AR o, A S KR (V) MEXE
S ={U,(z) | n e N}, EF U,(cosb) = sin{(n + 1)6) 7 % — 2 Chebyshev % Tis\.

sin 6

fi# EE/ 2)V1 —z?dz = —I’%‘HV\]% (f,9) = /f r)V1 — 22 dx

0
s
5, n=m
AR K. O
S (10.2.5) W A e R™™, Be R, a € R™Y, ¢ € R K ||Ax — af| B4 Bx =0
THI R /ME.
I, I. O
R X B=P Q, Hrp P e Rk Q e RV /]ifi, ] Bx =0 < Qx =
O O O O
O O

- O O -
0 «— Q= Yy € R A0 A = AQ! VU ] BB A Ay R HAy—aH
o I, O I,

FEM y € R N /AMA. BG4 (6.9) SRife N I ff 7 i RARRITT. O
SR (10.2.6) LB AXARZEE, T eTEWENERFREL - EXMETAH.

UERR AEHIEAE ) B 2H o 2 e Qe oy B, A € RAFA Mg + -+ A\, = 0,
MXHMERZ 1<i<n, H0O=p ozz,z}\ 04]> = \iplag, o) A8 N\ =0, B aq, -, &M
Tk, MIfiAE rﬁiﬂ’mscrﬁliéﬂ~ FELRIETC R O
SIER (10.2.7) #41: U RLWRZE V ®§FEHE, U= (UY", VAUDU"

B BV = Span(l, er, e, ) X & = (Tn)ner 5 Y = (Un)ner XA p(z, y) = f: Tnln.
W U = Span(ey,es,---), M UL = Span(es, ey, ). O
SRR (10.2.7 1H) %6 LHMEE V AEERE, FH dmV 24350,

R WV AN, dimV ANAEL, {e; |ie I} /2 V [F) Hamel £ SMER o, 8 €V, 47
EARTE L LCL B a=) New.S=) pieins HH Ny, € R A 0,5 X

11€l1 12€12

WA p(a, 8 Z Z iy fiy0iin s MIFE {e; |7 € T} RARHEIEAS 2. O

11€11 12€15
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SR (10.2.8) ® Uy, U, =ENMRZE V BT 4.

(1) ‘\LEED% (U1+U2)L:U1LHU2L, (leﬁl/vQ)l D[]%—i-[]zL
(2) IEHA: #F Uy + Uy 2 ARER, N (U NUy)*E =Ui + Uy
(3) Bfl: (U, NUs): + UL + UL,

(1) @ WEE ac (U +U)b acUt (i =1,2), Bt acUtnUs, (U + Uyt
U NUs SHMERE B e UrnUss 5 v =m+y € Uy +Uy Hb 4 €U (@ = 1,2),
H p(B,7) = p(Bn) + p(B,72) = 0, B 5 e (U +Up)ts U U C (U + Up)t. 4
(U, +Up)t =U NUS.

@ HUsC(UNUy)* (i=1,2) 18 (UinUy)t D UL + Uyt

2) B (1) RE—RW U B UL (i =1,2) B3

(U +03)" = (Ui) N (03)°

B (10.6) &1, & U RHRGER, W (U = U. #1 Uy + U, RARGEGE Uy, Uy #
RARAER. N UL C U + U 7118 (U +UL) " (UL = Uy Bk R 2 A R
T2 A, PR EE AR RAIE.

(3) iﬁszQ,M:Span((l,l L

§’§7§7...>), U2 = Span(el,eg,eg,-..). )l_\lu UlﬁU2 =
(0}, Uf = {0}, B UL £V,

O

S (102.0) % V EERREE, [ BERES, (el £V FH—MEAREERHE
H G TERE aeV, 26#HF ||of? = (e, )??

