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MarkovL§

L§ {X (t), t ∈ Γ}, Γ ⊆ R, G��m S .

I Markov5�: é ∀ t1 < t2 < · · · < tn < t, ti , t ∈ Γ, xi ∈ S ,
B ∈ B(S),

P
(
X (t) ∈ B | X (t1) = x1, . . . ,X (tn−1) = xn−1,X (tn) = xn

)
= P (X (t) ∈ B|X (tn) = xn).

I �màg5µ é ∀ t0 < t, t0, t ∈ Γ, x ∈ S , B ∈ B(S),

P
(
X (t) ∈ B|X (t0) = x) � t0 Ã'§��6u t − t0.

I ©aµ �â Γ� S /lÑ0�/ëY0?1©a
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§4.1 Úó�~f

ïÄlÑ�mlÑG��màg�ê¼ó (Markov Chain, P�MC)
{Xn, n ∈ Γ}, Γ = {0, 1, 2, . . .}, S = {0, 1, 2, . . .}½k�G�.

I ÛÜ{¤Ú�Ü{¤�ê¼5

I �Ú=£VÇµ

Pij = P (X1 = j |X0 = i) = P (Xn+1 = j |Xn = i), ∀ i , j , n

I �Ú=£VÇÝ
µ
P =

(
Pij

)
S×S

5

{Xn, n ≥ 0}VÇ5Æd X0 ©ÙÚ=£VÇÝ
 P��(½.
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§4.1 Úó�~f

I =~ 4.1(C)> ���ÅiÄL§ {Sn, n ≥ 0}, Ù¥ S0 = 0,
Sn =

∑n
i=1 Xi , n ≥ 1, � {Xn, n ≥ 0} iid,

P (X1 = j) = αj , j ∈ Z ≡ {0,±1,±2, . . .},

w,§{Sn, n ≥ 0}���MC, =£VÇ

Pij = αj−i , ∀ i , j ∈ Z.

I =~ 4.1(D)> {ü�ÅiÄL§ {Sn, n ≥ 0}, Ù¥ S0 = 0,

Sn =
∑n

i=1 Xi , n ≥ 1, � {Xn, n ≥ 0} iid,

P (X1 = 1) = p, P (X1 = −1) = 1− p = q.

y²µ{|Sn|, n ≥ 0}���MC.
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§4.1 Úó�~f

(Y)
I Ún 4.1.1 � {Sn, n ≥ 0}�{ü�ÅiÄ, Ké?¿ i 6= 0,

P
(
Sn = i

∣∣ |Sn| = i , |Sn−1| = in−1, . . . , |S1| = i1
)

=
pi

pi + qi
. (∗.1)

y²µ �½ i0 = 0, ½Â j = max{k : ik = 0, 0 ≤ k ≤ n}.

¯� {Sn = i , |Sn−1| = in−1, . . . , |Sj | = 0}éA�´»�ma
1
2 (n − j + i)Ú§��a 1

2 (n − j − i)Ú;

¯� {Sn = −i , |Sn−1| = in−1, . . . , |Sj | = 0}éA�´»�ma
1
2 (n − j − i)Ú§��a 1

2 (n − j + i)Ú.

u´ (∗.1)�>�u

P
(
Sn = i

∣∣ |Sn| = i , |Sn−1| = in−1, . . . , |Sj | = 0
)

=
pi

pi + qi
.
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§4.1 Úó�~f

(Y) y² {|Sn|, n ≥ 0}���MC.

y²µ é ∀ i 6= 0,

P
(
|Sn+1| = i + 1

∣∣ |Sn| = i , |Sn−1| = in−1, . . . , |S1| = i1
)

= P
(
|Sn+1| = i + 1

∣∣ Sn = i , |Sn−1| = in−1, . . . , |S1| = i1
)

×P
(
Sn = i

∣∣ |Sn| = i , |Sn−1| = in−1, . . . , |S1| = i1
)

+P
(
|Sn+1| = i + 1

∣∣ Sn = −i , |Sn−1| = in−1, . . . , |S1| = i1
)

×P
(
Sn = −i

∣∣ |Sn| = i , |Sn−1| = in−1, . . . , |S1| = i1
)

= p · pi

pi + qi
+ q · qi

pi + qi
.

u´§=£VÇ�: P01 = 1, Pij = 0, ∀ |i − j | > 1, �

Pi,i+1 =
pi+1 + qi+1

pi + qi
= 1− Pi,i−1.
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§4.2 G�©a

I nÚ=£VÇµ

Pn
ij = P (Xn = j |X0 = i), ∀ i , j

I n-Ú=£VÇÝ
µ

P(n) =
(
Pn
ij

)
S×S

I Chapman-Kolmogorov�§µ é ∀ m, n ≥ 0,

Pm+n
ij =

∞∑
k=0

Pn
ikP

m
kj , ∀ i , j ,

= P(m+n) = P(m)P(n), Ù¥�½ P0
ik = δik . Ïd§

P(n) = P · P(n−1) = Pn, ∀ n ≥ 1.
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§4.2 G�©a

I ½Â 4.2.1

(1) i → j (G� j �dG� i ��)§e�3 n≥0, ¦� Pn
ij > 0.

(2) i ←→ j £G� i , j p�¤§e i → j , j → i .

I 5� 4.2.1
i → j , j → k =⇒ i → k .

I �d'Xµ ←→´���d'Xµ
(1) i ←→ i ;

(2) i ←→ j =⇒ j ←→ i ;

(3) i ←→ j , j ←→ k =⇒ i ←→ k .

> G��m S �©�k�½Ã����pØ���fa§z�fa�
G�p�§/X

C (j) = {k : k ←→ j , k ∈ S}.
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§4.2 G�©a

I ½Â 4.2.2

MC¡�Ø��� (irreducible), e S �U©)���a.

��a C ¡�4�§eé ∀ j ∈ C , ∀ k 6∈ C , K Pn
jk = 0, ∀ n ≥ 0;

=��MC��?\fa C ÒØ2Ñ5.

G� i �±Ï� d : d ≥ 1� d ´¤k÷v Pn
ii > 0� n���ú

�ê.
PÒµd = d(i)

±Ï� 1�G�¡��±Ï�.

e Pn
ii = 0, ∀ n > 0, K�½ d(i) = +∞.

