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§5.2 ëY�mMC

I PÒµ {X (t), t ≥ 0}, G��m S = {0, 1, 2, . . .}
I Markov5�µ é ∀s, t ≥ 0, ?¿G� i , j , x(u), 0 ≤ u < s, k

P (X (s + t) = j |X (s) = i ,X (u) = x(u), 0 ≤ u < s)

= P (X (t + s) = j |X (s) = i).

I ����µ��Ä�màg�MC, P

Pij(t) = P (X (t + s) = j | X (s) = i), ∀s ≥ 0.

I Ä�A�µ

�MC?\/i0, TMCu/i0¢3�m τi ∼ Exp(νi );

G�=£éA��lÑ�mMC, =£VÇ Pij ÷v Pii = 0;

MCu/i0¢3�m τi �e�Ú=£?\�G�Õá.

T. Hu �ÅL§



§5.2 ëY�mMC

I � SMC�é'µ

�MC?\/i0, �®�e�gò=\/j0^�e§MCu/i0
¢3�m©Ù Fij = Exp(νi ), � j Ã'.

=£VÇÝ
 P = (Pij)÷v

Pii = 0, ∀ i .

��ob½ 0 ≤ νi <∞:

i ¡�]��§e νi =∞;

i ¡�áÂ�§e νi = 0.
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§5.2 ëY�mMC

I ����µ��Ä5K�MC. ��ëY�mMC¡�´5K�, e
k��mS=£gêk�.

=~> �5KMC��35µPi,i+1 = 1, νi = (i + 1)2, i ≥ 0.

I =£�Çµ

P
(
u (t, t + ∆t)�¯G� j |X (t) = i

)
= qij∆t + ◦(∆t),

Ù¥

qij︸ ︷︷ ︸
=£�Ç

= νi︸ ︷︷ ︸
lm i ��Ç

· Pij︸ ︷︷ ︸
d i =\ j �VÇ

, i 6= j .

{νi}, {Pij} ←→ {qij}
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§5.3 )«L§

)«L§µBirth and death process

I ½Â {X (t)}¡�´��)«L§§XJ

qij = 0, |i − j | > 1,

qi,i+1 = λi (Ñ)Ç), i ≥ 0,

qi,i−1 = µi (k�Ç), i ≥ 1.

5
��MC�(�d {qij}¤��(½ (�½ µ0 = 0)µ

νi = qi,i+1 + qi,i−1, Pi,i+1 =
λi

λi + µi
= 1− Pi,i−1.

�XÚ?u/i0, ��?\/i + 10��m ∼ Exp(λi ), ��?\
/i − 10��m ∼ Exp(µi ), ��pÕá. Ïd§3/i0¢3�m
τi ∼ Exp(λi + µi ). [^ HPPnØ\±y²]
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§5.3 )«L§

I =~ 5.3(A)> (i) M/M/s-XÚ: ����m� iid ∼ Exp(λ), z �
�I��ÑÖ�m iid ∼ Exp(µ). P X (t)��� t XÚp���<ê,
K {X (t)}���)«L§, Ù¥

λn = λ, n ≥ 0,

µn =

{
nµ, n ≤ s,
sµ, n > s.

(ii) äk[\��.O�L§µP X (t)��� t ��+N���, T
+N¥z��N±rÝ λ�)��, ±rÝ µk�. Ó�§	Ü<�±
rÝ θ?\T+N, K {X (t)}���)«L§, Ù¥

λn = nλ+ θ, n ≥ 0,

µn = nµ, n ≥ 1.

T. Hu �ÅL§



§5.3 )«L§

I ½Â

X)L§µµi = 0, i ≥ 1;

X«L§µλi = 0, i ≥ 0.

I YuleL§: ��AÏ�X)L§ {X (t)}: λn = nλ, n ≥ 0. P

Ti =1 (i − 1)�Ñ)�1 i �Ñ)�m��mm�, i ≥ 1,

½Â
Sn = T1 + T2 + · · ·+ Tn, n ≥ 1.

b� X (0) = 1, a,��¯Kµ

Si �©Ù;

Pij(t);

[(S1,S2, . . . ,Sn)|X (t) = n + 1]�^�éÜ©Ù.
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§5.3 )«L§

(Y) (i) |^
Sn = T1 + T2 + · · ·+ Tn, n ≥ 1

Ù¥ Ti ∼ Exp(iλ), i ≥ 1, �pÕá. 8By²µ

P (Sn ≤ t) = (1− e−λt)n, n ≥ 1.