i€l
ﬁg Z:—‘;'JE iﬁ V = Span(l,eg,eg,---), XTJ‘ Tr = (xn)nEN*ay = (yn)neN* eV IHEXWB:{
p(aj’y) :Zx;gn EJIIE {62,63,"'} %*&jﬁ*ﬁﬁﬁﬂfﬁﬁ%éﬂ (R%JE%TEU €1 ¢ V)’ 1E

n 1

o

17 = Z—:— Sl = =" 1 -

el n=2
SRR (10.3.2(3) ®V EZAMZERE, A:V =V ZERTBRA.
#4]. & A#E (Ao, AB) = (a, B), Yo, €V, B A TR HBEE

R &V =Rz, NH <Z a;x be> = Zaibi- LM A f(x) — aof (v) SRAFUE
TR ’ =



K

Ui

SRR (10.3.4) %

JIN

MFEAE N>0, /N RERK .
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—F BRI ALK
EAMEE, AcL(V) T iEH: # AGREELER I HENER X

XV REE

B
Va,B €V,

pran

al p = Aa L Ap,

2

IERR © ¥V = {0}, WEETIL.
HV £ {0}, FHO0 AoV, B ARBHEM Ao # 0, iL N = H%OIJH .
= (8,8) — (po,par) = 0 14

(5~ o) L A(B + i), wmwufMAu—”mV%éAmr:
Vy e V. HIE A ANA 2 IER A
£ 2.0.0.23 & A* 74, " £ #https://math.stackexchange.com/a/1790693 F & H 7%

0 A MY = [yl
[]

(10.3.5(3)(4)) &V 2EZAMREE, Ae L(V) 2 EXZ#. LA

]
Ker(Z — A)?, Ker(Z + A) = Ker(Z 4+ A)%
Ak TSR

(3) Ker(Z — A) =
k
(4) %dA(x):H(x— i), EE AN eC, M N =1FFEH A, A, -

i=1

HWERR (3) RFFES—x, B A B —A Bl 55 =
SIF %V BEEZAMEN, Ae L(V) RERT#H, N Ker(Z —A) L Im(Z — A)
[SIEME: FH o € Ker(Z - A) 5 AB - BeIm(Z - A), H Aa=a 1§
(a, AB = B) = (o, AB) — (o, B) = (A, AB) — (a, B) = 0,

i Ker(Z — A) L Im(Z — A).]
fEEL 2 € Ker(Z — A)?, W (Z — Az € Ker(Z — A). 51 BH Ker(Z — A)NIm(Z — A) =
— A2 CcKer(Z - A). Fgi& Ker(Z — A) C

{0}, Hk (Z — A)x = 0,R0 x € Ker(Z — A),Ker(Z
Ker(Z — A)* EPFIIE.
(4) ¥ VEMLR VE ={u+iv|uveV}, AFEFVE EMEHETHE A utive
: 15) AL

4 \\ =1 \‘
Au +iAv. B HAE AC BN 20N dy H A B A, e (9.15)
k).
, B A% = a B

W AC MFTAREE, TR (N =1G=1
SHER iy AEH o € Ker (A — A%) 5 A8 — A3 € Im (AT — A°)

(A(Ca, Acﬁ) — Mo, 8) =0,

>l =

(@, A°B = AB) = (a, A°B) — (, AB) =


https://math.stackexchange.com/a/1790693
https://en.wikipedia.org/wiki/Complexification
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# Ker (\Z — A®) L Im (AZ — A%). \fii Ker (\Z — A%) NIm(AT — A) = {0}. 250 (3) 5]
BRI Ker (VT — A7) = Ker (AL — A)’, % da(e) HEA A, dA("””) R AC HIILE

20, 5 da(z) REANZIFE. B, - N PIPIAAE. O
SRR (104.3) V =R", A (z,y) =x"Gy, Alx) =z + (a,z)3, £+ a,8€ V. 5k A"

B A REMERIRN T+ Ba’™G 1 A BIEERR N G (I +GaBT) G =1+ aB7G. 1§
Aty =y +afTGy =y + (B, y)a. O

SRR (10.4.5) &V =R[z], "W (f,9) = f(x)g(x)dx, A€ LV): f(z) —~ xf(—x). K

A*.