I ·K 4.2.2 (±Ï´a5) e i ←→ j , K d(i) = d(j).
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§4.2 G�©a

�ÄMC {Xn, n ≥ 0}, ½Â

Nk(n) = #
{
ν : Xν = k , 1 ≤ ν ≤ n

}
, ∀ n ≥ 1,

= Nk(n)L«c nÚG�=£�¯G� k �gê. 2½Â

fjk = P (Nk(∞) > 0 |X0 = j), (∗.2)

gjk = P (Nk(∞) =∞|X0 = j), (∗.3)

fjk L«�½L§Ð©G�� j , L§�ªU
�¯G� k �VÇ¶
gjk L«�½L§Ð©G�� j , L§U
Ã¡õg�¯G� k �VÇ.

½Â
f 0jk = 0, ∀ j , k ;

f njk = P
(
Xn = k, Xν 6= k , ν = 1, . . . , n − 1 |X0 = j

)
, n ≥ 1.
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§4.2 G�©a
I 5� 4.2.2

fjk =
∞∑
n=1

f njk , Pn
jk =

n∑
m=1

f mjk P
n−m
kk , ∀ j , k.

y²µ ½ÂÄ��

Tjk = min{n : Xn = k ,Xn−1 6= k , . . . ,X1 6= k|X0 = j}.

I 5� 4.2.3
gjk = fjkgkk , gkk = lim

n→∞
(fkk)n.

y²µ (1)

gjk = P (Nk(∞) =∞|X0 = j) =
∞∑

m=1

P (Nk(∞) =∞,Tjk = m|X0 = j)

=
∞∑

m=1

P (Nk(∞)− Nk(m) =∞|Xm = k) · f mjk

=
∞∑

m=1

gkk · f mjk = fjkgkk .
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§4.2 G�©a

(Y)

(2) é Tkk �^�§

P (Nk(∞) ≥ n|X0 = k) =
∞∑

m=1

P (Nk(∞)− Nk(m) ≥ n − 1|Tkk = m) · f mkk

=
∞∑

m=1

P (Nk(∞)− Nk(m) ≥ n − 1|Xm = k) · f mkk

=
∞∑

m=1

P (Nk(∞) ≥ n − 1|X0 = k) · f mkk

= P (Nk(∞) ≥ n − 1|X0 = k) · fkk
=
(
fkk
)n
.

=⇒ gkk = lim
n→∞

P (Nk(∞) ≥ n|X0 = k) = lim
n→∞

(fkk)n.
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§4.2 G�©a

I 5� 4.2.4 é?¿G� k , gkk = 1½ gkk = 0. ?�Ú§k

gkk = 1⇐⇒ fkk = 1,

gkk = 0⇐⇒ fkk < 1.

I ½Â 4.2.3

��G� j ¡�~�� (Recurrent), e fjj = 1.

��G� j ¡��~��½wL� (Transient), e fjj < 1.

>
(1) k�G�MCÙ¤kG�Ø�UÑ´wL�§7k~��.

(2) fjk > 0 =⇒ j → k .
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§4.2 G�©a

��ä��G�´Ä�~�§·�ïÄü� pgf�m�'X. ½Â

Pjk(z) =
∞∑
n=0

Pn
jkz

n = δjk +
∞∑
n=1

Pn
jkz

n,

Fjk(z) =
∞∑
n=1

f njkz
n, |z | < 1.

Pjk(z) ←− {Pn
jk , n ≥ 0}

Fjk(z) ←− {f njk , n ≥ 0}
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§4.2 G�©a

I Ún 4.2.1 é?¿G� j Ú k , � |z | < 1�§k

Pjk(z) = Fjk(z)Pkk(z), j 6= k ,

Pkk(z) = 1 + Fkk(z)Pkk(z),

Pkk(z) =
1

1− Fkk(z)
, Fkk = 1− 1

Pkk(z)
.

y²µ

Pjk(z) = δjk +
∞∑
n=1

(
n∑

m=1

f mjk P
n−m
kk

)
zn

= δjk +
∞∑

m=1

∞∑
n=m

f mjk z
m · Pn−m

kk zn−m

= δjk + Fjk(z)Pkk(z), |z | < 1.
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§4.2 G�©a
I ·K 4.2.3

fkk = 1 ⇐⇒
∞∑
n=1

Pn
kk =∞;

fkk < 1 ⇐⇒
∞∑
n=1

Pn
kk <∞.

> Abel½nµ ��?ê
∑∞

n=0 anx
n �Âñ�»� R > 0. XJ�

x = R£½ x = −R¤�?êÂñ§KÚ¼ê S(x)u x = R£½
x = −R¤:��ëY£mëY¤.

yµ
fkk < 1 ⇐⇒

∞∑
n=1

f nkk < 1
Abel½n⇐⇒ lim

z→1−
Fkk(z) = fkk < 1

⇐⇒ lim
z→1−

Pkk(z) = Pkk(1) <∞

Abel½n⇐⇒
∞∑
n=1

Pn
kk <∞.
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§4.2 G�©a

I ·K 4.2.4

(1) � i �~��§i ←→ j , K j �~��.

(2) � i ��~��§i ←→ j , K j ��~��.

yµ d i ←→ j ��3 m, n¦� Pm
ij > 0, Pn

ji > 0, u´

Pn+k+m
jj ≥ Pn

jiP
k
ii P

m
ij , ∀k .

Ïd§
∞∑
k=1

Pk
jj ≥

∞∑
k=1

Pn+k+m
jj ≥ Pn

jiP
m
ij

∞∑
k=1

Pk
ii =∞.

> ~�5Ú�~�5��a5.

T. Hu �ÅL§



§4.2 G�©a

I ·K 4.2.5 � k 6= j , k −→ j � fkk = 1, K j ←→ k, fjk = 1.

yµ 5¿éu ∀ n ≥ 1§k

gkk =
∑
i∈S

Pn
ki gik ,

?§
1− gkk =

∑
i∈S

Pn
ki (1− gik).

d fkk = 1� gkk=1. u´,

Pn
ki (1− gik) = 0, ∀ n ≥ 1, i ∈ S . (∗.4)

2d k −→ j ��3 n0 ≥ 1¦� Pn0
kj > 0. 3 (∗.4)¥- n = n0�

gjk = 1.

