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§3.1 �#L§½Â

PoissonL§���g,í2

I ½Â 3.1.1 � {Xn, n ≥ 1} iid ∼ F , F (0−) = 0, F (0) < 1, P S0 = 0,
Sn =

∑n
k=1 Xk , n ≥ 1. ½Â��OêL§

N(t) = sup{n : Sn ≤ t, n ≥ 0}, t ≥ 0,

K¡ {N(t), t ≥ 0}����#L§.

>

”¯�” vs ”�#”. Õ3�#:w�5§L§�5üz5Æ�Ó.

“F (0) < 1” ;�²��/u), � µ = EX ∈ (0,+∞].

u�:u)��#ê�±´���ÅCþ, Ñl Geo∗(F (0)). 5¿
0:�Ù§:��É.

N(t) <∞, � N(t) = max{n : Sn ≤ t, n ≥ 0}.
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§3.2 �#�§

N(t)©Ù:

P (N(t) ≥ n) = P (Sn ≤ t) = F (n)(t),

P (N(t) = n) = F (n)(t)− F (n+1)(t), n ≥ 0.

�#¼êµm(t) = EN(t)

I ·K 3.2.1 m(t) =
∑∞

n=1 F
(n)(t).

I ·K 3.2.3 �#�§

m(t) = F (t) +

∫ t

0

m(t − x)dF (x), t ≥ 0.

> F (0)(t) = 1[0,∞)(t), ~ê 0òz�ÅCþ� cdf
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§3.2 �#�§

�#�Ý¼êµm′(t)£b½ F k pdf f¤

m′(t) = f (t) +

∫ t

0

m′(t − x)f (x)dx .

�*)ºµ

P (�ã (t, t + ∆t)k�#u)) = m′(t)∆t + ◦(∆t);

m′(t) =
∞∑
n=1

f (n)(t).

I ·K 3.2.2 m(t) <∞. ���/§E [N(t)]r <∞, r ≥ 0,

y{�µé�#m� Xn ?1�ä, ½Â#��#L§.
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§3.2 �#�§

I ·K 3.2.2 m(t) <∞.

y{�µ dòÈúª�, é?¿�K�ê n, k , r ,

F (n)(t) ≤ [F (t)]n, F (nk+r)(t) ≤
[
F (k)(t)

]n
F (r)(t)

(1) 5¿� F (0) < 1, ¤±

m(0) ≤
∞∑
n=1

[F (0)]n =
F (0)

1− F (0)
< +∞.

(2) 5¿� µ > 0, Sn →∞, �3 k ≥ 1¦ F (k)(t) < 1. u´

m(t) =
∞∑
n=0

k−1∑
r=0

F (nk+r)(t) ≤
∞∑
n=0

k
[
F (k)(t)

]n
=

k

1− F (k)(t)
<∞.
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§3.2 �#�§

N(t)�°(©ÙéJ¦§��±�ÑÙ©Ù�þe..

I ½n 3.2.a � F ÷v F (0) = 0, R(t) = − log F (t). e F � NBU, K

P (N(t) < n) ≥
n−1∑
j=0

[R(t)]j

j!
e−R(t), t ≥ 0, n ≥ 1. (∗.1)

e F � NWU, K (∗.1)¥Ø�Ò��.

> ½Â � X ∼ F , F (0−) = 0. ¡ F � NBU (New Better than Used),
e

F (x + y) ≤ F (x)F (y), ∀ x , y ≥ 0. (∗.2)

eØ�ª (∗.2)��§K¡ F � NWU (New Worse than Used).
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§3.2 �#�§

yµ=y NBU�/£R−1 ��_¶é NWU�/, R−1�m_¤. d
�§R(s + t) ≥ R(s) + R(t), ∀ s, t ≥ 0, u´

R−1(x + y) ≤ R−1(x) + R−1(y), ∀ x , y ≥ 0. (∗.3)

(∗.3)�y²µ é ∀ x , y ≥ 0, ½Â

s∗ = R−1(x), t∗ = R−1(y).

|^ R(t)mëY5, � x ≤ R(s∗), y ≤ R(t∗). u´

R−1(x + y) ≤ R−1
(
R(s∗) + R(t∗)

)
≤ R−1

(
R(s∗ + t∗)

)
≤ s∗ + t∗ = R−1(x) + R−1(y).
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§3.2 �#�§

(Y) � {Yk , k ≥ 1} iid ∼ Exp(1), K Xk = R−1(Yk), k ≥ 1, iid ∼ F , �

n∑
k=1

Xk =
n∑

k=1

R−1(Yk) ≥ R−1

(
n∑

k=1

Yk

)
, ∀ n ≥ 0.

�

P (N(t) < n) = P

(
n∑

k=1

Xk > t

)
≥ P

(
R−1

(
n∑

k=1

Yk

)
> t

)

= P

(
n∑

k=1

Yk > R(t)

)

=
n−1∑
j=0

[R(t)]j

j!
e−R(t).
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§3.2 �#�§

N(t)�°(©ÙéJ¦§��±�ÑÙ©Ù�þe..

I ½n 3.2.b � F ÷v F (0) = 0, R(t) = − log F (t). e F � IFR, K

P (N(t) < n) ≤
n−1∑
j=0

[nR(t/n)]j

j!
e−nR(t/n), t ≥ 0, n ≥ 1. (∗.4)

e F � DFR, K (∗.4)¥Ø�Ò��.