1
g » dx—/ f(z)A"g( dx&/ zf(— :—/le(x)g(—m)dx
oA ()r—> —zg(— O

SR (10.4.8) BV BEWAMREE, Ae L(V) 7, A Fr. EHA:

(1) A* 225, #H (ImA*)" = {0}.
(2) # (AN &, WA T, FH (A) = (A
(3) & A T, N (A F&, FH (A = (AL

WEFR (1) &

veKer A" <—= Au=0 <= (A'u,v) =0, YoeV

— (u, Av) =0, Yo €V <= ueclmA*
A4 Ker A* = Im AL ) A* B A X8 Ker A = (Im A*)". T2

Aiff = Im A = {0} = KerA* = {0} = A",
A — Ker A= {0} — (ImA")" = {0}.

(2) H

(A Arz,y) = (A, AYy) = (2, AA YY) = (2,y), VYo,yeV,
(A" (A z,y) = (A7) 2, 4y) = (2, A Ay) = (z,y), Vr,yeV

BIgn AA™ = ATA =T W A i, H (A% = (A7)~
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(3) H
(A a,y) = (A7) o, AA YY) = (A (A o, A YY) = (2, ATYY), Va,yeV
AL (AN f2EE, H (A7) = (AL 0
S (104.8(4) IH) &V 2ZWMEE, Ae L(V) T, A Fi&E.

B AT TEBE, AT A T, (A7) TEE.

g WV =Rz, AH (Z fizi,Zgixi) = Zfigi. wAe LV) 15
i—0 i—0

1=0

iR A GERYT, A (le =a", FrCL A Za, M A mli.
B B e L(V) 6 Brt = i — o, T
(A[Ei, C(]j) = (Z‘Z — xi_l,xj) = 51 - 5i—1,j = (57;]‘ - 5i,j+1
= (2" 2/ =2/ = (2", B’), Viz15j>0
P4
(A(1),27) = (1,27) = (1,27 —27*") = (1, B27), Vj

AH B =A% BAR 1 ¢ ITm A%, B A" A&, M A* Arfd. f 21 (10.4.8(2)) HIE
BB (A™Y" AFTE. ]
7 2.0.0.24 EAABAROIRGERTIRENR G, BRI UER “THERE” #H4T
Mg XEWEOET AW “TFEEERT HE—F2ENGHLER, NTiE7 288K
MNTEIE0; HE (AYD TFE, TUEFE ANFFIMHEEARERRNSTEIE 0. BEFER
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TEEFATERE 0. UTRAM S HEE 3t Moy LA “THER"

1 -1 1
: L
AX LT % | AMET :
1 %”@; -1 1
.3) %{f{@
S PR 1
AT 1 2 (E=A41 7).
BN
1 X
%%7

SRR (10.4.9) &V BEEARZE, Ae L(V), A" FE. IEH:
1) AZSEHTHELEARISTER acV, A (a,Aa) =0.
(2) #V ZAREN, AZS#EFELTHE, W (T+A) (T -A) EEXT #.
3) EFARMEHEBRITARITI-ARE—ERIHETH?

WERR (1) =: H (o, Aa) = (Ao, a) = —(a, Aa) BIFI (a, Aa) =0, Ya € V.
e MMEE 2,y eV, #F

0= (r+y, Az +vy)) = (z,Az) + (v, Ay) + (y, Az) + (y, Ay) = (z, Ay) + (v, Az),

(x, Ay) = (—Az,y), Vr,yeV — A*=-A.

(2) UM T+ A 55 T — A BmTsiAs, 1

T+ Ar=0 = o= —Ar = |z]>=(z,~Azr) L0 —= z=0,

FTCL T 4+ A R, A BR4E2S 1A R M AR e B S 2, 0 T + A SR RTAR B[R] HE AT
WEZ — AR, T2 (Z+A) YT - A) i, i (Z - A)"YZ + A). B (10.21),
HEIE(ZT+A YT -A))' =T -AYT+A. M
(Z+AZ-A))' =Z-A(Z+A ) =T+A(T+AY)
EQOASE) (4 AV (T + A = (T + AT — A
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MRFTE (Z-A) Y Z+A) =(Z+A)T—-A) ZXATUSHEE (6.1.11(1)) FHEH (XH
FE AN ()RR R A ).

