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§7.1 éó5

I éó�K � X1,X2, . . . ,Xn iid, g : <n → <÷v

E |g(X1,X2, . . . ,Xn)| <∞,

K

(X1,X2, . . . ,Xn)
d
= (Xn,Xn−1, . . . ,X1),

u´,
E g(X1,X2, . . . ,Xn) = E g(Xn,Xn−1, . . . ,X1).

> |©A^éó�n§UÂ�¿�Ø��(J.

> ob�Xe�ÅiÄL§ (RWP): X1,X2, . . . ,Xn iid,

S0 = 0, Sn =
n∑

k=1

Xk , n ≥ 1.
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§7.1 éó5

I ·K 7.1.1 � X1,X2, . . . ,Xn iid, EX1 > 0, ½Â

N = min{n : X1 + · · ·+ Xn > 0},

K EN <∞.

> |©A^éó�n§UÂ�¿�Ø��(J.

y: P Sn = X1 + · · ·+ Xn, K

EN =
∞∑
n=0

P (N > n) = 1 +
∞∑
n=1

P

(
X1 ≤ 0,X1 + X2 ≤ 0, . . . ,

n∑
i=1

Xi ≤ 0

)
∗
= 1 +

∞∑
n=1

P

(
Xn ≤ 0,Xn + Xn−1 ≤ 0, . . . ,

n∑
i=1

Xn+1−i ≤ 0

)

= 1 +
∞∑
n=1

P (Sn ≤ Sn−1,Sn ≤ Sn−2, . . . ,Sn ≤ S1,Sn ≤ 0)
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§7.1 éó5

(Y):

�½ S0 = 0. ò {Sn, n ≥ 0}��������w����#:§K�
¤��ò´�#L§ {N∗(k), k ≥ 0}. u´

EN = 1 +
∞∑
n=1

P (Sn u�� n����#$)

= 1 +
∞∑
n=1

P (u�� nu)���#)

= 1 + EN∗(∞).

EX1 > 0%º Sn →∞, N∗(∞) <∞. ,��¡, d�#L§nØ�=
kü«�/µ

e F (∞) = 1 (F �m�©Ù), K N∗(∞) =∞;

e F (∞) < 1, K N∗(∞) <∞� N∗(∞) ∼ Geo(F (∞)).
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I ·K 7.1.2 � X1,X2, . . . ,Xn iid, {Sn}Óc, ½Â

Rn = #{S0,S1,S2, . . . ,Sn},

K

lim
n→∞

ERn

n
= P (RWP[Ø£� 0).

y: 5¿

Rn = 1 +
n∑

k=1

Ik ,

Ù¥

Ik =

{
1, Sk 6= Sj ,∀j < k ;

0, Ù§,
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ERn = 1 +
n∑

k=1

P (Sk 6= Sk−1,Sk 6= Sk−2, . . . ,Sk 6= S0)

= 1 +
n∑

k=1

P (Xk 6= 0,Xk + Xk−1 6= 0, . . . ,Xk + · · ·+ X1 6= 0)

∗
= 1 +

n∑
k=1

P (X1 6= 0,X1 + X2 6= 0, . . . ,X1 + · · ·+ Xk 6= 0)

= 1 +
n∑

k=1

P (S1 6= 0,S2 6= 0, . . . ,Sk 6= 0)

∗
= 1 +

n∑
k=1

P (T0 > k). [T0 ´ RWPÄg£� 0���]

u´,

lim
n→∞

ERn

n
= lim

n→∞
P (T0 > n) = P (T0 = +∞) = P (RWP[Ø£� 0).
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§7.1 éó5

I =~ 7.1(A)> {ü RWP {Sn}, Ù¥ P (X1 = 1) = p,
P (X1 = −1) = 1− p. ¦ limE [Rn/n].

): � p = 1/2�, E [Rn/n]→ P (RWP[Ø£� 0) = 0.

� p > 1/2�, - α = P (£� 0|X1 = 1), K

P (£� 0) = pα+ (1− p) · P (£� 0|X1 = −1) = pα+ 1− p.

