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§6.1 �

I ½Â 6.1.1 {Zn, n ≥ 1}¡�� (Martingale), XJ E |Zn| <∞, ∀n, �

E [Zn+1|Z1,Z2, . . . ,Zn] = Zn, a.s. ∀n ≥ 1.

> �Ny
ú²ÙÆ�g�

> Ï"5�µEZn = EZ1, ∀ n > 1.

> Þ~µ

� {Xn}Õá, EXn = 0, P Zn =
∑n

j=1 Xj , K {Zn}��.

©|L§ {Xn}, z��NÏ"��ê� m, P Zn = Xn/m
n, K

{Zn}��.

� {Xn}Õá, EXn = 1, P Zn =
∏n

j=1 Xj , K {Zn}��.
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§6.1 �
(Y) Þ~µ±eü�L§ {Zn}��.

� {X ,Yn, n ≥ 1}�?¿�ÅCþS�, ÷v E |X | <∞, ½Â

Zn = E [X |Y1,Y2, . . . ,Yn], n ≥ 1. (∗.1)

®�?¿ {Xn, n ≥ 1}÷v E |Xn| <∞£Ø7Õá¤, ½Â

Zn =
n∑

i=1

{
Xi − E [Xi |X1, . . . ,Xi−1]

}
, n ≥ 1.

> é?¿ X ,U,V, ÷v E |X | <∞, K

E [X |U] = E
{
E [X |U,V] |U

}
.

> 3 (∗.1)¥, Zn ∈ σ(Y1, . . . ,Yn), u´

E [Zn+1|Z1, . . . ,Zn] = E
{
E [Zn+1|Y1, . . . ,Yn] |Z1, . . . ,Zn

}
,

E [Zn+1|Y1, . . . ,Yn] = E
{
E [X |Y1, . . . ,Yn,Yn+1] |Y1, . . . ,Yn

}
.
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§6.2 Ê�

I ½Â 6.2.1

(1) �±��Ã¡�����Åþ N ¡� {Zn, n ≥ 1}����Å�
�§XJ {N = n}d {Zk , k = 1, . . . , n}(½.

AO§� P (N < +∞) = 1�, K¡ N ���Ê�.

(2) � N � {Zn, n ≥ 1}����Å��§½Â

Z n = Zn∧N =

{
Zn, n ≤ N,
ZN , n ≥ N,

K¡ {Z n, n ≥ 1}� {Zn, n ≥ 1}�Ê�L§.
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§6.2 Ê�

Example

�ÄÕáEÁ�§3?�gÁ�¥�UÑy�(J´/00Ú/10
¥��§d����m

Ω =
{
ω = (ω1, ω2, . . . , ωn, . . .) : ωi ∈ {0, 1}, ∀ i ≥ 1

}
.

b����ÅCþ N ÷v

N(ω1, . . . , ω10, 0, 0, . . .) = 10,

N(ω1, . . . , ω10, 1, 1, . . .) = 11.

¯K: N ´Ê�íº

> N Ø´Ê�§Ï�e N ���Ê�§K

N(ω1, . . . , ωn, ωn+1, ωn+2, . . .) = n

=⇒ N(ω1, . . . , ωn, ω
′
n+1, ω

′
n+2, . . .) = n, ∀ω′j , j > n.
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§6.2 Ê�

I ·K 6.2.1 � N �� {Zn, n ≥ 1}��Å��§K {Z n, n ≥ 1}��.

y: ½Â

In =

{
1, N ≥ n,
0, N < n,

K Z n = Z n−1 + In(Zn − Zn−1), n ≥ 2. u´,

E [Z n|Z1, . . . ,Zn−1] = E [Z n−1 + In(Zn − Zn−1)|Z1, . . . ,Zn−1]

= Z n−1 + In · E
[
(Zn − Zn−1)|Z1, . . . ,Zn−1

]
= Z n−1,

E [Z n|Z 1, . . . ,Z n−1] = E
{
E
[
Z n|Z 1, . . . ,Z n−1;Z1, . . . ,Zn−1

]∣∣∣Z 1, . . . ,Z n−1

}
= E

{
E
[
Z n|Z1, . . . ,Zn−1

]∣∣∣Z 1, . . . ,Z n−1

}
= E {Z n−1|Z 1, . . . ,Z n−1} = Z n−1.
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§6.2 Ê�

5µ

� {Zn, n ≥ 1}��, K EZn = EZ1, ∀n;

e?�Úb�, N ��Å��, K EZ n = EZ 1 = EZ1, ∀n.

e N ���Ê�, K Z n −→ ZN , a.s. (n→∞).