> ½Â � X ∼ F , F (0−) = 0, F k pdf f , K¡ F � IFR (Increasing
Failure Rate), eÙ��Ç¼ê

λ(t) =
f (t)

F (t)
↑t , t ∈ {x : F (x) < 1}.

e λ(t)üÕ4~§K¡ F � DFR (Decreasing Failure Rate).
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§3.2 �#�§

yµaq½n 3.2.a�y². � F � IFR§G � Exp(1)� cdf,  e=
yµ

F (n)(t) ≥ G (n)(nR(t/n)), t ≥ 0, n ≥ 1. (∗.5)

� n = 1�, F (t) = G (R(t))
√

. b� (∗.5)é n = m − 1 ≥ 1¤á§K

F (m)(t) ≥
∫ ∞
0

G (m−1)
(

(m − 1)R

(
t − x

m − 1

))
dF (x).

IFR%º R(x)�à§u´

t

m
=

m−1

m
· t − x

m−1
+

1

m
· x =⇒ R

( t

m

)
≤ m−1

m
· R
(
t − x

m−1

)
+

R(x)

m
.

�

F (m)(t) ≥
∫ ∞
0

G (m−1)
(
mR

( t

m

)
− R(x)

)
dG (R(x)

= G (m)(mR(t/m)).
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§3.2 �#�§

I =~ 3.2.a> �Å�Ó�3å�Úüá�'Ù§?Û�ÿ�´u�
�, ±�Å$1�m�Cþ�Ó�)�¼ê����F¼êµ

F (t) = e−α[t/h], t ≥ 0,

Ù¥ α > 0, hL«��Ê§��m. T�F¼ê�a:��éA�Å
�å�Úüá��. P N(t)L« (0, t]�mãÓ����gê.

5¿� F � NBU, d½n 3.2.a�

P (N(t) ≤ n) ≥
n∑

k=0

αk [t/h]k

k!
e−α[t/h], t ≥ 0, n ≥ 0.
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§3.3 �#4�½n

�!Ì�SNµ

N(t)Ú m(t)� t →∞�4�5G

N(t)Ú m(t)� t →∞�O��Ý

Í¶�Wald�ª
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§3.3 �#4�½n

I N(∞) := limt→∞ N(t) = +∞, Ï�

P (N(∞) <∞) = P

( ∞⋃
n=1

{Xn =∞}

)

≤
∞∑
n=1

P (Xn =∞) = 0.

I N(t)/t → 1/µ, t →∞, Ù¥ µ ≤ +∞.

y²µ|^r�êÆ§Sn/n→ µ = EX , ±9

SN(t) ≤ t < SN(t)+1, ∀ t > 0.
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§3.3 �#4�½n

Ê� (Stopping Time)

I ½Â 3.3.1 � {Xn, n ≥ 1}� r.v.S�§N ����� r.v.§�é
∀ n ≥ 1, {N = n}Õáu {Xk , k > n}, K¡ N � {Xn, n ≥ 1}���Ê
�.

I =~ 3.3 (B)> � {Xn, n ≥ 1} iid, ÷v

P (Xn = 0) = P (Xn = 1) = 1/2, ∀ n,

K N = min{n : X1 + · · ·+ Xn = 10}� {Xn, n ≥ 1}���Ê�.

I =~ 3.3 (C)> � {Xn, n ≥ 1} iid, ÷v

P (Xn = −1) = P (Xn = 1) = 1/2, ∀ n,

K N = min{n : X1 + · · ·+ Xn = 1}� {Xn, n ≥ 1}���Ê�.
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§3.3 �#4�½n

Wald�ª

I ½n 3.3.2 � {Xn, n ≥ 1}� iidS�§E |X1| <∞§N �����
r.v.§EN <∞, � N � {Xn, n ≥ 1}���Ê�, K

E

[
N∑

k=1

Xk

]
= EN · EX .

y²µ½Â In = 1{N≥n}, K In � Xn Õá. u´

E

[
N∑

k=1

Xk

]
= E

[ ∞∑
n=1

XnIn

]
=
∞∑
n=1

E [XnIn]

= EX ·
∞∑
n=1

E In = EX · EN,

Ù¥1��ª¤á´|^
 Fubini½n±9
∑∞

n=1 E |XnIn| <∞.
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§3.3 �#4�½n

Wald�ª

I =~ 3.3 (B)> � {Xn, n ≥ 1} iid, ÷v

P (Xn = 0) = P (Xn = 1) = 1/2, ∀ n,

½Â N = min{n : Sn = 10}, Sn =
∑n

k=1 Xk , K EX = 1/2, EN <∞.
|^Wald�ª�

10 = ESN = EX · EN =⇒ EN = 20.

I =~ 3.3 (C)> � {Xn, n ≥ 1} iid, ÷v

P (Xn = −1) = P (Xn = 1) = 1/2, ∀ n,

½Â N = min{n : Sn = 1}. e EN <∞, KdWald�ª�

1 = ESN = EN · EX = 0,

gñ. � EN = +∞.
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§3.3 �#4�½n

�#½n

I � µ = EX1 <∞�§m(+∞) = +∞.

y²µ5¿� N(t) + 1´�#m�S� {Xn, n ≥ 1}���Ê�§¤±
� µ = EX1 <∞�§

t ≤ E [SN(t)+1] = µ[m(t) + 1], ∀ t ≥ 0. (∗.6)

I ½n 3.3.4 (Ä��#½n)

lim
t→∞

m(t)

t
=

1

µ
, (∗.7)

Ù¥ µ ≤ +∞.
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§3.3 �#4�½n

�#½n

y²µ(1) kb� µ <∞, Kd (∗.1)�

lim inf
t→∞

m(t)

t
≥ 1

µ
.

?� τ > 0, ½Â X n = Xn ∧ τ , �Ä {X n, n ≥ 1}éA {N(t), t ≥ 0},
m(t), µÚ Sn. d

SN(t)+1 ≤ t + τ

� µ [m(t) + 1] ≤ t + τ , ¤±

lim sup
t→∞

m(t)

t
≤ lim sup

t→∞

m(t)

t
≤ 1

µ
. (∗.8)

q µ→ µ (τ →∞), � (∗.7)
√

.