(ii) ¦ Pij(t). 5¿� P (Sj ≤ t) = P (X (t) ≥ j + 1|X (0) = 1), u´,

P1j(t) = P (Sj−1 ≤ t)− P (Sj ≤ t) = e−λt(1− e−λt)j−1, j ≥ 1,

= [X (t)|X (0) = 1] ∼ Geo(e−λt), l

Pij(t) =

(
j − 1

i − 1

)
e−λti (1− e−λt)j−i , j ≥ i ≥ 1,

E [X (t)|X (0) = 1] = eλt .
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§5.3 )«L§
(Y) (iii)

[(S1,S2, . . . ,Sn)|X (t) = n + 1]
d
= (V1:nV2:n, . . . ,Vn:n),

Ù¥ V1,V2, . . . ,Vn iid, äk�Ó� pdf

f (s) =

{
λe−λ(t−s)

1−e−λt , s ∈ (0, t),

0, Ù§.

Step 1: k¦Ñ [(T1,T2, . . . ,Tn)|X (t) = n + 1]�^� pdf

g1(t1, t2, . . . , tn)

=
λe−λt1 · 2λe−2λt2 · · · (nλ)e−nλtn · e−(n+1)λ(t−t1−···−tn)

P (X (t) = n + 1|X (0) = 1)

∀ ti > 0, i = 1, . . . , n, t >
n∑

k=1

tk .
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§5.3 )«L§

Step 2: k¦Ñ [(S1,S2, . . . ,Sn)|X (t) = n + 1]�^� pdf

g2(s1, s2, . . . , sn)

=
λe−λs1 · 2λe−2λ(s2−s1) · · · (nλ)e−nλ(sn−sn−1) · e−(n+1)λ(t−sn)

P (X (t) = n + 1|X (0) = 1)

= n!λn
n∏

j=1

e−λ(t−sj )

1− e−λt
= n!

n∏
j=1

f (sj),

∀ 0 < s1 < s2 < · · · < sn < t.

>
[(S1,S2, . . . ,Sn)|Sn+1 = t]

d
= (V1:nV2:n, . . . ,Vn:n),

Ù¥ V1,V2, . . . ,Vn iid, pdfÓþ.
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§5.3 )«L§

I =~ 5.3 (B)> �Ä�� YuleL§ {X (t)}, Ù¥ X (0) = 1, A(t)�
�� t +N¥�Nc#�Ú. ¦ EA(t).

)µP a0�Ð©�Nu�� 0�c#§K

A(t) = a0 + t +

X (t)−1∑
i=1

(t − Si ),

E [A(t)|X (t) = n + 1] = a0 + t + E

X (t)−1∑
i=1

(t − Si )|X (t) = n + 1


= a0 + t + E

[
n∑

i=1

(t − Vi :n)

]
= a0 + t + n(t − EV1),

Ù¥ V1,V2, . . . ,Vn iid, Óc.
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§5.3 )«L§

I =~ 5.3 (C)> (61¾�.) �Ä��k m ¤
�+N, u�� 0
k��/®a/0Ú m − 1�/´a/0�N. z��N��a/,¾
Ó§K[��±dG�. b�?¿��®a/��N±rÝ α¦�?
¿��´a/�Na/d¾Ó. P X (t)��� t +N¥®a/�<ê,
K {X (t)}���X)L§§Ñ)Ç

λn = n(m − n)α, n = 1, . . . ,m.

P T ���+NÑC¤/®a/0���§¦ ET .

)µ P Ti �l i �®a/�N� i + 1�®a/��mm�, K
T1, . . . ,Tn−1Õá, Ti ∼ Exp(λi ), �

T = T1 + T2 + · · ·+ Tm−1.