� EZ n
?−→ EZN (n→∞).

Ï¦^�, ¦� EZ1 = EZN .

I ½n 6.2.2 � {Zn, n ≥ 1}��, N �Ê�. e±en^��÷vµ

(i) Z n ��k.; (ii) N k.;

(iii) EN <∞, ��3~êM <∞¦�

E
[
|Zn+1 − Zn|

∣∣Z1, . . . ,Zn

]
≤ M,

K EZ1 = EZN .
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§6.2 Ê�

I íØ 6.2.3 (Wald�ª) � {Xn, n ≥ 1} iid, E |X1| <∞, N �Ê�,
EN <∞§K

E

[
N∑
i=1

Xi

]
= EN · EX1.

y: P µ = EX1, Zn =
∑n

i=1(Xi − µ), n ≥ 1, K {Zn, n ≥ 1}��, �

EZN = E

[
N∑
i=1

Xi

]
− EN · µ.

5¿�

E [|Zn+1 − Zn||Z1, . . . ,Zn] = E [|Xn+1 − µ||Z1, . . . ,Zn]

≤ E |X1|+ |µ|,

u´d½n 6.2.2�
EZN = EZ1 = 0.
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§6.2 Ê�

I =~ 6.2(A)> (s�¯K) � {Wn, n ≥ 1} iid,

P (W1 = 0) =
1

2
, P (W1 = 1) =

1

3
, P (W1 = 2) =

1

6
.

P N �s�/0200Ägu)��. ¦ EN.

> �{£�

Ð�VÇ�{£�^�Ï"¤

A^ò´�#L§nØ (Blackwell½n)

A^�#ÅNL§nØ
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§6.2 Ê�

> XÛn)ú²ÙÆº

�
P (Z = 1) = p, P (Z = 0) = 1− p.

��<± $aÙ Z Ñy “1”§e Z = 1, KTÙä� $x ; eÑy
“0”, KTÙäÑ $a. ¦ x ¦�TÙÆ�ú²�.

ú²ÙÆ ⇐⇒ Ï"¤I��Ý�"

⇐⇒ p(x − a) + q(0− a) = 0

⇐⇒ x =
a

p
.
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§6.2 Ê�

31 2 n

): Ú?ú²ÙÆ�.. k�X�Ùä?1ú²ÙÆ, 1 i �Ùäu��
i m©?\ÙÛ§?1ÙÆ, �m©Ù7� §1.

(1) ÄÛÙ/00, e/00Ñy, KÙä� $2;

(2) ?eÛÙ/20, e/20Ñy, KÙä� $12;

(3) 2eÛÙ/00, e/00Ñy, KÙä� $24.

�Ùä3?�Û¥Ñ§KÙ\OÑ $1; eëI 3Û§KÙ\OI $23.
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§6.2 Ê�

(Y): ��ÙäëInÛ«¿ã

k+1k k+2

出现“0”，得＄2 出现“2”,   得＄12 出现“0”,  得＄24，离开

P Xn ���� n��Ù|\O¤I�£=Ùä\O¤Ñ�Ý¤, K

{Xn, n ≥ 1}����;

N � {Xn, n ≥ 1}���Ê� ({Xn}� {Wn}�m��éA);

|Xn+1 − Xn| ≤ 3× 23.
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§6.2 Ê�
(Y):

k+1k k+2

出现“0”，得＄2 出现“2”,   得＄12 出现“0”,  得＄24，离开

前 N－3赌徒累计所输＄N－3 

“0” “2” “0”

NN-1N-2

d½n 6.2.2� EXN = 0.

5¿�
XN = (N − 3)− 23 + 1− 1 = N − 26,

u´, EN = 26.