(3) A3, S (10.4.5) HR A A A BRG] SMEZ0#£ f eV, deg (T A)f) =
deg(f) +1, W 1¢Im(Z+A), T+ A BRI, WA, O

SRR (10.4.10) &V 2ZAMZE, Ae L(V), A* 1 dy #HFE. EHA:

(2) AZRATEEHE — ds TER.
(3) AZHEL#® <— FE f(x) eRz], EF A = f(A).

SERR (1) EEFIX £ € Rlz),

fA) =0 <= f(Az=0YreV
= (f(A)z,y) =0, Yo,y eV
LR (2, f(A%)y) =0, Yo,y €V
— f(A")y=0,VYyeV
= f(A) =0,
I da- = da.
(2) [F2J# (10.3.5(4)) K V B4R VE, FH A HEIFHE AS, W de =da H AT A
AR [F 1 (6.2.5(2)) WEBAH L A1 ACe = Ao < (A%) 2 =)z
e Ker (AZ — A%) L Im (AT — A®). fEHL 2 € Ker (AT — A®) 5 A%y—\y € Im (AT — A°),
1l
(2, A% = \y) = (2. A%) = (2, 2) = ((A%)"2,9) = ()
_ ((AC)*:L- —Xx,y) —(0,y) = 0.
Bl Ker (AT — A®) L Im (AZ — A®).
e Ker (AL — A%) = Ker (A\Z — A%)". AEHL = € Ker (\Z — A%)", M (AL - A%z €
Ker (\Z — A®). i E— g5 Ker (A\Z — A%) NIm (AZ — A%) =0, FHIk (AT — A%)z=0, &P
z € Ker (AT — A%),Ker (A\Z — A%)? C Ker (AT — A°). 454 Ker (AT — AS) C Ker (AT — A°)?
A1 Ker (\Z — A®) = Ker (A — A°)".
B BT A, & dae AER N, W %(iz R A EZI, 5 de ZRADZ
T JE. W d e BY dy EER.
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(3) u

SRR (10.5.6(2)) BALMEZEE V = C™", p(X,Y) = tr (XHSY), A(X) = PXQ, %
S,P,Q BEZFE. 2 AREEN (P,Q) NikREMNT T LEFME, /R ARZNRERH
(Vip) EEVE R/ B2/ 8 HZ &R/ AEE .

R BUE By, Bty By B NV I3, W A FEXHE FHERERRN QT ®
0 . .

) J1 7& J2 (;H\:IZIII g -
811127 jl _jQ

() rn) PTHUX LI ERAEFEN 1, © S. HHEH (10.26(1)) 1 A* TEIRAEE T HHE R R
N (L,®S) " (QTe P) (I, ®S) = Q@ (S~ PHS).

P(HESZ W8 (9.3.5(1))). H (Eyjy, Eig) = tr (Eji SEiyj,) = {

_ QTQ = A
O AREEHR — A=A = (Q'Q)o(PS'PHS) =1 — .
PS—IPHS = XI
Q"Q =\
th A e C\{0}) < | Gt aec\o.
PST'pPHS =T
A
Q" =@
@A ZHATH — A=A — ) (HreC\{0}) <«
P = —S-1PHs
A
— \QH
{Q 1Q (FHHA X e C\{0}).
P=_S"1pPHs
A
QT =-)Q
@ A RMHEHMAELH — A =-A { ] (Ht A eC\{0}) =
P = =5"'PHg
A
— _\OH
{Q 1 ¢ (FHA X e C\{0}).
P=_S"1pPHs
A
Ho — H
® A RMETH — AA = AS'A =00 : O
PS-1PHS = S1PHSP

SRR (1062) WV £ F EWAKEE, chaaF#2, p 2V LR AMERK. IEH: #EV
THRRN AR f RSN LR g, B/ p=[f+g, HtH fg BE—H.
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Fp=f+g ol fRABOUAMRI, ¢ BRI ERS, T
{p(l’,y) = f(z,y) + 9(z,y),

ply,x) = f(z,y) — g(z,y).
FH S P IR A T T A M — 1. O
SIEE (10.63(1) B V A F EWA&MER, p 2V EWEECREREYR. TH: FTEE
EEHEB acV, BE BV EE pla,8) #0 B p(B8,a) # 0.
MERR 1 p dEBAL, MERERRE a eV, FE z,y eV, 15 pla,z) #0, ply,a) #0.