· · · · · · (
√

).
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§5.4 Kolmogorov�©�§

I Ún 5.4.1

lim
t→0

1− Pii (t)

t
= νi ; lim

t→0

Pij(t)

t
= qij , i 6= j .

yµ =y

∆(t) ≡ P (u (0, t]k��üg=£|X (0) = i) = ◦(t). (∗.1)

5¿�

∆(t) =
∑
k 6=i

P (u (0, t]k��üg=£, �Äg?\/k0|X (0) = i)

≤
∑

k 6=i,k≤m

P (τi + τk ≤ t)Pik +
∞∑

k=m+1

PikP (τi ≤ t),

Ù¥ τi ∼ Exp(νi ), τk ∼ Exp(νk), i 6= k , �pÕá. u´,
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§5.4 Kolmogorov�©�§

(Y) k�½ m,

∆(t) ≤
∑

k 6=i,k≤m

Pik

∫ t

0

(
1− e−νk (t−s)

)
νie
−νi sds + (1−e−νi t)

∞∑
k=m+1

Pik

≤ ◦(t) + (1−e−νi t)
∞∑

k=m+1

Pik .

=⇒

lim
t→0

∆(t)

t
≤ νi

∞∑
k=m+1

Pik −→ 0 (- m→∞).

�y (∗.1).
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§5.4 Kolmogorov�©�§

I Ún 5.4.2

Pij(t + s) =
∞∑
k=0

Pik(t)Pkj(s), s, t ≥ 0.

I ½n 5.4.3 (Kolmogorov���©�§) é?¿ i , j Ú t ≥ 0,

P ′ij(t) =
∑
k 6=i

qikPkj(t)− νiPij(t).

yµ dÚn 5.4.2, Pij(t + h) =
∑∞

k=0 Pik(h)Pkj(t)

=⇒ Pij(t + h)− Pij(t)

h
=
∞∑
k 6=i

Pik(h)

h
Pkj(t)− 1− Pii (h)

h
Pij(t).

=yµ

lim
h→0

∞∑
k 6=i

Pik(h)

h
Pkj(t) =

∑
k 6=i

qikPkj(t). (∗.2)
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§5.4 Kolmogorov�©�§

(Y) ´y

lim inf
h→0

∞∑
k 6=i

Pik(h)

h
Pkj(t) ≥

∑
k 6=i

qikPkj(t). (∗.3)

,��¡, � m > i ,

∞∑
k 6=i

Pik(h)

h
Pkj(t) ≤

∑
k 6=i,k≤m

Pik(h)

h
Pkj(t) +

∑
k>m

Pik(h)

h

=
∑

k 6=i,k≤m

Pik(h)

h
Pkj(t) +

1− Pii (h)

h
−
∑

k 6=i,k≤m

Pik(h)

h

h→0−→
∑

k 6=i,k≤m

qikPkj(t) + νi −
∑

k 6=i,k≤m

qik︸ ︷︷ ︸
m→∞−→

∑
k 6=i

qikPkj(t) (νi =
∑
k 6=i

qik). (∗.4)

(∗.3) + (∗.4) =⇒ (∗.2).
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§5.4 Kolmogorov�©�§

I 5 5.4.1

1. /���©�§0¶¡�5.

2. ½Â qii = −νi ,

Q = (qij)S×S , P(t) = (Pij(t))S×S , P′(t) = (P ′ij(t))S×S ,

K½n 5.4.3�L�
P′(t) = QP(t).

3. aq§3�½��K^�e, �3�c�©�§

P′(t) = P(t)Q,

=
P ′ij(t) =

∑
k 6=j

Pik(t)qkj − Pij(t)νj , ∀, i , j .
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§5.4 Kolmogorov�©�§

I =~ 5.4(A)> üG�MC {X (t)}, S = {0, 1}, uG�/00¢3�
m τ0 ∼ Exp(λ), uG�/10¢3�m τ1 ∼ Exp(µ). u´,

Q =

(
−λ λ
µ −µ

)
, P =

(
0 1
1 0

)
.

�c�©�§�

P ′00(t) = −λP00(t) + µP01(t) = µ− (λ+ µ)P00(t),

P00(0)=1
=⇒

P00(t) =
µ

λ+ µ
+

λ

λ+ µ
e−(λ+µ)t , t ≥ 0.