> Ê� N �±½Â�

N = min{n : Xn = n − 26}.
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§6.2 Ê���Ê�½n

I =~ 6.2(A′)> (s�¯K) Õá��M1, �¡/H0Ñy�VÇ�
p, �¡/T0Ñy�VÇ� q = 1− p. P N �s�/HHTTHH0Ñy
���. ¦ EN.

): ÓcÚ?ú²ÙÆ�.. 1 k �ÙäëI 6Û«¿ãµ

  k+2  k   k+4   k+3   k+1   k+5 
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§6.2 Ê���Ê�½n

(Y) P Xn ���� n��Ù|\O¤I�£=Ùä\O¤Ñ�Ý¤,
K EXN = 0. q§

XN = N − 6− (p−4q−2 − 1) + 3− (p−2 − 1)− (p−1 − 1),

=⇒ EN = p−4q−2 + p−2 + p−1.

H  T 

  N  N-1  N-3  N-4  N-5    N-2 

H H H T 
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§6.2 Ê�
I =~ 6.2(B)> {ü�ÅiÄL§ {Sn}:

Sn =
n∑

i=1

Xi , S0 = 0,

Ù¥ {Xn, n ≥ 1} iid, ÷v P (Xi = 1) = p, P (X1 = −1) = 1− p. P Ti

´�:Äg�¯ i ���, � p > 1/2�, ¦ ETi , i > 0.

): Ti ´ {Xn, n ≥ 1}���Ê�, �

Ti∑
j=1

Xj = i .

� p > 1/2�, ETi <∞. dWald�ª�

ETi =
i

2p − 1
, i > 0.
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§6.2 Ê�

I =~ 6.2(C)> A, BÚ Cn<�XeÆ�iZ: z�Ú3¦�¥�Å

À�ü<, ¿�¦1�<�1�<�qM1. ¤k�U�À�Ñ´��

U�§��U�À��pÕá?1. ëY?1��k�<vk�{M1

��. d�T[l|§,	ü<UY?1��Ù¥�<��¤k�

M1��. en<m©�©Ok x , y Ú z qM1§¦��Ù¥�<P

k¤k� s = x + y + z qM1�Ï"Æ�gê.
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§6.2 Ê�

): P
Xn, Yn Ú Zn ©OP A, BÚ Cn<3 nÛ��¤k�M1ê§

T L« Xn, Yn Ú Zn ¥Ägkü���� 0���.

¤¦�=� ET . �Xe�b�µiZ��?\�¤kM13�<Ãp
��§�¡�#N,	ü<ë\Æ�§z<M1ê�±�K�. ½Â

Mn = XnYn + XnZn + YnZn + n,
K

T � {Mn}���Ê�, Ï� T = inf{k : Mk = k, k ≥ 1};

Ê�L§ {Mn}�´���, T �´ {Mn}�Ê�. �MT = T .
é {Mn}A^½n 6.2.2 (�y^� (iii)÷v)�

ET = EMT = EM0 = xy + yz + xz ;

{Mn, n ≥ 0}�� (��y).
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§6.2 Ê�

(Y¤:  y {Mn, n ≥ 0}����. =y

E [Mn+1|Xk ,Yk ,Zk , k = 0, 1, . . . , n] = Mn. (∗)

(i) b� A, B, C�ë\1 n + 1ÛÆ�. u´§

E [Xn+1Yn+1|Xn = u,Yn = v) = [(u+1)v +(u+1)(v−1)+u(v +1)

+u(v − 1) + (u − 1)v + (u − 1)(v + 1)]/6 = uv − 1/3.

aq,
E [Xn+1Zn+1|Xn = u,Zn = w) = uw − 1/3,

E [Yn+1Zn+1|Yn = v ,Zn = w) = vw − 1/3.

(ii) Ø�b� AØë\1 n + 1ÛÆ�, K Xn+1 = Xn = 0, �

E [Yn+1Zn+1|Yn =v ,Zn =w) = [(v+1)(w−1)+(v−1)(w+1)]/2 = vw−1.

Ïd, (∗)¤á.
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§6.2 Ê�
I =~ 6.2(D)> (��¯K) n�<�Å�l§TL§²LõÓ��?
1�¤k<Ñ�(��gC�lf. P R � n�<¤I�lf�oÓ
ê. ¦ ER.