® # p(r,a) #0 3 pla,y) #0, NG5,
@ # p(r,a) = pla,y) = 0. H

A

pla,z+y) = pla, z) + pla,y) = pla, z) # 0,

p(x+y,0) = pz,a) + p(y,a) = p(y,a) # 0
AIEN B =+ y iR EK. O
SRR (10.6.4) W p RLMEE AV LW &k 4. IEA T 7] 7 A 401 S 0

@ FHE f,geV*, E& pla,B) = fla)g(B).
® Yo, g e v, [0 AP
plaz, B1)  plaz, Ba)
AR @=@: RN p(y, i) = flow)g(B;) (i = 1,2) BREHEARZ4751:0 0.
@=®: AP p WERNN 0, B 2,y € V 16 p(a,y) # 0. WAHIE o, 8 € V,

ple, B) plasy)| o0 ) = Play)p(z, B) oy Plesy) P —
o 8) plo.y) =01 pla,B) = o(5.9) R f(a) o) g(8) = p(z, B) BN 2

HK. O

S8 (10.65) #F EZTH, oy, 0,0 & FX 2 —AHFATFEE. EH:

(1) 4 THEE i, #F aloy =0, N m<2l5])

2) B FEE i, #HE ofa; =1, M m<2l=].

WERR (1) B A= (Oq am> e F>m A ATA = 0O, H Sylvester FRAZEI (B (4.9))
&
rank (A7) 4 rank(A) < rank (ATA) + n = r == rank(4) < g

HHF &Itk m < |Span(ay, -, a,)| =27, S5BHHE.



s
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(2) fin ZAWEN, BB=1-0ap HP1EEFAE, WL, -, B8, MHAR, H

1—wu;, o;=(0,u;)

BIB; =0, Vi, j. B (1) 3 m <25 . 4 n 2B, &6 = »
U;, o = (1,’11;1)
Bro- B € FUDX BRARR, H A1, =0, i j. i (1) # m < 27, a

SR (10.6.6) %V = (F*,p) BEF=E, EFFRMR p £ F 65 EE THERRT

((j IO") MRV LFELH., gL, SEaHXH. ARTHENER.

G

% 2% GTM 135 % 277 71 Symplectic Geometry. O
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B=F ZEIEMNE
= A=
How do I memorise math proofs & derivations where some steps aren’t intuitive?

3.1 ZEFERYARIU

L f(AERT a AT ) 5 o HEEk.

2. BRI R L E AL

3. A5 B = f(A) 5 f(B) Mk (Vf € Fla]). UREmIH, 0 kel —AaiE sy
et e — M2 i ]

4. PAPAAS [R] R AEABLRS . R R AGE 1] B 2 MR TG 0% [ FIEYZ: : Vandermonde 5§ /Lagrange
GHIEEUEV |

5. FTHRBIR AT D5 BE P TR, X2 5 2 > L ELE B ) ST “ RIBRIE” ]

6. “AIAHIX A — BB LT B ASE T AECEE fEW]. LTSRN T
BN T EEGX —MUA R &)

7. f(A) AT HAY f(2) 5 pale) BER. [UTERIR f(A) FIRHMEE.]