2dé¡5,

P11(t) =
λ

λ+ µ
+

µ

λ+ µ
e−(λ+µ)t , t ≥ 0.
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§5.4 Kolmogorov�©�§

I =~ 5.4(B)> )«L§: qij = 0, |i − j | > 1; qi,i+1 = λi , i ≥ 0;
qi,i−1 = µi , i ≥ 1. u´,

Q =


−λ0 λ0 0 0 0
µ1 −(λ1 + µ1) λ1 0 0
0 µ2 −(λ2 + µ2) λ2 0
...

...
...

...
...

 .

d P′(t) = P(t)Q��c�©�§

P ′i0(t) = −λ0Pi0(t) + µ1Pi1(t), i ≥ 0,

P ′ij(t) = λj−1Pi,j−1(t)− (λj + µj)Pij(t) + µj+1Pi,j+1(t), j ≥ 1.
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§5.5 4�VÇ
ëY�mMC {X (t)}´AÏ��ê¼L§§Ù¥µ

τi ∼ Hi (x) = Fij(x) = e−νix , ∀ j .

I PÒµ
{πi , i ∈ S} i\MC�²©Ù£b�TóØ���~�¤

πi ←− P = (Pij).

{Pi , i ∈ S} {Xn}��©Ù [�35®d SMCnØ�y]

Pj = lim
t→∞

P (X (t) = j |X (0) = i) =
πj/νj∑
k πk/νk

.

I ¯Kµ XÛ^ {qij}L« {Pi} ?

{νi}, {Pij} ←→ {qij}
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§5.5 4�VÇ

5¿�

Pj =
πj/νj∑
k πk/νk

=⇒ πj = c Pjνj , (∗.5)

πj =
∑
i

πiPij . (∗.6)

(∗.5)�\ (∗.6)�

Pjνj =
∑
i

PiνiPij =
∑
i 6=j

Piqij [Pii = 0]

=
p ·Q = 0, (∗.7)

Ù¥ p = (P0,P1, . . .)�
∑

i Pi = 1.

> (∗.7)���w{µ�c�©�§ P′(t) = P(t)Q, P′(t)→ 0.
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§5.5 4�VÇ

I 5Pµ

Pj ´��m�L§?u/j0��mÓ'.

e X (0) ∼ pmf {Pi}, K X (t) ∼ pmf {Pi}. yµ�½/k0,

P (X (t) = j) =
∑
i

PiPij(t) =
∑
i

(
lim
s→∞

Pki (s)
)
Pij(t)

?
= lim

s→∞

∑
i

Pki (s)Pij(t)

= lim
s→∞

Pkj(s + t)

= Pj .

±e y/
?
=0¤á. Äk§|^~5E|��

lim inf
s→∞

∑
i

Pki (s)Pij(t) ≥
∑
i

(
lim
s→∞

Pki (s)
)
Pij(t).
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§5.5 4�VÇ

(Y) ,��¡, k�½ m,

∞∑
i=0

Pki (s)Pij(t) ≤
m∑
i=0

Pki (s)Pij(t) +
∞∑

i=m+1

Pki (s)

=
m∑
i=0

Pki (s)Pij(t) + 1−
m∑
i=0

Pki (s)

s→∞−→
m∑
i=0

PiPij(t) + 1−
m∑
i=0

Pi︸ ︷︷ ︸ .
- m→∞�

lim sup
s→∞

∑
i

Pki (s)Pij(t) ≤
∑
i

PiPij(t).

�y/
?
=0¤á.

T. Hu �ÅL§



§5.5 4�VÇ

(Y)

Pj =
∑
i

PiPij(t), ∀ t > 0. (∗.8)

e X (0) ∼ pmf {Pi}, K
(
X (t1 + h), . . . ,X (tn + h)

)
©Ù� hÃ'.

Pjvj︸ ︷︷ ︸
L§lm/j0��Ç

=
∑
i 6=j

Piqij︸ ︷︷ ︸
L§?\/j0��Ç

�XÚ?u²ï�, 3 (0, t]�mã?\/j0Úlm
/j0�gê��Ø�L 1g, Ïd��m��L§
lmÚ?\/j0��Ý�Ó.
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§5.5 4�VÇ

I =~> )«L§

G� L§lm��Ç L§?\��Ç
0 P0λ0 = P1µ1

1 P1(λ1 + µ1) = P2µ2 + P0λ0
...

...
...

n Pn(λn + µn) = Pn+1µn+1 + Pn−1λn−1
...

...
...