(2) b� µ = +∞. Óþ§µ→ +∞ (τ →∞). d (∗.8)� (∗.7).
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§3.4 '��#½n

I �:©Ù: ��K�ÅCþ X ∼ F . ¡ X ��:�§e�3
d > 0¦�

∞∑
k=0

P (X = kd) = 1.

d�§F ¡��:©Ù. ÷vþã5���� d ¡� X �±Ï.

I ½n 3.4.1 (Blackwell½n)

(i) e F ��:�§K

lim
t→∞

[m(t + a)−m(t)] =
a

µ
, ∀ a > 0.

(ii) e F �±Ï� d ��:©Ù§K

lim
n→∞

E [u�� nd ��#gê] =
d

µ
.
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§3.4 '��#½n

Blackwell½n�Ün5

(i) ��:�/. � t v
�§Ð©G�é m(t + a)−m(t)K�v

�§e g(a) = limt→∞[m(t + a)−m(t)]�3k�§K

g(a+b) = g(a) + g(b), ∀a, b ≥ 0 =⇒ g(a) = ca, ∀a ≥ 0.

q
m(n)

n
=

1

n

n∑
k=1

[m(k)−m(k − 1)]→ g(1) = c =
1

µ
,

¤±, g(a) = a/µ, ∀ a ≥ 0.

(ii) �:�/.

E [u�� nd ��#gê] = m(nd)−m((n − 1)d)→ d

µ
.
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§3.4 '��#½n

��iù�È

I ½Â h : <+ → <¡���iù�È§e
∑∞

n=1 mn(a)Ú∑∞
n=1 mn(a)�3k�§�

lim
a→0

a
∞∑
n=1

mn(a) = lim
a→0

a
∞∑
n=1

mn(a),

Ù¥
mn(a) = sup{h(t), (n − 1)a ≤ t ≤ na},
mn(a) = inf{h(t), (n − 1)a ≤ t ≤ na}.

> h��iù�È���¿©^�µ

h(t) ≥ 0; hüN4~;

∫ ∞
0

h(t)dt <∞.
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§3.4 '��#½n

I ½n 3.4.2 ('��#½n) e F ��f:©Ù§� h���iù�
È§K ∫ t

0

h(t − x)dm(x) → 1

µ

∫ ∞
0

h(s)ds, t →∞,

Ù¥ µ = µF , m(t)´m�©Ù F éA��#¼ê.

> Blackwell½n ⇐⇒ '��#½n
yµ=y (⇐=). � h(x) = 1[0,a)(x), K∫ t

0

h(t − x)dm(x) =

∫ t

0

1(t−a,t](x)dm(x)

= m(t)−m(t − a)→ a

µ
.
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§3.4 '��#½n

I '��#½nA^|µ

O��� t ,¯��VÇ½,Cþ�Ï" g(t)� t →∞��4�.
��k�Ñ g(t)÷vXeü«a.�È©�§µ

g(t) = h(t) +

∫ t

0

g(t − x)dF (x), t ≥ 0; (∗.9)

g(t) = h(t) +

∫ t

0

h(t − x)dm(x), t ≥ 0. (∗.10)

> úª�í�

é1�g�#u)�� S1 = X1 �^�§��Ñ (∗.9)¶

é t �c½�� t ���g�#u)���^�§��Ñ (∗.10).
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§3.4 '��#½n

I Ún 3.4.a (∗.9)⇐⇒ (∗.10).

yµé?¿¼ê g : <+ → <, ½ÂÙ LaplaceC�

g̃(z) =

∫ ∞
0

e−tz dg(t), z ≥ 0.

3 (∗.9)ü>� LaplaceC�§� g̃(z) = h̃(z) + g̃(z)F̃ (z),

g̃(z) =
h̃(z)

1− F̃ (z)
.

qd�#�§ m(t) = F (t) + m ∗ F (t)� 1− F̃ (z) = 1/[1 + m̃(z)], �

g̃(z) = h̃(z)[1 + m̃(z)],

= (∗.10).
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§3.4 '��#½n

I Ún 3.4.1 é?¿ 0 ≤ s ≤ t,

P (SN(t) ≤ s) = F (t) +

∫
[0,s]

F (t − y)dm(y).

yµ �½ S0 = 0, K

P (SN(t) ≤ s) =
∞∑
n=0

P (Sn ≤ s,Sn+1 > t)

= F (t) +
∞∑
n=1

∫
[0,s]

F (t − y)dF (n)(y)

= F (t) +

∫
[0,s]

F (t − y)dm(y).
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§3.4 '��#½n

SN(t) �©Ù: � F (0) = 0�§

SN(t)u 0:�VÇæÈ P (SN(t) = 0) = F (t);

dFSN(t)
(y) = F (t − y)dm(y), y > 0.

> “F (0) = 0”Ø�íØ. �~µ� F ÷v
P (Xk = 0) = P (Xk = 1) = 1/2, K|^ SN(1/2) ≤ 1/2�

P (SN(1/2) = 0) = 1 6= 1

2
= F (1/2).

�Ún 3.4.1�,�(§Ï� m(0) =
∑∞

n=1 F
(n)(0) =

∑∞
n=1 1/2n = 1,

¤± ∫
{0}

F (1/2− y)dm(y) =
1

2
m(0) =

1

2
.
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§3.4 '��#½n

dFSN(t)
(y)�n):

� F kVÇ�Ý f �§K SN(t)u (0, t)þäkkº�VÇ�Ý

fSN(t)
(y) = F (t − y)m′(y), y > 0.