): P Xi �1 i Ó�(���<ê (e�� i �c®����, K½Â
Xi = 0), K

R = inf

{
k :

k∑
i=1

Xi = n

}
,

R∑
i=1

Xi = n.

w,, R � {Xi}�Ê�. ½Â

Zk =
k∑

i=1

{
Xi − E [Xi |X1, . . . ,Xi−1]

}
, k ≥ 1,

K {Zk}��. 5¿��
∑i−1

j=1 Xj < n�, E [Xi |X1, . . . ,Xi−1] = 1. Ïd,

E [|Zk+1 − Zk ||Z1, . . . ,Zk ] ≤ 2. d½n 6.2.2� EZR = EZ1 = 0, =

ER = E

[
R∑
i=1

Xi

]
= n.
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§6.4 e�!þ�§�Ê�½n

I ½Â 6.4.1 � E |Zn| <∞, ∀ n ≥ 1.

(1) {Zn, n ≥ 1}¡�e�, XJ

E [Zn+1|Z1,Z2, . . . ,Zn] ≥ Zn, a.s. ∀n ≥ 1.

(2) {Zn, n ≥ 1}¡�þ�, XJ

E [Zn+1|Z1,Z2, . . . ,Zn] ≤ Zn, a.s. ∀n ≥ 1.

> e�µEZn+1 ≥ EZn; þ�µEZn+1 ≤ EZn.

I ½n 6.4.1 � N � {Zn, n ≥ 1}�Ê�. e±en^��÷vµ

(i) Z n ��k.; (ii) N k.;

(iii) EN <∞, ��3~êM <∞¦�

E
[
|Zn+1 − Zn|

∣∣Z1, . . . ,Zn

]
≤ M,

K EZ1 ≤ EZN (e��/), EZ1 ≥ EZN (þ��/).
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§6.4 e�!þ�§�Ê�½n

I Ún 6.4.2 � {Xn, n ≥ 1}�e�, N �k.Ó�, P (N ≤ n) = 1, K

EX1 ≤ EXN ≤ EXn.

yµ EX1 ≤ EXN (
√

). �y EXN ≤ EXn, =yµ

E [XN |N = k] ≤ E [Xn|N = k], ∀k ≤ n.

¯¢þ,

E [Xn|N = k] = E
{
E [Xn|X1, . . . ,Xk ,N = k] |N = k

}
= E

{
E [Xn|X1, . . . ,Xk ] |N = k

}
≥ E [Xk |N = k],

Ù¥|^ σ(N = k) ⊂ σ(X1, . . . ,Xk ,N = k).
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§6.4 e�!þ�§�Ê�½n

I Ún 6.4.3 � {Zn, n ≥ 1}�e�, f (x)�üN4O�à¼ê, K
{f (Zn), n ≥ 1}�e�.

yµ |^ JensenØ�ª, �

E [f (Zn+1)|Z1, . . . ,Zn] ≥ f (E [Zn+1|Z1, . . . ,Zn]) ≥ f (Zn)].

u´,

E [f (Zn+1)|f (Z1), . . . , f (Zn)]

= E
{
E [f (Zn+1)|Z1, . . . ,Zn]|f (Z1), . . . , f (Zn)

}
≥ E

[
f (Zn)|f (Z1), . . . , f (Zn)

]
= f (Zn),

Ù¥|^
 σ(f (Z1), . . . , f (Zn)) ⊆ σ(Z1, . . . ,Zn).

> � {Zn}��§f ���à¼ê§��üN5.
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§6.4 e�!þ�§�Ê�½n
I ½Ún 6.4.4 (e� KolmogorovØ�ª) � {Zn, n ≥ 1}��Ke�,
Ké?¿ a > 0,

P
(

max{Z1, . . . ,Zn} > a
)
≤ EZn

a
.

yµ Äk½Â

N =

{
min{i : Zi > a, i ≤ n}, {i : Zi > a, i ≤ n} 6= ∅,
n, ÄK,

´�y N ���Ê�, � N ≤ n. u´

P
(

max{Z1, . . . ,Zn} > a
)

= P (ZN > a)

≤ EZN

a

≤ EZn

a
[Ún 6.4.2]
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§6.4 e�!þ�§�Ê�½n

I íØ 6.4.5 � {Zn, n ≥ 1}��, Ké?¿ a > 0,

P
(

max{|Z1|, . . . , |Zn|} > a
)
≤ E |Zn|

a
,

P
(

max{|Z1|, . . . , |Zn|} > a
)
≤ E [Z 2

n ]

a2
.