Ïd§fjk = 1.
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§4.2 G�©a
I ·K 4.2.6

(1) ��~�a�½´4�;

(2) ��4��~�a�½¹kÃ¡õ�G�.

I ·K 4.2.7 � C ���4a§k ∈ C , K

C �~�a⇐⇒ fjk = 1, ∀ j ∈ C , j 6= k.

y²µ(=⇒)
√

(⇐=)

fkk = Pkk +
∑

j∈C ,j 6=k

Pkj fjk =
∑
j∈C

Pkj =
∑
j∈S

Pkj = 1.

> ��a�U�Xenö��µ

4�~�a¶ 4��~�a¶ �4��~�a.
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§4.2 G�©a

I =~ 4.2 (A)> {ü�ÅiÄL§ {Sn, n ≥ 0}, Ù¥ S0 = 0,
Sn =

∑n
i=1 Xi , n ≥ 1, � {Xn, n ≥ 0} iid,

P (X1 = 1) = p, P (X1 = −1) = 1− p = q,

K {Sn}�Ø��MC, d(0) = 2, =£VÇ Pi,i+1 = p = 1− Pi,i−1, ∀ i .
´�

P2n
00 =

(
2n

n

)
pnqn ∼ (4pq)n√

2πn
,

¤±§
∞∑
n=1

Pn
00 <∞⇐⇒

∞∑
n=1

(4pq)n√
2πn

<∞⇐⇒ p 6= 1

2
.

Ïd§� p = 1/2�§0�~��.

> Å¿�ê �7¦~
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§4.2 G�©a

I SK y²µé?¿G� i , j , k , k fik ≥ fij fjk .

yµP

fijk = P (�3 n < m¦ Xn = j ,Xm = k | X0 = i},

f n,mijk = P (Xm =k ;X` 6=k , n+1≤`<m;Xn = j ;Xν 6= j , 1≤ν< n |X0 = i),

K
fijk =

∑
1≤n<m

f n,mijk , f n,mijk = f nij f
m−n
jk .

u´§

fik ≥ fijk =
∑

1≤n<m

f nij f
m−n
jk =

∞∑
n=1

f nij

∞∑
m=n+1

f m−njk = fij fjk .

T. Hu �ÅL§



§4.3 4�5�

�ÄMC {Xn, n ≥ 0}, ½Â

Nj(n) = #
{
ν : Xν = j , 1 ≤ ν ≤ n

}
, ∀ n ≥ 1,

= Nj(n)L«c nÚG�=£�¯G� j �gê.

e j �~��§� X0 = j , K {Nj(n), n ≥ 1}��#L§§�#m
��m©Ù� {f njj , n ≥ 1};

e j �~��§i ←→ j , � X0 = i , K {Nj(n), n ≥ 1}�ò´�#
L§§Äg�#���Ù� {f nij , n ≥ 1};

e j ��~��§K
∑∞

n=1 P
n
ij <∞, ∀ i . l, Pn

ij → 0, n→∞.

> �!8�µ¦ limn→∞ Pn
ij .
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§4.3 4�5�

I PÒ

Tjj =L§lG� j ÑuÄg�£G� j ¤I��=£Úê,

µjj = ETjj =

{
∞, j ��~��,∑∞

n=1 nf
n
jj , j �~��.

I ½Â 4.3.1

� j �~��.

¡ j ��~��§e µjj <∞;

¡ j �"~��§e µjj =∞;

¡ j �H{�§e j ��~���±Ï.
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§4.3 4�5�

I ½n 4.3.1 � i ←→ j , K

(i) P

(
lim

n→∞

Nj(n)

n
=

1

µjj

∣∣∣ X0 = i

)
= 1;

(ii) lim
n→∞

1

n

n∑
k=1

Pk
ij =

1

µjj
;

(iii) e j ��±Ï�§K limn→∞ Pn
ij =

1

µjj
;

(iv) e j �±Ï� d§K limn→∞ Pnd
jj =

d

µjj
.

> e j ±Ï� d > 1, K limn→∞ Pnd
ij = d/µjj (X)

�~: 3G� 0, n���9�{üé¡�ÅiÄ, G��m

S = {0, 1, . . . , n}, P01 = 1, d(k) = 2, k ∈ S . � i = 0, j = 1.
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§4.3 4�5�

I ·K 4.3.2 �~�Ú"~�5�a5.

y²: � i ←→ j � i ��~�, =

lim
n→∞

Pnd
ii =

d

µii
<∞, (∗.5)

ey µjj <∞.

d i ←→ j ��3 s, t ≥ 0¦� Ps
ij > 0, P t

ji > 0, � d(i) = d(j) = d ≥ 1.

w,§
P t+s+νd
jj ≥ P t

jiP
νd
ii Ps

ij , ∀ ν ≥ 1.

5¿� d |(s + t), u´d (∗.5)�

d

µjj
= lim
ν→∞

Ps+t+νd
jj︸ ︷︷ ︸

�35º

≥ Ps
ijP

t
ji ·

d

µii
> 0.
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§4.3 4�5�

I ½Â 4.3.2 �� pmf {πi , i ≥ 0}¡�MC {Xn, n ≥ 0}�²©Ù§
e

πj =
∞∑
i=0

πiPij , ∀ j . (∗.6)

> � X0 �©Ù�²©Ù {πi , i ≥ 0}, K

Xn �©Ù��²©Ù, u´

πj =
∞∑
i=0

πiP
n
ij , ∀ j . (∗.7)

(Xh,Xh+1 . . . ,Xh+n)�©Ù� hÃ'. d�§{Xn, n ≥ 0}�²L
§.
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§4.3 4�5�
I ½n 4.3.3 ��Ø���±Ï�MC7áueã�ö��µ

(i) ¤kG�wL½"~�§Pn
ij → 0, ∀ i , j , MCØ�3²©Ù;

(ii) ¤kG��~�§

πj = lim
n→∞

Pn
ij > 0, ∀ i , j .

d�§{πj , j ≥ 0}´���²©Ù.

yµ(1) b��3²©Ù {π∗i , i ≥ 0}, K

π∗j =
∞∑
i=0

π∗i P
n
ij , ∀ j .

u´§

π∗j ≤
m∑
i=0

π∗i P
n
ij +

∞∑
k=m+1

π∗k → 0 (k- n→∞ 2- m→∞).
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§4.3 4�5�

(Y)

(ii) d 1 =
∑

j P
n
ij � 1 ≥

∑
j πj . 2d

Pn+1
ij =

∑
k

Pn
ikPkj

n→∞
=⇒ πj ≥

∑
k

πkPkj , ∀j .