5¿�
dm(y) = P (u (y , y + dy)k�#u)),

u´§é ∀y ∈ (0, t),

dFSN(t)
(y) = F (t − y)dm(y)

= P
(
u (y , y + dy)k�#u),

�Ù�����#m��u t − y
)
.
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§3.4.1 �O�#½n

½Â

�#L§ {N(t), t ≥ 0}, �#u)m��mS� {Xn, n ≥ 1}, L§kü
�G�/on0Ú/off0.

Xn = Zn + Yn

L§3 Zn �ã?u/on0, u Yn �ã?u/off0.

{(Zn,Yn), n ≥ 1} iid�Å�þ§Zn � Yn �m#N��. P

Zn ∼ H, Yn ∼ G , Xn ∼ F .
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§3.4.1 �O�#½n

P(t) = P (�� t ?uG�/on0)

I ½n 3.4.4 � µF <∞, F ��:§K limt→∞ P(t) =
EZ1

EZ1+EY1
.

yµ é SN(t)�^�§�

P(t) = P (�� t ?u/on0|SN(t) = 0) · P (SN(t) = 0)

+

∫ t

0

P (�� t ?u/on0|SN(t) = y)dFSN(t)
(y)

= P (Z1 > t|Z1 + Y1 > t) · F (t)

+

∫ t

0

P (Z > t − y |Z + Y > t − y)F (t − y)dm(y)

= H(t) +

∫ t

0

H(t − y)dm(y).
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§3.4.1 �O�#½n

½n 3.4.4�A^

£��#L§ {N(t), t ≥ 0}
A(t) = t − SN(t) ��u�� t �c#

Y (t) = SN(t)+1 − t ��u�� t ��{c#

I íØ 3.4.5 � F ��f:§� µ <∞, Ké ∀x > 0,

lim
t→∞

P (A(t) ≤ x) =
1

µ

∫ x

0

F (s)ds.

yµ�½ x , ½ÂL§�/on0Ú/off0G�µ
�� t ?u/on0 ←→ A(t) ≤ x .

u´, Zn = Xn ∧ x , Yn = Xn − Xn ∧ x , n ≥ 1. A^½n 3.4.4,

P(A(t) ≤ x)→ E [X1 ∧ x ]

EX1
=

1

µ

∫ x

0

F (s)ds.
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§3.4.1 �O�#½n

I íØ 3.4.5′ � F ��f:§� µ <∞, K

lim
t→∞

P (Y (t) ≤ x) =
1

µ

∫ x

0

F (s)ds, x > 0.

y{�µ�½ x , ½ÂL§�/on0Ú/off0G�µ

�� t ?u/on0 ←→ Y (t) > x ;

�� t ?u/off0 ←→ Y (t) ≤ x .

u´,
Zn = Xn − Xn ∧ x , Yn = Xn ∧ x , n ≥ 1.

A^½n 3.4.4,

P(Y (t) > x)→ E [X1 − X1 ∧ x ]

EX1
=

1

µ

∫ ∞
x

F (s)ds.
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§3.4.1 �O�#½n
y{�µ�½ x , ½Â

g(t) = P (Y (t) > x).

éÄg�#�� X1 �^�§�

P (Y (t) > x |X1 = s) =

 1, s > t + x ,
0, t ≤ s < t + x ,
g(t − s), s < t.

u´§

g(t) = F (t + x) +

∫ t

0

g(t − s)dF (s).

dÚn 3.4.a�

g(t) = F (t + x) +

∫ t

0

F (t + x − s)dm(s).

5¿� F (·+ x)´��iù�È§A^½n 3.4.4�

g(t) −→ 1

µ

∫ ∞
x

F (x)dx .

T. Hu �ÅL§



§3.4.1 �O�#½n

I íØ 3.4.5′′ � F ��f:§� µ <∞, K

lim
t→∞

P
(
XN(t)+1 ≤ x

)
=

1

µ

∫ x

0

y dF (y), x > 0.

yµ�½ x , ½ÂL§�/on0Ú/off0G�µ

�� t ?u/on0 ←→ XN(t)+1 > x ;

�� t ?u/off0 ←→ XN(t)+1 ≤ x .

u´,
Zn = Xn · 1{Xn>x}, Yn = Xn · 1{Xn≤x}, n ≥ 1.

A^½n 3.4.4,

P(XN(t)+1 > x)→
E
[
X11{X1>x}

]
EX1

=
1

µ

∫ ∞
x

y dF (y).
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§3.4.1 �O�#½n

u��Ø

XN(t)+1 ���¹: t �@��#«m��Ýµ

XN(t)+1 = A(t) + Y (t).

�
XN(t)+1 � X1 ¿ØÓ©Ù.

�±y² (�SK 3.3)µ X1 ≤st XN(t)+1.

> P XN(t)+1�4�©Ù� F∞, K

F∞(x) =
1

µ

∫ x

0

y dF (y),

ÙéA�Ï"

µF∞ =
1

µ
EX 2

1 > µ

T. Hu �ÅL§



§3.4.1 �O�#½n

u��Ø

¯Kµκ := µF∞/µ�.�±��õ�º

κ = 1: � F �òz©Ù�, =�#m� Xk = c > 0, ∀k ≥ 1.

κ = 2: � F = Exp(λ)�.

κkþ.íº

� F = Poi(λ), K µ = λ, µF∞ = 1 + λ. u´, � λ→ 0+ �

µF∞

µ
= 1 +

1

λ
→ +∞.

T. Hu �ÅL§



§3.4.1 �O�#½n

u��Ø�,�«/ª (Ross, 2003)

� X1,X2, . . . ,Xn iid����ÅCþ§Xj L«1 j �[Ì�¯��ê§
¤k[Ì��¯Ñ3��Æ�þÆ. ylÆ�¥�Å�½���¯§I
L«T�¯¤3[Ì�?Ò§XI L«T�¯¤3[Ì��¯�ê.