I ½n 6.4.6 (�Âñ½n) � {Zn, n ≥ 1}��, �

E |Zn| ≤ M <∞, ∀n ≥ 1, (∗.1)

K limn→∞ Zn 4�±VÇ 1�3k�.

> ·�ò3e¡�r�^�ey²�Âñ½nµ

E
[
Z 2
n

]
≤ M <∞, ∀n ≥ 1, (∗.2)
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§6.4 e�!þ�§�Ê�½n

y: b� (∗.2), K {Z 2
n }�e�, EZ 2

n ↑�k., 7�3 µ <∞¦�

µ = limE [Z 2
n ].

ey {Zn}� a.s. CauchyS�, =é?¿ k ≥ 1,

|Zm+k − Zm| → 0, a.s., m→∞.

Äk, é ∀ ε > 0,

P

(
max

1≤k≤n
|Zm+k − Zm| > ε

)
≤ E |Zm+n − Zm|2/ε2

= E [Z 2
m+n − 2Zm+nZm + Z 2

m]/ε2

=
(
EZ 2

m+n − EZ 2
m

)
/ε2

P

(
max
k≥1
|Zm+k − Zm| > ε

)
≤
(
µ− EZ 2

m

)
/ε2 → 0, m→∞.
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§6.4 e�!þ�§�Ê�½n

Ö¿: A�??Âñ

{
w : Xn(w)→ X (w)

}
=
∞⋂
k=1

∞⋃
n=1

∞⋂
ν=1

{
w : |Xn+ν(w)− X (w)| < 1

k

}
,

{
w : Xn(w) 6→ X (w)

}
=
∞⋃
k=1

∞⋂
n=1

∞⋃
ν=1

{
w : |Xn+ν(w)− X (w)| > 1

k

}
.

{
w : Xn+ν(w)−Xn(w)→0

}
=
∞⋂
k=1

∞⋃
n=1

∞⋂
ν=1

{
w : |Xn+ν(w)−Xn(w)| < 1

k

}
,

{
w : Xn+ν(w)−Xn(w) 6→0

}
=
∞⋃
k=1

∞⋂
n=1

∞⋃
ν=1

{
w : |Xn+ν(w)−Xn(w)| > 1

k

}
.

> ��� εk → 0, þãL�ª¥� 1/k �±O�� εk .
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§6.4 e�!þ�§�Ê�½n

I íØ 6.4.7 � {Zn, n ≥ 1}��K�, K Zn A�??Âñuk� rv.

I =~ 6.4(A)> ©|L§ {Xn}, z��NÏ"��ê� m, P
Zn = Xn/m

n, K {Zn}��. díØ 6.4.7, Zn A�??Âñuk� rv.

I =~ 6.4(B)> �Ä��ú²ÙÆ, 3zÛ¥½I½Ñ $1, P Zn �Ù
ä1 nÛ���Ù7, K {Zn, n ≥ 1}����. b�vkâ, Ùäv
kÙ7�gÄòÑ. ½Â

N = inf{n : Zn = Zn+1, n ≥ 1},

= N ´Ùä�½òÑc®�ÙÛgê, N ��du

N = inf{n : Zn = 0}.

díØ 6.4.7, Zn → Z , u´äó N <∞, a.s.. �y, e N(w) = +∞,

K |Zn(w)− Zn+1(w)| = 1, Zn ØÂñ, gñ. [ÙäVÇ 1Ñ1]
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��

1 6Ù��µ

1, 2, 4, 6, 7, 10, 13, 23, 24

�§�Ø©µ

ò=~ 6.2(C)>¥n<Æ�iZÿÐ� m< (m > 3), z�Ú¥ü
ü��. ��Ê�½n��±^u=
Ù§Æ�iZº

5¿�E���5�5Úî>5.
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