þØ�ª¥�Úî�¤á [�y§eé,� j Ø¤á, K∑
j

πj >
∑
j

∑
k

πkPkj =
∑
k

∑
j

πkPkj =
∑
k

πk ,

gñ], =

πj =
∑
k

πkPkj , ∀ j . (∗.8)

- π∗∗j = πj/
∑

k πk , K {π∗∗j }���²©Ù.
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§4.3 4�5�

(Y)

(ii) ��5. � {π∗j }�,��²©Ù, ey πi = π∗i , ∀ i . ¯¢þ,

π∗j =
∑
k

π∗kP
n
kj

n→∞
=⇒ π∗j ≥

∑
k

π∗kπj = πj , ∀j .

,��¡,

π∗j ≤
m∑

k=0

π∗kP
n
kj +

∞∑
k=m+1

π∗k
n→∞
=⇒ π∗j ≤

m∑
k=0

π∗kπj +
∞∑

k=m+1

π∗k

m→∞
=⇒ π∗j ≤

∞∑
k=0

π∗kπj = πj , ∀ j .

u´, π∗j = πj , ∀j .
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§4.3 4�5�
I 5 éuØ��!�~� (±Ï½�±Ï) MC, �3��� pmf {πi}
÷v

πj =
∑
k

πkPkj , ∀ j . (∗.9)

Ù¥

πj = lim
n→∞

c nÚ=£�¯G� j �gê

n
=

1

µjj
.

yµP In(i) = 1{Xn=i}, � X0 = `, Kd�#ÅNL§� πj = 1/µjj , �

πj = lim
n→∞

1

n
E

[
n∑

k=1

Ik(j)

]
= lim

n→∞

1

n
E

[
n∑

k=1

∑
i

Ik−1(i)Ik(j)

]

= lim
n→∞

1

n

n∑
k=1

∑
i

E [Ik−1(i)]Pij ≥
∑
i

lim
n→∞

(
1

n

n∑
k=1

E [Ik−1(i)]

)
Pij

=
∑
i

πiPij . (2Óc½n 4.3.3(ii)y²�Ò¤á)
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§4.3 4�5�

(Y) ��59�y
∑∞

j=0 πj = 1

Ø�� S = {0, 1, . . .}. w,,
∑∞

j=0 πj ≤ 1; (∗.9))�3.

� {π∗j }�,��²©Ù, ey πi = π∗i , ∀ i . ¯¢þ, ∀j , `,

π∗j =
∞∑
k=0

π∗kP
`
kj =⇒ π∗j =

∞∑
k=0

π∗k

(
1

n

n∑
`=1

P`kj

)
n→∞
=⇒ π∗j ≥

∞∑
k=0

π∗kπj .

,��¡,

π∗j =
m∑

k=0

π∗k

(
1

n

n∑
`=1

P`kj

)
+

∞∑
k=m+1

π∗k
n→∞
=⇒ π∗j ≤

m∑
k=0

π∗kπj +
∞∑

k=m+1

π∗k

m→∞
=⇒ π∗j ≤

∞∑
k=0

π∗kπj = πj , ∀ j .

u´, π∗j = πj , ∀j .

T. Hu �ÅL§
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> éuØ��!�~��±Ï� d �MC, � ` = j , K

πj = lim
n→∞

1

nd

n∑
k=1

Pkd
jj = lim

n→∞

1

d
Pnd
jj .

=⇒ lim
n→∞

Pnd
jj =

d

µjj
= dπj , ∀ j .

T. Hu �ÅL§



§4.4 ÙäÑ1¯K

I ¯K �Ùä3?�Û¥±VÇ pI 1�, ±VÇ q = 1− pÑ 1�,
ykÙ7 i � (1 ≤ i < N)§¯Ùä3Ñ1�cÙ7��L N ��VÇ
´õ�ºb�zÛÙÆÑI�pÕá.

P
Xn =3�� n (1 nÛ��)�Ù7, n ≥ 0,

K {Xn, n ≥ 0}���MC, Ù=£VÇ P00 = PNN = 1,

Pj,j+1 = p = 1− Pi,i−1, j = 1, . . . ,N − 1.

G��m S = {0, 1, . . . ,N}©¤na:

{0}︸︷︷︸
~�a

, {1, 2, . . . ,N − 1}︸ ︷︷ ︸
�~�a

, {N}︸︷︷︸
~�a

.
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§4.4 ÙäÑ1¯K
(Y) ¦

fi ≡ fi,N = P (MC3�¯“0”�ck�¯“N”|X0 = i), 1 ≤ i ≤ N.

éÄÛ'm(J�^�§�

fi = pfi+1 + qfi−1 =⇒ fi+1 − fi =
q

p
(fi − fi−1), i = 1, . . . ,N − 1

=⇒ fi − fi−1 =

(
q

p

)i−1

f1, i = 1, . . . ,N (|^ f0 = 0)

=⇒ fi =


1−(q/p)i
1−(q/p)N , p 6= 1/2,

i/N, p = 1/2,
(|^ fN = 1)

� N →∞�,

fi −→

{
1− (q/p)i , p > 1/2,

0, p ≤ 1/2,
(`²�o?)
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(A^) ¦ EB, Ù¥

B ≡ T{0,n} =Ù7�� 0½ n�ÙÆgê (�½ X0 = i), 1 ≤ i ≤ n.

- Yn L«1 nÛ�ÑI(J, K

B = min

{
m :

m∑
i=1

Yi = −i ½
m∑
i=1

Yi = n − i

}
,

B∑
i=1

Yi =

{
n − i VÇ α
−i , VÇ 1− α =⇒ E

[
B∑
i=1

Yi

]
= nα− i ,

Ù¥ α = fi,n (½ÂÓc). q B � {Yi}���Ê�, ¤±

EB =
nα− i

EY1
=

1

2p − 1

[
n[1− (q/p)i ]

1− (q/p)n
− i

]
.