¯KµXI � X1 �mÓ©Ùíº

> P pk = P (X1 = k), K

P (XI = k) = kpk · E
[

n

k +
∑n

i=2 Xi

]
, k ≥ 1.

�±y²: X1 ≤lr XI , X1 ≤st XI (XI �Å�u X1).

T. Hu �ÅL§



§3.4.1 �O�#½n

I =~ 3.4 (A)> £�;Ø¤ ���U�#L§����ûA§��
m� {Xn, n ≥ 1} iid ∼ F , F ��:. TûA²Eü�À¬§��æ	þ
� {Yn, n ≥ 1} iid ∼ G . ûAæ^ (s,S)¾ÀüÑ§0 < s < S <∞�
(½�¢ê, ½À�mØO. P X (t)L«TûA t ����Àþ, ��
X (0) = S . ¦ limP (X (t) ≥ x), x ∈ (s,S).

)µ½Â#��#L§§��Àþ�� S �����#:§½Â
/on0Ú/off0G�µ

�� t ?u/on0 ←→ X (t) ≥ x ;

�� t ?u/off0 ←→ X (t) < x ;

± TonÚ Toff ©OL«��Ì�¥?u/on0Ú/off0���§K

lim
t→∞

P (X (t) ≥ x) =
ETon

ETon + EToff
.

T. Hu �ÅL§



§3.4.1 �O�#½n

(Y) P {NG (t), n ≥ 1}����#L§§éA��#m��
{Yn, n ≥ 1}, �#¼êP� mG (t), K

Ton =

NG (S−x)+1∑
k=1

Xk , T := Ton + Toff =

NG (S−s)+1∑
k=1

Xk .

u´
ETon = µF [mG (S − x) + 1],

ET = µF [mG (S − s) + 1].

�

lim
t→∞

P (X (t) ≥ x) =
mG (S − x) + 1

mG (S − s) + 1
.

T. Hu �ÅL§



§3.4.2 m(t)Ðmª

I ·K 3.4.6 � F ��:§X ∼ F , � EX 2 <∞, K

lim
t→∞

EY (t) =
EX 2

2µ
.

y{�µP h(t) = E [(X − t)+], K
∫∞
0

h(s)ds = EX 2/2,

EY (t) = E [Y (t)|SN(t) = 0] · F (t)

+

∫ t

0

E [Y (t)|SN(t) = y ]F (t − y)dm(y)

= E [X − t|X > t]F (t)

+

∫ t

0

E [X − (t − y)|X > t − y ]F (t − y)dm(y)

= h(t) +

∫ t

0

h(t − y)dm(y) −→ EX 2

2µ
.

T. Hu �ÅL§



§3.4.2 m(t)Ðmª

I ·K 3.4.6 � F ��:§X ∼ F , � EX 2 <∞, K

lim
t→∞

EY (t) =
EX 2

2µ
.

y{�µéÄg�#u)�� X1 �^�§�

EY (t) = E [Y (t)|X1 > t] · F (t) +

∫ t

0

E [Y (t)|X1 = y ] dF (y).

P h(t) = E [(X − t)+]§g(t) = EY (t), K

g(t) = h(t) +

∫ t

0

g(t − y)dF (y).

Ïd§

g(t) = h(t) +

∫ t

0

h(t − y)dm(y).

T. Hu �ÅL§



§3.4.2 m(t)Ðmª

I íØ 3.4.7 � F ��:§X ∼ F , � EX 2 <∞, K

lim
t→∞

[
m(t)− t

µ

]
=

EX 2

2µ2
− 1.

yµ5¿�
SN(t)+1 = t + Y (t),

u´,

ESN(t)+1 = t + EY (t) −→ t +
EX 2

2µ
.

q
ESN(t)+1 = µ[m(t) + 1]

�y.

T. Hu �ÅL§



§3.5 ò´�#L§
I ½Â 3.5.1 � {Xn, n ≥ 1}Õá§X1 ∼ G , Xk ∼ F , k ≥ 2, �
F (0) < 1, ½Â S0 = 0, Sn =

∑n
i=1 Xi ,

ND(t) = max{n : Sn ≤ t, n ≥ 0},

K¡ {ND(t), t ≥ 0}�ò´ (Delayed)�#L§.

�µµu�� t *	��IO�#L§§��� t ��#:§d�w
�5*	��L§=�ò´�#L§§� G (x) = P (Y (t) ≤ x).

5�µ

P (ND(t) = 0) = G (t),

P (ND(t) = n) = G ∗ F (n−1)(t)− G ∗ F (n)(t), n ≥ 1;

�#¼ê mD(t) = END(t) =
∑∞

n=1 G ∗ F (n−1)(t),

mD(t) = G (t) +

∫ t

0

mD(t − s)dF (s).

T. Hu �ÅL§



§3.5 ò´�#L§

I Ún é?¿ 0 ≤ s ≤ t,

P (SND (t) ≤ s) = G (t) +

∫
[0,s]

F (t − y)dmD(y).

yµ �½ S0 = 0, K

P (SND (t) ≤ s) =
∞∑
n=0

P (Sn ≤ s,Sn+1 > t)

= G (t) +
∞∑
n=1

∫
[0,s]

F (t − y)dG ∗ F (n−1)(y)

= G (t) +

∫
[0,s]

F (t − y)dmD(y).

T. Hu �ÅL§



§3.5 ò´�#L§

SND (t)�©Ù:

� G (0) = 0�§

SND (t)u 0:�VÇæÈ P (SND (t) = 0) = G (t);

dFSND (t)
(y) = F (t − y)dmD(y), y > 0.