8. A HIRHIEE N W) UTEBAEE A, FAEBESREY. [H rank(A — N =n —
n; (Vk > n;).1

9. Cayley-Hamilton x&BERJUER. (A VAR /2 015, ]

A C A O

10. Hazkft T 5 FAAL. CATICHERE T AX — XB = C K- A
O B O B

LMty R 2O F MG AR EL? 281 A B kAT 70 B ]
11 FAAHEXS A1 /73 Bext f k.
12. dy BEr o4 HEE o4 WITAR — ¢a | dj.
13. #EXHA T FER RN 2 T DRm2 s ]
14, N2 K7 N 2 BEE TRAEZ 007 (A% (k= 0,1,--- ,n— 1) KR FIL

W
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https://www.quora.com/How-do-I-memorise-math-proofs-derivations-where-some-steps-arent-intuitive/answer/Charles-S-181?ch=17&oid=49513337&share=409cb6c5&srid=3hur2T&target_type=answer
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LK1

15. % A e P MM RHLEEE T F, W A /TRHE F EMEITX AR <= da(z)
THER.

16. WEZWABAHEZMALER — H/h2HLER.

17. BHITFEAITE C EARST AL, (/2O TEER. ]

18. FHIEZ WM i /N Z TAEAHE =& PAFEREAEL LRI Jordan B LA AEXT
77 B 8 85 /) 22 TR0 Sl KA 3 35 2 R AIE 22 T 3K 5 A/ 22 T R 5 2% A R RE R D

19. (@ Aa - Aa) Bl 3 k= deg (da). DERIHGE T —HK daa 1
ks 4 dae = par WiZF|ELE Fr —24%. ]

20. fA1E a 1% dao = da. LRI E TR E BEAJUER]. ]

21. da =pa = A5 a4 WRTTEEFRL. Cfar it & ARk 77 FE 2]

22. AB=BA H dy=¢4 = 3f € Flz] s.t. B = f(A). [ HREEH S E K. ]

23. dy = par» g=ged(dy, f) = rank(f(A)) = n —deg(g). [ f(A) FIFEZEMIT
FH r(A)a PIERFER, RERI r(z) AR h(z) BIER T or(e) &S REOCAEDT
n—1.1

24. Jordan B R da = 4. LERFRB], J,(0) 5 2 WA TEERD J,(0)T FH1L.]

25. At 4 Jordan FrdEIE? DAL ]

26. U M Jordan FrEILS BB E B LT ERdy = pa N A rank (A — N 1)
FER? “rank(A— M) =n—1 = A K Jordan ta#EEED J,(\)” BITHA? [Z7% 2] 8
(6.2.3) WERA P H B 5] 2E. ]

27. BHOTHES B S EAREUER. LA “3sk (FROOXEFR)” J7BEARBL. Gnde] B bt B
ST RIS R 7]

28. A BERT T HUERE . DB “mragi” sk “ 2807 B . ]

29. A5 BHETF FMMl < 21— A5 2l — B 1F Flz] EBMIK. [ 2054k BE
o TR el AX = XB, BIEW X Ar (AridfdE X EAsE X O E”
)]

oo

30. AHEAER. [X M ERTFEREME!]

3. ## A € F™™ B ¢ T % ol — B 5 diag(fi, -, f,) & Flo] EAEAHAL 0
I®A-B®I5 diag(fi(A), -, fu(A) £ F FARHE. Ll @A ag DORFR I U B ]

32. n M BE— T BEIEASET 0, MIEAHILT By,

33. [EIR J7 B e AR AN SR ARFALE 22 T
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34. WEITREAEY B E— @ v DA . [WEZDATER — SN ZHATLE

35. fEE A € F™ B]PAYE F BT Hessenberg J7FE. [ A FFRERLAISH).]

36. KPS A2 IR EOTRE A [FE 5 —1E B N5 H.]

37. deg(da) < rank(A) + 1. [k A W&/ Z WK A B Jordan PRI )& /N 2 T
. M A B Jordan FréETEH 0 B LFIEECH n — rank(A), FIAERPGXLE Jordan PR/
Z RN AR« BRIKE DD n— rank(A) — 1A AT H AT — A fGE]

38. ged (daa,dag) =1 = daais = daadag. CIERH AR ]

3.2 EXHMESERE

1. IEARR R EGEC N AR, DuE Al A “—4 =7 ]

2. BT 2 A, AZREAH ! DS — A E. ]

3. IERTTPERHEAER N 1, SERFEE R PTREN £1. RERFEAEXS NARHIE [ 21 “ S8 5
“CREE” M EIER HEAHSE. ¥ A BN cos6 + isind HTER]

4. 4 N =1 ZIEATTRE P HIRHIEAE, MIAFAESRALSE & o 9 A X RVHFE R 2. LA
A\ € R BT SR FBR BT shn 4L, ]