T. Hu �ÅL§



§4.5 ©|L§

�Ä��+N�ûz, P Xn �1 n�+N���, n ≥ 0. z��N3
Ù)·(å�Ñ¬Õá/�)��, �)����Nê Z � pmf�
{pi , i ≥ 0}. MC {Xn, n ≥ 0}¡�©|L§.

b� X0 = 1, P {pi}éA�þ�� µ = EZ , K

E [Xn] = µE [Xn−1] = µn.

½Â π0 = P (+N�ª«ý), K

π0 = lim
n→∞

P (Xn = 0).

é X1�^��

π0 =
∞∑
j=1

P (+N�ª«ý|X1 = j) · pj

=⇒
π0 =

∞∑
j=0

pj π
j
0.

T. Hu �ÅL§



§4.5 ©|L§
I ¯K Ïé π0 = 1�¿©7�^�

I ½n 4.5.1 � p0 > 0, p0 + p1 < 1, K

(i) π0´÷v�§

π0 =
∞∑
j=0

pj π
j
0 (∗.10)

����).

(ii) π0 = 1⇐⇒ µ ≤ 1.

y: (1) Äk, π0 > 0w,, Ï� π0 ≥ p0 > 0. � π > 0´ (∗.10)��
�), e=y

π ≥ P (Xn = 0), ∀ n ≥ 1.

|^

P (Xn+1 = 0) =
∞∑
j=0

P (Xn+1 = 0|X1 = j) · pj =
∞∑
j=0

pj [P (Xn = 0)]j .

T. Hu �ÅL§



§4.5 ©|L§

(Y) (ii) ½Â¼ê

φ(s) =
∞∑
k=0

pks
k , s ∈ (0, 1].

´�y: φ′′(s) > 0, φ′(1) = µ, φ(1) = 1, φ(0) = p0.

T. Hu �ÅL§



§4.7 �m�_�MC

I ��H{�½Ø���~��MC {Xn, n ≥ 0}7�3²©Ù
{πi}, � X0 Ñl²©Ù {πi}�, Ù_�ó�´MC.

y: é?¿ i , i2, . . . , ik , j ,m, k ,

P (Xm = j |Xm+1 = i ,Xm+2 = i2, . . . ,Xm+k = ik)

=
P (Xm+2 = i2, . . . ,Xm+k = ik |Xm+1 = i ,Xm = j)

P (Xm+2 = i2, . . . ,Xm+k = ik |Xm+1 = i)

×P (Xm+1 = i ,Xm = j)

P (Xm+1 = i)

=
P (Xm+1 = i |Xm = j)P (Xm = j)

P (Xm+1 = i)

=
πjPji

πi
.

Ïd, {Xn}=£VÇ�

P∗ij =
πjPji

πi
.

T. Hu �ÅL§



§4.7 �m�_�MC

I ��²MC¡��m�_�§e P∗ij = Pij , ∀ i , j , =

πiPij = πjPji , ∀ i , j . (∗.11)

5:

(i) (∗.11)`², é?¿ n,

P (Xn = i ,Xn+1 = j) = P (Xn = j ,Xn+1 = i), ∀ i , j ,

= (Xn,Xn+1)
d
= (Xn+1,Xn).

(ii) �½�m�_�¿©^�: e�3 pmf {xj}¦�

xiPij = xjPji , ∀ i , j ,

K {Xn}��m�_, �²©Ù� {xj}.

T. Hu �ÅL§



§4.7 �m�_�MC

5:

(iii) (∗.11)`²

l i � j �=£�Ç︸ ︷︷ ︸
πiPij

=l j � i �=£�Ç︸ ︷︷ ︸
πjPji

.

�±ÄuªÇ5�ä.

=~ 4.7 (A)> ��H{{ü�ÅiÄ {Xn, n ≥ 0}´�m�_�.

(iv) �m�_MC�*þA÷v: ∀ k ≥ 1,m ≥ 0,

(Xm,Xm+1, . . . ,Xm+k)
d
= (Xm+k , . . . ,Xm+1,Xm). (∗.12)

AO, � k = 2�,

P (Xm = i ,Xm+1 = j ,Xm+2 = k) = πiPij Pjk = Pji πjPjk

= πkPkjPji = P (Xm+2 = i ,Xm+1 = j ,Xm = k).
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§4.7 �m�_�MC

I *	 ��²H{�MC {Xn, n ≥ 1}, ²©Ù πi > 0, u´

πiPij PjkPki = Pji · πjPjk Pki = PjiPkj · πkPki = πiPikPkjPji ,

=⇒
PijPjkPki = PikPkjPji .

I ½n 4.7.2 Ø���~��²MC´�m�_�⇐⇒ é
∀i , i1, . . . , ik , k ≥ 1, k

Pi,i1Pi1,i2 · · ·Pik−1,ikPik ,i = Pi,ikPik ,ik−1
· · ·Pi2,i1Pi1,i . (∗.13)

5 Ø���~��MC�3���²©Ù {πi}, ÷v πi > 0, ∀ i .
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y²µ (⇐=) d (∗.13)�é ∀i , j , i1, . . . , ik , k ≥ 0,

Pi,i1Pi1,i2 · · ·Pik−1,ikPik ,jPji = PijPj,ikPik ,ik−1
· · ·Pi2,i1Pi1,i .

3þªüýé i1, i2, . . . , ik ¦Ú§�

Pk+1
ij Pji = PijP

k+1
ji .

u´, (
1

n

n∑
k=1

Pk
ij

)
· Pji =

(
1

n

n∑
k=1

Pk
ji

)
· Pij .

- n→∞�
πjPji = πiPij , ∀ i , j .

T. Hu �ÅL§



§4.7 �m�_�MC

_�ó�Vg3L§Ø´�m�_��/�´k^�.