T. Hu �ÅL§



§3.5 ò´�#L§

I ·K 3.5.1 P µ = µF§F éA�þ�.

ND(t)/t → 1/µ, a.s., t →∞;

mD(t)/t → 1/µ, t →∞;

e F ��f:§a > 0, K

mD(t + a)−mD(t)→ a

µ
, t →∞;

e F , G ���f:§�±Ï� d , K

E [u�� nd u)��#ê]→ d

µ
, n→∞;

e F ��f:§µ <∞, h��iù�È§K∫ t

0

h(t − s)dmD(s)→ 1

µ

∫ ∞
0

h(s)ds, t →∞.

T. Hu �ÅL§



§3.5 ò´�#L§

I =~ 3.5 (A)> (s�¯K) *	 iidlÑ�ÅCþS� {Xn, n ≥ 1}.
s�µx1x2 · · · xk . N(n)L«��� n��s�Ñy�gê, K
{N(n), n ≥ 1}�ò´�#L§.

¦s�Ñy��Ç 1/µ, Ù¥ µ´��ü�s��m�m��m.
5¿�d� F , G ��f:©Ù§±Ï� 1§¤±

1

µ
= lim

n→∞
E [�� nÑy�s�gê]

= lim
n→∞

P (�� nÑys�)

=
k∏

i=1

P (X = xi ).

± TA L«��s� AÄgÑy¤I��m; ± TA|B L«�½s
� B ®²Ñy§��s� AÑy�I��	���m. ¦ ETA.

T. Hu �ÅL§



§3.5 ò´�#L§
(Y) ¦ ETA

� A� x1x2 · · · xk . ©ü«�¹.

���s� A�Ñyée��s� A�u)vkK�. d
�§{N(n), n ≥ 1}�IO�#L§§

ETA = µ = 1
/ k∏

i=1

P (X = xi ).

���s� A�Ñyée��s� A�u)kK�. Þ
~§A=/01010§P (X = 1) = p, P (X = 0) = 1− p = q, K

T0101 = T01 + T0101|01,

Ù¥ T01� T0101|01Õá. u´§

ET0101 = ET01 + ET0101|01 =
1

pq
+

1

p2q2
.

T. Hu �ÅL§



§3.5 ò´�#L§

(Y) ¦ ETA

Þ~§Õá��M1§zg±VÇ pÑy H, ±VÇ q = 1− pÑ
y T, A=/HTHHTHH0§K

THTHHTHH = THTHH + THTHHTHH|HTHH

= TH + THTHH|H + THTHHTHH|HTHH

Ù¥ TH, THTHH� THTHHTHH|HTHHÕá. u´§

ETHTHHTHH =
1

p
+

1

p3q
+

1

p5q2
.

T. Hu �ÅL§



§3.5 ò´�#L§

(Y) ¦ ETB|A

Þ~§Õá��M1§zg±VÇ pÑy H, ±VÇ q = 1− pÑ
y T, A=/HTHT0§B=/THTT0, K

TB|A = TTHTT|THT,

ETTHTT = ETTHT + ETTHTT|THT,

=⇒
ETB|A = ETTHTT − ETTHT =

1

q3p
− 1

q2p
.

d TA|B = TA �

ETA|B = ETA =
1

p2q2
+

1

pq
.

T. Hu �ÅL§



§3.5 ò´�#L§

(Y) ¦ PA := P (Au B�cÑy)

Þ~§A=/HTHT0§B=/THTT0, M = min{TA,TB}, K

ETA = EM + E (TA −M|B3 Ac) · P (B3 Ac),

=
ETA = EM + ETA|B(1− PA). (∗.11)

aq§
ETB = EM + ETB|A · PA. (∗.12)

¦) (∗.11)Ú (∗.12)� EM Ú PA.

AO§� p = 1/2�§ETA = 4 + 16 = 20, ETB = 2 + 16 = 18,
ETA|B = ETA = 20, ETB|A = 16− 8 = 8. �\ (∗.11)Ú (∗.12)�

EM = 90/7, PA = 9/14.
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§3.5 ò´�#L§

|^Ð�VÇ¦ ETA

Þ~§Õá��M1§zg±VÇ pÑy H (±/10L«), ±VÇ
q = 1− pÑy T£±/00L«¤, A=/000§B=/010.

¦ ETA:

ET00 = q E [T00|Äg”0”] + p E [T00|Äg”1”].

2é1 2g��(J�^�§�

ET00 = q
[
2q + p(2 + ET00)

]
+ p(1 + ET00).

u´§

ET00 =
1

q
+

1

q2
.

T. Hu �ÅL§



§3.5 ò´�#L§

¦ ETB : é1 2g��(J�^�,

E [T01|Äg”0”] = 2p + q
(
1 + E [T01|Äg”0”]

)
=⇒ E [T01|Äg”0”] = 1 +

1

p
.

,��¡,

ET01 = q E [T01|Äg”0”] + p E [T01|Äg”1”]

= q

(
1 +

1

p

)
+ p(1 + ET01).

=⇒
ET01 =

1

pq
.

> � p = 1/2, '� ET00 = 6� ET01 = 4.

T. Hu �ÅL§



§3.5 ò´�#L§

I =~ 3.5 (B)> ��XÚd n���¿é�¤§z���Õáó
�§�� i �$1´���O�#L§§ó�Æ·∼ Exp(1/λi ), ��
��§á=?1?n§?n�m∼ Exp(1/µi ). b� n���u�� 0
��~ó�§± N(t)L« (0, t]�mãXÚ���gê§K
{N(t), t ≥ 0}´��ò´�#L§§XÚ������#:. ¦

(1) XÚüg���m�Ï"��¶

(2) XÚ��ó�Ï�²þ��¶

(3) XÚ��m?uó�G��VÇ.