=⇒
P0λ0 = P1µ1, P1 =

λ0
µ1

P0

P1λ1 = P2µ2, P2 =
λ1
µ2

P1

Pnλn = Pn+1µn+1 Pn+1 =
λn
µn+1

Pn, n ≥ 0.
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§5.5 4�VÇ

(Y)

Pn =
λn−1λn−2 · · ·λ1λ0
µnµn−1 · · ·µ2µ1

P0, n ≥ 1.

d
∑∞

i=0 Pi = 1�

P0 =

[
1 +

∞∑
n=1

λn−1λn−2 · · ·λ1λ0
µnµn−1 · · ·µ2µ1

]−1
.

> )«L§�3�©Ù�¿©7�^��

∞∑
n=1

λn−1λn−2 · · ·λ1λ0
µnµn−1 · · ·µ2µ1

<∞. (∗.9)
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§5.5 4�VÇ
I =~ 5.5(A)> (M/M/1XÚ) ����L§ÑlrN λ� Poisson
L§, ÑÖ�mÑl Exp(µ)©Ù. P X (t)��� t XÚp��<ê,
u´ {X (t)}���AÏ�)«L§, Ù¥ λn = λ, µn = µ. d�§

(∗.9) ⇐⇒ ρ :=
λ

µ
< 1,

�

Pn =
(λ/µ)n

1 +
∑∞

k=1(λ/µ)k
=

(
λ

µ

)n (
1− λ

µ

)
, n ≥ 0.

> � t →∞�, X (t)
d−→ Geo(1− λ/µ).

> ρ < 1�XÚ��Ç�uÑÖÇ.

> ρ = 1�XÚ��Ç�ÑÖÇ�Ó. d�, Ø��MC�"~��.
¯¢þ, Pn = 0. eMC�~�, Kd SMCnØ�

Pn =
E τn
ETnn

, E τn =
1

λ+ µ
=⇒ ETnn = +∞.
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§5.5 4�VÇ
I =~ 5.5(B)> �Ä��dM ���|¤�XÚ§yk��?nó.
z���Õáó�, ó��� ∼ Exp(λ); ������, á=?1£ü
è��¤?n, z�����?n�m ∼ Exp(µ). P X (t)��� t X
Ú������ê, u´ {X (t)}���)«L§, S = {0, 1, . . . ,M},

λn = (M − n)λ, µn = µ.

=⇒

P0 =

[
1 +

M∑
n=1

(
λ

µ

)n
M!

(M−n)!

]−1
, Pn =

(
λ

µ

)n
M!

(M−n)!
P0, n ∈ S .

> ��m$1e�§XÚ?u��G���Ï"�ê
∑

n nPn (
√

).

> ��m$1e�§�½�� i 3ó��VÇ�

M∑
n=0

P (�� i ó�|XÚ n�����) =
M∑
n=0

M − n

M
Pn.
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§5.6 �m�_5

�Ä��Ø���~�MC {X (t), t ≥ 0}, b� X (0)Ñl�©Ù
{Pi}, Ùi\ó�²©Ù� {πi}.

I {X (t)}�_�ó�´MC.

y: é?¿ 0 ≤ s < t < t1 < t2 < · · · < tn,

P (X (s) = j |X (t) = i ,X (t1) = i1, . . . ,X (tm) = im)

=
P (X (tm) = im, . . . ,X (t1) = i1|X (t) = i ,X (s) = j)

P (X (tm) = im, . . . ,X (t1) = i1|X (t) = i)

×P (X (t) = i ,X (s) = j)

P (X (t) = i)

=
P (X (t) = i |X (s) = j)P (X (s) = j)

P (X (t) = i)

=
PjPji (t − s)

Pi
.
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§5.6 �m�_5

I {X (t)}i\ó�_�ó�´MC, =£VÇ�

P∗ij =
πjPji

πi
.