I ½n 4.7.3 ��Ø���MC�=£VÇÝ
� P = (Pij). e�3
�� pmf {πi}Ú��=£VÇÝ
 P∗ = (P∗ij )¦�

πiPij = πjP
∗
ji , ∀ i , j ,

K

(i) {πi}��MC���²©Ù;

(ii) P∗ij �_�ó�=£VÇ;

(iii) {πi}��_�ó���²©Ù.

yµ |^ ∑
i

πiPij =
∑
i

πjP
∗
ji = πj .
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§4.7 �m�_�MC

I =~ 4.7(E)> �Ä�1Ó.��. e����3¦^L§¥��,
K3T���e��¦^Ïm©^#���5O�. b���¦^Ïê
T Æ·ÕáÓ©Ù, z�¦^Ï´���mü , ��31 i �¦^Ï
���VÇ� pi , i ≥ 1, ùp {pi}�±Ï, � ET <∞. ± Xn P�� n
�3¦^����¦^Ïê£�¹�� n����¦^Ï¤, K {Xn}
���MC, =£VÇ

Pi,1 = λi = 1− Pi,i+1, i ≥ 1,

Ù¥

λi =
pi∑∞
j=i pj

=
pi

P (T ≥ i)
.

¦²©Ù {πi}: |^ P∗1i = pi , P
∗
i,i−1 = 1, i > 1,

πiPi1 = π1P
∗
1i =⇒ πi = π1P (T ≥ i) =⇒ π1 = 1/ET

πi =
P (T ≥ i)

ET
, i ≥ 1. [lÑ²ï©Ù]
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§4.7 �m�_�MC

�m�_5�A^

I ·K 4.7.4 � {Xn}´��Ø���MC, Ù²©Ù� {πi}§� φ
���½ÂuG��m�k.¼ê, K

lim
n→∞

1

n

n∑
k=1

φ(Xk) =
∞∑
j=0

φ(j)πj .

yµ P aj(n)�MC3c nÚ=£¥�¯/j0�gê, K

1

n

n∑
k=1

φ(Xk) =
∞∑
j=0

aj(n)

n︸ ︷︷ ︸
−→πj

φ(j).

5¿� pmf {aj(n)/n, i ≥ 0} d−→ {πj , j ≥ 0}, - n→∞�y.

> “φk.”�U�/�K0½^� “
∑
πi |φ(i)| <∞”.

T. Hu �ÅL§



§4.7 �m�_�MC

MCMC (Markov Chain Monte Carlo)�{

I ¯K 1 � X´��lÑ�Å�þ, Ù��8Ü {xj , j ≥ 1}, h���
�½¼ê§O�

θ = E [h(X)].

I Monte Carlo�{ �)oN X��|Õá�� X1,X2, . . . ,Xn, ^∑n
i=1 h(Xi )/n�O θ, ù´Ï� (r�êÆ)

lim
n→∞

1

n

n∑
i=1

h(Xi ) = θ.

I ¯K 2 XÛ�)oN X��|£Õá½äk,«A½���(
�¤��º

MCMC�{: nØÄ:�·K 4.7.4!Ú½n 4.4.39Ù5P

T. Hu �ÅL§



§4.7 �m�_�MC

I ½n 4.7.4 � {πi , i ∈ S}´�� pmf, K�3���_Ø�
��MC {Xn, n ≥ 0},ÙG��m� S ,� {πi , i ∈ S}�MC�²©Ù.

yµØ�� S = {0, 1, . . .}, ?���Ø��MC {Yn}, ¦Ù=£VÇÝ

� Q = (Qij), ÷v

Qij = 0⇐⇒ Qji = 0, i 6= j .

é?¿ i 6= j , � Qij = 0�, �½ αij = 1; � Qij > 0�, -

αij = min

{
πjQji

πiQij
, 1

}
,

�P
Pij = Qijαij , Pii = Qii +

∑
j 6=i

Qij(1− αij),

K P���=£VÇÝ
§÷v Pij = 0⇐⇒ Pji = 0 (i 6= j).
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§4.7 �m�_�MC

(Y) �=£VÇÝ
 PéA�MC� {Xn}, K {Xn}Ø��. d
πiPij = πiQijαij �

e αij < 1, K αji = 1, �

πiPij = πiQijαij = πjQji = πjQjiαji = πjPji .

e αij = 1, K πjQji ≥ πiQij 9 αji ≤ 1. u´,

πiPij = πiQij = πjQjiαji = πjPji .

Ïd§{πi}� {Xn}�²©Ù.

> þã�E=£VÇÝ
 P, ?���_MC��{¡� Hastings-

Metropolis�{, Ù¥ Q¡�ýÀÝ
.

T. Hu �ÅL§



§4.7 �m�_�MC

MCMC�{

òA½�©Ù�O¤,�MC�²©Ù§ÏL�[MC�;�§C
q)¤A½©Ù��Åê½�O¤I���«ÚOþ.

I ü«�L5�æ^�{

Hastings-Metropolisæ�

Gibbsæ�

> Gibbsæ���þE´�«AÏ� Hastings-Metropolos�{, ´

MCMC�[¥¦^��2����MC;�æ��{.

T. Hu �ÅL§



§4.7 �m�_�MC

I Hastings-Metropolisæ� Äu Hastings-Metropolis�{)¤���
_MC��;��Ä��{.

�{

S1 � X0?¿D�.

S2 ��c��G� Xk = i .

S3 �)�� pmf {Qij , j ≥ 0}��Åê§P� j .

S4 e πjQji/(πiQij) ≥ 1, KòG��#� Xk+1 = j , ¿£� (S2); Ä
K§?\ (S5).

S5 ÕáÄ��� U(0, 1)��Åê U. e U ≤ πjQji/(πiQij), KòG
��#� Xk+1 = j , ¿£� (S2); ÄKG�Ø�#§=�,-
Xk+1 = i , ¿£� (S2).

T. Hu �ÅL§



§4.7 �m�_�MC

I =~ 4.7 (F)> P Pn � (1, 2, . . . , n)�¤k��8Ü§½Â Pn þ
� pmf {πν , ν ∈ Pn}:

πν = cT (ν),

Ù¥ T (ν)L« ν ¥êi n¤?� �. �EMC {Xk}¦Ù²©Ù�
{πv}.
�{�Oµ �¦^Metropolisæ�§I�O��ýÀÝ

Q = (Qv ,u), éA�MC� {Yk}. é?¿ v ∈ Pn, P

N(v) = {u ∈ Pn : u�d v �õ²L�g��é���}.

´� |N(v)| = n.

> éõ|Ü πν ¥��K~ê c > 0J±O�§�3e¡��{�O

¥ c Øå�^.