©Ûµ

�� t ��#:§��=� t �c]mTk����3�~ó
�§�T��u t ����§Ù§���?E¶

�� t XÚ=\ó�G�§��=� t �c]m�����§� t
������?E.

T. Hu �ÅL§



§3.5 ò´�#L§

)µ��ü��#:�m���Ì���P� T§��Ì�SXÚ?
uó�Ú�����©OP� TonÚ Toff ; T = Ton + Toff . d
Blackwell½n�

h

ET
= lim

t→∞
[mD(t + h)−mD(t)]

= lim
t→∞

P (XÚu (t, t + h]k�g��) + ◦(h)

=
n∑

i=1

λi
λi + µi︸ ︷︷ ︸

P (�� i ó�)

·
(

1

λi
h + ◦(h)

)
︸ ︷︷ ︸
�� i u (t, t + h)��

·
∏
j 6=i

µj

λj + µj
e−h/µj︸ ︷︷ ︸

Ù§����§�u (t, t + h)�?E

+ ◦ (h)

=
n∏

j=1

µj

λj + µj

n∑
i=1

1

µi
h + ◦(h).

> ��5w§�� i ?u/on0Ú/off0�VÇ©O� λi/(λi + µi )

Ú µi/(λi + µi ).

T. Hu �ÅL§



§3.5 ò´�#L§

(Y) u´,

ET = 1
/ n∏

j=1

µj

λj + µj

n∑
i=1

1

µi
.

w,§

EToff = 1
/ n∑

i=1

1

µi

(Toff �±L«� n�Õá�ê�ÅCþ����), Ïd§

ETon =

1−
n∏

j=1

µj

λj + µj

/ n∏
j=1

µj

λj + µj

n∑
i=1

1

µi
.

P (XÚu�� t ó�) −→ 1−
n∏

j=1

µj

λj + µj
, t →∞.

T. Hu �ÅL§



§3.5 ò´�#L§

I ²ï©Ù Feµ

Fe(x) =
1

µF

∫ x

0

F (y)dy ,

Ù¥ F ����K�ÅCþ� cdf.

I ²ï�#L§µG = Fe

>
��²ï�#L§�À�u�� 0�w���#m�©Ù� F �lÃ

¡�L�üz5��#L§. d�§díØ 3.4.5′ �§“Y (0)”∼ Fe

T. Hu �ÅL§



§3.5 ò´�#L§

I ½n 3.5.2 �Ä��²ï�#L§ {ND(t), t ≥ 0}.

(1) mD(t) = t/µ;

(2) YD(t) ∼ Fe , ∀ t ≥ 0;

(3) {ND(t), t ≥ 0}k²Oþ.

yµ (1) � m(t)éAu�#m�©Ù� F �IO�#L§§K

mD(t) = lim
s→∞

[m(t + s)−m(s)] =
t

µ
.

(2) Äuþ¡�*	.

(3) ��d£2¤��.

T. Hu �ÅL§



§3.5 ò´�#L§

(Y) (2),y é SND (t)�^�§

P (YD(t) > x) = P (YD(t) > x |SND (t) = 0)G (t)

+

∫ t

0

P (YD(t) > x |SND (t) = y)F (t − y)dmD(y)

= P (X1 − t > x |X1 > t)G (t)

+

∫ t

0

P (X − (t − y) > x |X > t − y)F (t − y)dy/µ

= F e(t + x) +
1

µ

∫ t+x

x

F (y)dy

= F e(x).

T. Hu �ÅL§



§3.6 �#ÅNL§

I ½Â � {(Xn,Rn), n ≥ 1}� iid�Å�þ§Ù¥ {Xn, n ≥ 1}��
#L§ {N(t), t ≥ 0}��#u)m�§Rn ´1 n��#u)����
ÅN. ½Â

R(t) =

N(t)∑
j=1

Rj ,

K¡ {R(t), t ≥ 0}��#ÅNL§.

5

Rn � Xn Ø7Õá¶

PÒµEX = EXn, ER = ERn, �

(X1,R1)
d
= (X ,R).

T. Hu �ÅL§



§3.6 �#ÅNL§

I ½n 3.6.1 � Rn ��K�ÅCþ, ER <∞, EX <∞, K

(1)
R(t)

t
−→ ER

EX
, a.s., t →∞;

(2)
E [R(t)]

t
−→ ER

EX
, t →∞.

> 3½n 3.6.1¥§vk/b�m�©Ù F ���f:0�^�.

yµ (1)5¿� N(t)→∞, t →∞, 9

R(t)

t
=

∑N(t)
k=1 Rk

N(t)
· N(t)

t
,

|^r�êÆ=�.

T. Hu �ÅL§



§3.6 �#ÅNL§

(Y) (2) N(t) + 1� {Rn, n ≥ 1}���Ê�§¤±

ER(t) = E

N(t)+1∑
k=1

Rk

− ERN(t)+1 = ER · [m(t) + 1]− ERN(t)+1,

±e=y² E [RN(t)+1]/t → 0, t →∞. �d§½Â

g(t) = E [RN(t)+1], h(t) = E [R11{X1>t}],

é SN(t)�^��

g(t) = E [R1|X1 > t]F (t) +

∫ t

0

E [R|X > t − y ]F (t − y)dm(y)

= h(t) +

∫ t

0

h(t − y)dm(y).

T. Hu �ÅL§



§3.6 �#ÅNL§

(Y) w,§h(t) ≤ ER, h(t) ↓, h(t)→ 0, u´é ∀ε > 0, �3 T > 0,
� t > T �§h(t) < ε. Ïd§

|g(t)|
t

≤ h(t)

t
+

∫ t−T

0

h(t − y)

t
dm(y) +

∫ t

t−T

h(t − y)

t
dm(y)

≤ ε

t
+
ε

t
m(t − T ) +

ER

t
[m(t)−m(t − T )]

→ ε

EX
, t →∞,

= g(t)/t → 0, t →∞.