5. Givens 7B Gy;(0) FIVERT :@det(G;(0)) = 1.0HER . @rank(G;(0)—1) € {0,2}.@G;;(0)

cosf —sinf

RIARABO A A, LRI H (FFFIEAE N cos 6 + isin @) RAIARAN f1k.]

sinf  cosé
6. Householder 77 /% H, HIME: @det(H,) = —1. [ x4.1 @rank(H, — I) = 1.

[ Sylvester 1755501 @ H, FIAHRUN M. CRIVEEAFR—J7FE vo T AIAHAXS fifh, 2
B (5.1.11(2)) BIZEM T tr (vo) £ 0 Bl tr (vTw) #0 Bl v #0.]

7. QR Irfift: OXSFEREREER ? AEMIARE LA ME—1E? @ME— YA e ? DIEASH) F
ZATTERAT AFE 2] @72 Givens J7FEEE: JLIEIRIE R XA 0IEH. @7 3¢ Householder
JiBESE: RefRIE R XA ToERAE fo ARG ? DU S iR 2 22 ) R0 AR R Ak
77 @XSF [m AL F, Givens J7FF2BMEZ, Householder J5 BN —2 247, [l suvF
BHEX T4 1 ©Gram-Schmidt FriE IS E REOE R EEE. Q 5 R BG4,
Ry EFE B BRFEMENT o BB

8. Hadamard AZEXMUER] CHAHRZE S ST R ARRERZ QR 74#? ). &

H H,
2%, 153 Hadamard FEHH+: Hy, = <1) JHy = ( I:’; Hk) (k € N).
—Hy, Hy
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9. SEJTREIESZARAT-#E B =TT FEREAR . IERI T HEIR (IESSTTRE. X RRSETTRE
SO FRSETT R BVE TR ).
10. B Va5 FE TP RT AR,

A A
11, S 54: MG — Ay, Ay B96. [56IF Ay = 0.]
3
12, 25 S 4 R TE B
13, HEFETEAUS B A S 26 R LR B oy [ ARG 0 Fr 2 M 46 )
14. Moore-Penrose | i i #4) it 5 ME—1E. [ Penrose 253X, ]
L s e A o
i =1
16. 3877 6 T B AR £ 0. {2 B — 5T LB S 7 R BV S AE B ZE © b 3EAT AL
010
17. R EGEE ESHMNSETE: (o o 2| (RGN 3 HFEE.]
0 00
18. A& n M NIE < |Aa| = |AMa| (Yo € C¥1).
19. 2580 1E 5877 [ (047 51 300 Sy E A A

3 3 Ij:_I /\:I:IE—J
| R
L%V =R, A p(X,Y) = tr (XTY). & X = : o ly =
Tp2—py1 *°° Tp2
yl D yn
: , M p(X,Y) szyz
Yn2—n+1 *°° Yn2
2. n B Hilbert JEFE2 IEE MLV = R,| / flx)g(x)de FEV B2 1, 2, 22
TR G = (w1%qmﬂ +

3. B G = (145 = 2Dy T WV =Role) 70 = [ Fogla)e ar
VR 1z, 22, 2t TE’J#E%EI@J

4. V& G1, Gy 3l p 15V 193 81, S, FHIEEMME, P &M S, 2 Sy Bk,

W Gy = PTG P. [OHE®R: F5 51, S #5E V HIARHEIESSEE, W P ONIEAZTTFE. @ik 45 %E
8w ELE S RUINAIUER D |

, X
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5. R Fop JHEE p>1 H p# 2 BAEMARGE, [EEEE0ARES, Wik
AR FAT WUIIEN: oo+ 811 + [la = BII> = 2[lal* + 2[8]1>.]1 0 < p < 1 WA RIEHL
[ller + esllp = 27 > 2 = [leall, + [leall,]
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