T. Hu �ÅL§



§4.7 �m�_�MC

(Y) é?¿ u, v , -

Qv ,u =

{
1/|N(v)|, u ∈ N(v),
0, u 6∈ N(v),

w,, Qv ,u = 0⇐⇒ Qu,v = 0. Ï?¿ü����ÏLõg��é��
p=�, ¤± {Yn}�Ø��. q Qv ,v > 0, ¤±MC��±Ï�. 2½
Â,

αv ,u = min

{
πuQu,v

πvQv ,u
, 1

}
= min

{
T (u)

T (v)
, 1

}
.

Ïd§d Hastings-Metropolis�{���MC {Xk}�Ø��!�±Ï
�_�§²©Ù� {πv}.

T. Hu �ÅL§



§4.7 �m�_�MC

(Y)
æ��{

S1 � X0?¿D� v0 ∈ Pn.

S2 ��c��G� Xk = v , v ∈ Pn.

S3 �)�� {0, 1, . . . , n − 1}þþ!©Ù��Åê§�� j . - uL
«é� v ¥1 j Ú1 j + 1 �þ�ê¤�����; � j = 0�,
- u = v .

S4 e T (u)/T (v) ≥ 1, KòG��#� Xk+1 = u, ¿£� (S2); Ä
K§?\ (S5).

S5 ÕáÄ��� U(0, 1)��Åê U. e U ≤ T (u)/T (v), KòG�
�#� Xk+1 = u, ¿£� (S2); ÄKG�Ø�#§=�,-
Xk+1 = v , ¿£� (S2).
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§4.7 �m�_�MC

I =~ 4.7 (G)> ®�lÑ.�Å�þ Z = (Z1, . . . ,Z50)÷v∑50
i=1 Zi = 0, �z�©þ�U��� ±1, = Z��u

∆0 =

{
δ = (δ1, . . . , δ50) : δi = ±1, i = 1, . . . , 50,

50∑
i=1

δi = 0

}
.

Z� pmf�
πδ = P (Z = δ) = cT (δ), δ ∈ ∆0,

Ù¥ c > 0��K~ê,

T (δ) = exp

{
−1

2

49∑
i=1

δiδi+1

}
.

Á^Metropolisæ�§�Ñ Z©Ù {πδ}���Cq��.

T. Hu �ÅL§



§4.7 �m�_�MC

(Y)
æ��{

S1 � X0 ?¿D� v0 ∈ ∆0.

S2 ��c��G� Xk = v, v ∈ ∆0.

S3 �)�� {0, 1, . . . , 49}þþ!©Ù��Åê§�� j . - uL«é
� v¥1 j Ú1 j + 1 �þ�ê¤�����; � j = 0�, -
u = v.

S4 e T (u)/T (v) ≥ 1, KòG��#� Xk+1 = u, ¿£� (S2); Ä
K§?\ (S5).

S5 ÕáÄ��� U(0, 1)��Åê U. e U ≤ T (u)/T (v), KòG�
�#� Xk+1 = u, ¿£� (S2); ÄKG�Ø�#§=�,-
Xk+1 = v, ¿£� (S2).
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§4.7 �m�_�MC

I Gibbsæ�

� Z = (Z1, . . . ,Zn)´��lÑ�Å�þ, Ù¤k�U��8Ü� S .
b�

Z�©Ù÷vµé?¿ z ∈ S ,

πz = P (Z = z) = cg(z) > 0,

Ù¥ c > 0��Kz~ê.

é ∀ 1 ≤ i ≤ n9?¿ zj , 1 ≤ j ≤ n, j 6= i , ^�©Ù

P (Zi = · |Zj = zj ,∀ j 6= i)

�3�®�.

T. Hu �ÅL§
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(Y) 3þãb�e, Gibbsæ��[)¤�þ�MC {Yk}:

S1 � Y0 ?¿D� y0 ∈ S .

S2 ��c��G� Yk = y = (y1, . . . , yn) ∈ S .

S3 3 {1, 2, . . . , n}¥�Å�ê§Ø���Ñ i . �½¤k yj (j 6= i)�
�, U^�©Ù P (Zi = · |Zj = yj ,∀ j 6= i))¤ Zi ��Åê§'X
z .

S4 ò Yk+1���#� y = (y1, . . . , yi−1, z , yk+1, . . . , yn), ¿£�
(S2).

> {Yk}��±ÏØ��MC, ¿± Z�©Ù��²©Ù. Ïd§�

�[$1v
õÚ�, Yk ��±w�´ Z©Ù�����:.

T. Hu �ÅL§
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(Y) yµPMC {Yk}��Ú=£VÇ� Q = (Qx,y):

� x� y��kü�©þØÓ�, Qx,y = 0.

� x� y=k��©þØÓ�, b�ØÓ©þeI� i ,

Qx,y =
1

n
P (Zi = yi |Zj = xj ,∀ j 6= i) =

c g(y)

nP (Zj = xj ,∀ j 6= i)
.

� x = y�,

Qx,x = 1−
∑
y 6=x

Qx,y = 1− 1

n

n∑
i=1

[
1− P (Zi = xi |Zj = xj ,∀ j 6= i)

]
=

1

n
cg(x)

n∑
i=1

1

P (Zj = xj ,∀ j 6= i)
> 0.

ù`² Q´�±Ï�.

{Yk}´Ø���, Qx,y = 0⇔ Qy,x = 0 (Ï� g(x) > 0, ∀ x ∈ S ,
¤± Qx,y = 0%º x� y��ü�©þØÓ).
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(Y) Hastings-Metropolis�{¥�¼ê: � Qx,y > 0�,

αx,y = min

{
πyQy,x

πxQx,y
, 1

}
= min

{
cg(y) · cg(x)

cg(x) · cg(y)
, 1

}
= 1, x 6= y,

Px,y = Qx,yαx,y = Qx,y, x 6= y,

Px,x = Qx,x +
∑
y 6=x

Qx,y(1− αx,y) = Qx,x.

=⇒
P = Q,

= {Yk}=� {Xk}, �y.
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§4.7 �m�_�MC

I =~ 4.7 (H)> ®�lÑ.�Å�þ Z = (Z1, . . . ,Z50)�z�©þ
�U��� ±1, = Z��u

∆ = {δ = (δ1, . . . , δ50) : δi = ±1, i = 1, . . . , 50}.