I {X (t)}�_�ó3G� i ¢3�m τ∗i ∼ Exp(νi ).

y: é?¿ 0 < s ≤ t,

P
(
X (u) = i ,∀ u ∈ [t − s, t]

∣∣∣X (t) = i
)

=
P
(
X (u) = i ,∀ u ∈ [t − s, t]

)
P (X (t) = i)

= P
(
X (u) = i ,∀ u ∈ [t − s, t]

∣∣∣X (t − s) = i
)
· P (X (t − s) = i)

P (X (t) = i)

= e−νi s ,

=⇒ τ∗i ∼ Exp(νi ).
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§5.6 �m�_5

I ½Â 5.6.1 {X (t, t ≥ 0)}¡�´�m�_�, XJ P∗ij = Pij , =

πiPij = πjPji , ∀ i , j . (∗.10)

> (∗.10)´i\ó�m�_��d^�.

> (∗.10)�du

Piqij︸ ︷︷ ︸
L§l i =\ j ��Ý

= Pjqji︸ ︷︷ ︸
L§l j =\ i ��Ý

(∗.11)

yµ|^

Pi =
πi/νi∑
k πk/νk

∝ πi
νi
,

qij = νiPij , i 6= j .

T. Hu �ÅL§



§5.6 �m�_5

I ·K 5.6.1 H{�)«L§3�e´�m�_�.

yµ Ï� qij = 0, |i − j | > 1, ¤±=�y

Piqi,i+1︸ ︷︷ ︸
L§l i =\ i + 1��Ý

= Pi+1qi+1,i︸ ︷︷ ︸
L§l i + 1=\ i ��Ý

I ·K 5.6.2 M/M/s-XÚµ��U HPP(λ)��, z���I��Ñ
Ö�m Exp(µ), λ < sµ, y²µXÚ3�eÑÑL§�´ HPP(λ).

yµ P X (t)��� t XÚ¥��<ê, K {X (t)}�)«L§§3
�e�m�_.

��óµL§zO\ 1���éA����;

_�óµL§zO\ 1���éA��lm.

Ïd§3�eÑ\ÚÑÑL§�Ó.

T. Hu �ÅL§
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I ·K éëY�mMC {X (t)}, XJ�3 pmf {xi}÷v

xjqji = xiqij , ∀ i , j .

K {xi}�MC��©Ù, �MC��m�_�.

I ½Â ��ëY�mMC {X (t), t ≥ 0}¡��uG� A ⊂ S , ´�Ù
Q-Ý
� QA = (qAij )÷vµ

qAij = qij , ∀ i , j ∈ A;

qAij = 0, ∀ i ∈ A, j 6∈ A.

Pþã�u A�MC� {XA(t), t ≥ 0}.

T. Hu �ÅL§
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I ·K 5.6.3 � {X (t), t ≥ 0}�m�_, �VÇ� {Pi , i ∈ S}, K
{XA(t), t ≥ 0}�´�m�_�§éA��©Ù�

PA
i =

Pi∑
j∈A Pj

, ∀ i ∈ A.

yµ {XA(t)}�m�_⇐⇒ PA
i q

A
ij = PA

j q
A
ji , i , j ∈ A

⇐⇒ Piqij = Pjqji , i , j ∈ A [
√

]

I =~ 5.6(A)> M/M/1/N-üèXÚµ����m� iid ∼ Exp(λ), Ñ
Ö�m iid ∼ Exp(µ), λ < µ, XÚNþ� N, P X (t)��� t XÚ¥�
�ê. u´, �VÇ

Pj =
(λ/µ)j∑N
k=0(λ/µ)k

, j = 0, 1, . . . ,N.

T. Hu �ÅL§
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I Ún 5.6.4 ?u��H{M/M/1üèXÚµ

8c3XÚ¥���ê�L�lm���S�Õá;

��3XÚ¥�ÝL�m�¦lm�c�l�L§Õá.

t 

X(t) 

t 之后的到达 

X(t)与 t之后的
到达序列独立

正向链：

逆向链：

X(t) 

t 

t 之后的“到达” 

正向链： X(t) 

t 

t 之前的离开 

逆向链X(t)与 t
之后的“到达”
序列独立

X(t)与 t之前的
离开序列独立

T. Hu �ÅL§
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(Y)

T1 之后的到达

T2--T1与T1之后
到达独立

正向链：

逆向链：

T2

T2 之后的“到达”

正向链：

T2 之前的离开

逆向链|T2--T1|
与T2之后“到达”
独立

T2--T1与T2之前的
离开序列独立

T1

一顾客度过的时间T2--T1

T2T1

一顾客度过的时间 |T2--T1|

T1 T2

一顾客度过的时间 |T2--T1|

时间可
逆性

直观

T. Hu �ÅL§
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I ½n 5.6.5 é?u��M/M/2-GéüèXÚµ

服务台
1 

服务台
2 

到达过程
HHP,  参数 λ

离开系统

服务时间～Exp(   ) 1µ 服务时间～Exp(   ) 2µ

8c3 1Ò�Ú 2Ò����ê�pÕá§�

P (1,2Ò���ê©O� n,m) =

(
λ

µ1

)n(
1− λ

µ1

)
·
(
λ

µ2

)m(
1− λ

µ2

)
.