�¦ α, é X2 �^�

α = p · P (£� 0|X1 = 1,X2 = 1) + 1− p = pα2 + 1− p,

=⇒ α = (1− p)/p [,) α = 1��]

P (£� 0) = 2− 2p,
ERn

n
= 2p − 1.

� p < 1/2�, ERn/n→ 1− 2p.
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§7.1 éó5
I ·K 7.1.3 �Äé¡{ü RWP, é ∀ k 6= 0, âf3£��:�c�
¯ k �Ï"gê� 1.

): Ø�� k > 0, P Tj �l�:ÑuÄg�¯/j0��, ½Â

In =

{
1, Sn = k ,T0 > n,
0, Ù§,

K£��:�câf�¯ k �gê Y =
∑∞

n=1 In,

EY =
∞∑
n=1

P (S1 > 0, . . . ,Sn−1 > 0,Sn = k)

∗
=

∞∑
n=1

P (Xn > 0,Xn + Xn−1 > 0, . . . ,Xn + · · ·+ X1 = k)

=
∞∑
n=1

P (Sn > Sn−1,Sn > Sn−2, . . . ,Sn > S1,Sn = k)

=
∞∑
n=1

P (Tk = n) = P (Tk < +∞) = 1. [~�5]
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§7.1 éó5
I G/G/1üèXÚ

����m��mS� {Xn, n ≥ 1} iid ∼ F ;

ÑÖ�Jø�ÑÖ�mS� {Yn, n ≥ 1} iid ∼ G ;

��3è�¥üè���mS� {Dn, n ≥ 1}.
u´,

Dn+1 = (Dn + Yn − Xn+1)+, n ≥ 1. (∗.1)

Xn+1

Dn 

Dn+1

Yn 
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I ·K 7.1.4 3 G/G/1üèXÚ¥, P Un = Yn − Xn+1, Sn =
∑n

i=1 Ui ,
n ≥ 1, K

P (Dn+1 ≥ c) = P (Tc ≤ n), ∀ c > 0, (∗.2)

Ù¥ Tc ´�ÅiÄL§ {Sn}�Ä� c ���, �½ S0 = 0.

):

Dn+1 = max{0,Dn + Un}
= max

{
0,Un +max{0,Dn−1 + Un−1}

}
= max

{
0,Un,Un + Un−1 + Dn−1

}
= · · · · · ·
= max{0,Un,Un + Un−1, . . . ,Un + · · ·+ U1}
∗
= max{0,S1,S2, . . . ,Sn}.
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5:
P (Dn+1 ≥ c) = P (Tc ≤ n), ∀ c > 0, (∗.2)

P
P (D∞ ≥ c) = lim

n→∞
P (Dn ≥ c) [�35º],

K P (D∞ ≥ c) = P (Tc <∞).

� EX1 < EY1 �, Sn →∞, u´ P (D∞ ≥ c) = 1, è�ªuÃ¡.

� EX1 = EY1 �, P (D∞ ≥ c) = 1.

� EX1 > EY1 �, �|^��{¦ D∞�©Ù.
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§7.2 ���5

I ½Â 7.2.1

{X1, . . . ,Xn}�£k�¤���5.

{Xn, n ≥ 1}�£Ã�¤���5.

I de Finetti½n {Xn, n ≥ 1}Ã����5�du±e?�^µ

é ∀ n > 1, (X1, . . . ,Xn)�éÜ cdf�

F (x1, . . . , xn) =

∫
Λ

n∏
i=1

Fλ(xi )dG (λ), (∗.3)

Ù¥ G Ú Fλ �� cdf.

�3 {Yk , k ≥ 1} iid, �Õáu,�� rv U, ��3¼ê ψ, ¦�é
∀n ≥ 2,

(X1,X2, . . . ,Xn)
d
= (ψ(Y1,U), ψ(Y2,U), . . . , ψ(Yn,U)).
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5:
k����5 6=⇒ Ã����5

=�~> � (X1,X2)äkXeVÇ©Ùµ

P (X1 = 1,X2 = 0) = P (X1 = 0,X2 = 1) =
1

2
,

K X1,X2 k����, ��Ã����£�i\�Ã������ÅC
þS��c 2�¤.

(X1,X2)Øäk (∗.3)�©ÙL�.
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