Z� pmf�
πδ = P (Z = δ) = cT (δ), δ ∈ ∆,

Ù¥ c > 0��K~ê,

T (δ) = exp

{
−1

2

49∑
i=1

δiδi+1

}
.

Á^ Gibbsæ�§�Ñ Z©Ù {πδ}���Cq��.

T. Hu �ÅL§
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(Y)
æ��{

S1 � X0 ?¿D� v0 ∈ ∆.

S2 ��c��G� Xk = v = (v1, . . . , v50), v ∈ ∆.

S3 3 {1, 2, . . . , 50}¥�Å�ê§Ø���Ñ i . �½¤k vj (j 6= i)
��, U^�©Ù P (Zi = ±1|Zj = vj ,∀ j 6= i))¤ Zi ��Åê§
'X z .

S4 ò Xk+1���#� u = (v1, . . . , vi−1, z , vk+1, . . . , vn), ¿£�
(S2).
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§4.8 �ê¼L§

�ê¼L§ (Semi-Markov Process, P� SMP)

I {Z (t), t ≥ 0}¡� SMP, G��m S = {0, 1, 2, . . .}, XJ�½�cL
§?3/i0,

e�gG�=£?\/j0�VÇ� Pij ;

3®�e�Ú=£?\/j0�^�e§L§¢3/i0��m©
Ù� Fij .

>

SMPØ´ê¼L§;

=£VÇÝ
 (Pij)éA�MC {Xn}¡� {Z (t)}�i\MC.

e {Xn}´Ø���§K¡ {Z (t)}´Ø���.

Ï~�MC´AÏ� SMP, Ù¥ Fij éA~ê 1�©Ù¼ê.
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§4.8 �ê¼L§

I PÒµ

τi : SMP3e�gG�=£�cuG� i ¢3�m

µi = E τi

Tii : SMP��üg�¯G� i ��mm�

µii = ETii

τi ∼ Hi

Hi (x) =
∑
j

PijFij(x), ∀ x .

> ¯Kµ
Pi = lim

t→∞
P
(
Z (t) = i |Z (0) = j

)
=?
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§4.8 �ê¼L§

I ½n 4.8.1 � SMP�Ø��, � Tii ��f:, µii <∞, K

Pi = lim
t→∞

P
(
Z (t) = i |Z (0) = j

)
=
µi

µii
, ∀ i , j .

y²µ�E��ò´�#L§µ

�#: ←→ L§?\/i0���,

u´, Pi ����G� j Ã', �

Pi =
E [��Ì�¥?u/i0��]

��Ì���
=

E τi
ETii

=
µi

µii
.

> Ú?�#ÅNL§§��/��f:0���§�

Pi = lim
t→∞

(0, t]�mã?u/i0��

t
=

E τi
ETii

=
µi

µii
.
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§4.8 �ê¼L§

I �*
Pi ∝ πiµi ,

Ù¥ {πi}� {Xn}�²©Ù.

I ½n 4.8.3 � SMP�Ø��, {Xn}�~�, µii <∞, K

Pi =
πiµi∑
j πjµj

.

g´µ�E��ò´�#L§µ

�#: ←→ L§?\/i0���,

Pi = lim
t→∞

(0, t]�mã?u/i0��

t
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§4.8 �ê¼L§

Pi = lim
m→∞

c mgG�=£¥?u/i0��

SMP1 m + 1gG�=£��︸ ︷︷ ︸
Pi,m

½Â

Ni (m) = SMPc mgG�=£?\/i0�gê,

Yi (j) = SMP1 j g?\/i0�3/i0¢3��m, j ≥ 1,

K, � m→∞�, Nk(m)→∞, �

Pi,m =

Ni (m)∑
j=1

Yi (j)
/ ∞∑

k=0

Nk (m)∑
j=1

Yk(j)

=
Ni (m)

m︸ ︷︷ ︸
→πi

·
∑Ni (m)

j=1 Yi (j)

Ni (m)︸ ︷︷ ︸
→µi

/ ∞∑
k=0

Nk(m)

m︸ ︷︷ ︸
→πk

·
∑Nk (m)

j=1 Yk(j)

Nk(m)︸ ︷︷ ︸
→µk
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§4.8 �ê¼L§

I =~ 4.8(A)> �ÜÅì�$=�Ukn�G�:

ûÐ£1¤!ÿÐ£2¤!��£3¤

± Z (t)L«�� t Åì¤?�G�. TL§i\MC�=£VÇÝ

�

P =

 0 3/4 1/4
0 0 1

2/3 1/3 0


d (π1, π2, π3) = (π1, π2, π3)P, ¦Ñ²©Ù

π1 =
4

15
, π2 =

1

3
, π3 =

2

5
.

�½ µ1, µ2, µ3, �±¦Ñ P1,P2,P3.

T. Hu �ÅL§



§4.8 �ê¼L§
I PÒ

Y (t) =l�� t �e�gG�=£��mm�

S(t) = t ��Äg=£?\�G�

I ½n 4.8.4 � SMPØ��, ��f: (= Tii ��f:, ∀ i), �
µii <∞, K

lim
t→∞

P
(
Z (t) = i ,Y (t) > x ,S(t) = j |Z (0) = k

)
=

Pij

µii

∫ ∞
x

F ij(u)du.

yµ�E��ò´�O�#L§µ

�#: ←→ L§?\/i0���,

�� t ?u/on0 ←→ Z (t) = i ,Y (t) > x ,S(t) = j ,

T on
ii =

[
(τi − x)+ · 1{X1=j} |X0 = i

]
[τi |X0 = i ,X1 = j ] ∼ Fij

T. Hu �ÅL§



§4.8 �ê¼L§

I íØ � SMPØ��, ��f: (= Tii ��f:, ∀ i), � µii <∞,
K

lim
t→∞

P
(
Z (t) = i ,Y (t) > x |Z (0) = k

)
=

1

µii

∫ ∞
x

H i (u)du

= Pi · H i,e(x),

Ù¥

Hi,e(x) =
1

µi

∫ x

0

H i (u)du, x ≥ 0 [Hi �²ï©Ù] (∗.14)

(∗.14)��*)º
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