���3 1Ò����mÚ3 2Ò�����m�pÕá.

T. Hu �ÅL§
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I ½n 5.7.1 � Q = (qij)���Ø��MC {X (t)}�=£�ÇÝ
.
XJUé�,	��=£ÇÝ
 Q∗ = (q∗ij )9�� pmf {Pi}, ¦�

Piqij = Pjq
∗
ji , ∀ i 6= j , (∗.12)∑

j 6=i

qij =
∑
j 6=i

q∗ij , ∀ i , (∗.13)

K {X (t)}_�ó=£ÇÝ
� Q∗, {Pi}���Ú_�ó��©Ù.

yµ 3 (∗.12)üý'u i (i 6= j)¦Ú, �∑
i 6=j

Piqij = Pj

∑
i 6=j

q∗ij = Pj

∑
i 6=j

qij = Pjνj , ∀j ,

= {Pi}� {X (t)}��©Ù. {eÑ.

> (∗.13)�7�5§Ï���Ú_�ó3/i0¢3�m τi ∼ Exp(νi ).

T. Hu �ÅL§
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I *	 �Ä��AÏ�MC {X (t)}, ÷v νi ≡ ν, ∀ i . P N(t)L«
(0, t]�ãG�=£gê, K {N(t)}� HPP(ν). u´,

Pij(t) =
∞∑
n=0

P (X (t)= j |X (0)= i ,N(t)=n) · P (N(t)=n|X (0)= i)

=
∞∑
n=0

Pn
ij ·

(νt)n

n!
e−νt .

> `:µ�±^5CqO� Pij(t).

> ":µ“νi ≡ ν”��5�r.

æ^J=£E|§=z�þãAÏ�/�

T. Hu �ÅL§
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I Ú?J=£ � {X (t)}�àgMC, ÷v

νi ≤ ν <∞, ∀ i .

�d/, MC�±UXe�ª?1G�=£:

MC±�Ç ν u)G�=£, ±VÇ νi/ν =£Ñ “i”,
±VÇ 1− νi/ν u)J=££E=\G� “i”¤.

P P∗ij L«�kJ=£�MC�=£VÇ, =

P∗ij =

{
1− νi/ν, j = i ,
νi
ν Pij , j 6= i .

u´

Pij(t) =
∞∑
n=0

P∗nij ·
(νt)n

n!
e−νt .

T. Hu �ÅL§
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(Y)

> �d5�yµP�kJ=£�MCl “i”=Ñ�¤I��=£gê
�M, K

M ∼ Geo
(νi
ν

)
,

��kJ=£�MC3 “i”¢3�m τi �L«�

τi =
M∑
k=1

Yk ∼ Exp(fi ), fi =
νi
ν
· ν = νi ,

Ù¥ {Yk , k ≥ 1} iid ∼ Exp(ν), M ÕáuÙ§Cþ.

T. Hu �ÅL§
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I =~ 5.8(A)> �Ä {0, 1}üG�MC {X (t)},

Q =

(
−λ λ
µ −µ

)
, ν0 = λ, ν1 = µ, P01 = P10 = 1.

� ν = λ+ µ,Ú?J=£G��MC, Ù=£VÇÝ
�

P∗ =

(
µ/ν λ/ν
µ/ν λ/ν

)
, P∗n = (P∗)n = P.

u´

P00(t) = e−νt +
∞∑
n=1

µ

ν
· (νt)n

n!
e−νt =

µ

λ+ µ
+

λ

λ+ µ
e−(λ+µ)t .

P11(t) =
λ

λ+ µ
+

µ

λ+ µ
e−(λ+µ)t .

T. Hu �ÅL§
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