5

Rn �±´31 n��#«mp±?¿�ª�G¶

Rn ���K.

T. Hu �ÅL§



§3.6 �#ÅNL§

I =~ 3.6 (A)> On/Off�O�#L§

3 [0, t]¥XÚ?u On���

t
−→ ETon

ETon + EToff
, t →∞.

I =~ 3.6 (B)> �#L§

1

t

∫ t

0

A(s)ds −→ EX 2

2EX
, t →∞,

Ù¥ X ∼ F , F ��#m�©Ù. aq§

1

t

∫ t

0

Y (s)ds −→ EX 2

2EX
, t →∞.

Ïd§
1

t

∫ t

0

XN(s)+1 ds −→
EX 2

EX
, t →∞.

T. Hu �ÅL§



§3.6.1 G/G/1-XÚ

G/G/1-XÚ

��U�#L§��§��m��m {Xn, n ≥ 1} iid ∼ F , ÑÖ�Jø
�ÑÖ�m {Yn, n ≥ 1} iid ∼ G , ÷v

EYi < EXi <∞. (∗.13)

b��m 01� ����§XÚæ^ FCFS5K. P

n(t) =�� t XÚp��<ê.

I XÚ�$1�¤���#L§§�#:éA��aÏ�m©§Ï
dXÚ�²þè�

L = lim
t→∞

1

t

∫ t

0

n(s)ds =
1

ET
· E
∫ T

0

n(s)ds (∗.14)

�3�k�, Ù¥ T ���Ì�£��ü�aÏ�m�m�¤.

T. Hu �ÅL§



§3.6.1 G/G/1-XÚ

I ¦ ET . � N �3��Ì�¥�ÉÑÖ���<ê, K

N = inf

{
n :

n∑
k=1

(Xk − Yk) > 0

}
.

d (∗.13)9·K 7.1.1� EN <∞. q N � {Xn, n ≥ 1}Ú
{Yn, n ≥ 1}�Ê�§¤±

ET = E

[
N∑

k=1

Xk

]
= EN · EX . (∗.15)

I ±Wi L«1 i ���3XÚp�Ê3�m (Ø2ÕáÓ©Ù), K
��3XÚp²þs¤�m

W := lim
n→∞

1

n

n∑
i=1

Wi =
E
[∑N

k=1 Wk

]
EN

(∗.16)

�3�k�. Ú?lÑ�m�#L§§�� k éA�� k ��.
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§3.6.1 G/G/1-XÚ

I ½n 3.6.2 £Littleúª, 1961¤ � λ = 1/EX (����Ç), K

L︸ ︷︷ ︸
²þè�

= λ︸ ︷︷ ︸
��Ç

· W︸ ︷︷ ︸
²þs¤�m

yµ5¿3þã��#L§���Ì�¥§∫ T

0

n(s)ds =
N∑

k=1

Wk .

d (∗.14), (∗.15)Ú (∗.16)�y L = λW .

T. Hu �ÅL§



§3.6.1 G/G/1-XÚ

Littleúª

3y¢)¹¥§·�®Øgú/A^
Túª.

I =~ 1> ��ÚWü²þk 30¶Ô¬§z¶Ô¬3TüÑ¸�
m� 3c§=

L = 30, W = 3,

K
λ = L/W = 10,

=²þzck 10¶Ô¬ò¸§Ó�k 10¶#Ô¬\\.

I =~ 2> ,ãÖ,kõÖ 100�þ§zU/Ñ� 5000�§z�
Ö�/Ï� 2±£²þ¤§¯²þ33TãÖ,�Ökõ�þº
)µÏ�

λ = 5000�/U, W = 14U,

¤±
L = λW = 70000�.

Ïd, 33ãÖ,�Ö²þk 93�þ.
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§3.7 é¡�ÅiÄ

I ½Â {Zn, n ≥ 0}¡�é¡�ÅiÄL§§e Z0 = 0,
Zn =

∑n
k=1 Yk , Ù¥ {Yn, n ≥ 1} iid, ÷v

P (Yn = 1) = P (Yn = −1) =
1

2
.

�!8�

0� {Zn, n ≥ 0}�Ä�5�¶

0� ξ���u5�§Ù¥ ξ�½ÂXeµ^���gò Zk �
Zk+1ë�§

[0, 2n]�mã¥L§����m

2n
d−→ ξ,

ùp ξ´���ÅCþ§�~ê.
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§3.7 é¡�ÅiÄ

-

un = P (Z2n = 0) =

(
2n

n

)(
1

2

)2n

,

��y

un =
2n − 1

2n
un−1, ∀n ≥ 1.

2dÀ¦¯K�

P (Z1 6= 0, . . . ,Z2n−1 6= 0,Z2n = 0) =

(
2n
n

)
(1/2)2n

2n − 1
=

un
2n − 1

. (∗.17)

5 |^ Stirlingúª

n! ∼
√

2πn ·
(n
e

)n
,

�±�yµun ∼ 1/
√
nπ → 0, n→∞.
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§3.7 é¡�ÅiÄ

I Ún 3.7.3 P (Z1 6= 0,Z2 6= 0, . . . ,Z2n 6= 0) = un.

y: |^ (∗.17)�

P (Z1 6= 0,Z2 6= 0, . . . ,Z2n 6= 0) = 1−
n∑

k=1

uk
2k − 1

.

e8By²

un = 1−
n∑

k=1

uk
2k − 1

. (∗.18)

� n = 1�§(∗.18)
√

. b� (∗.18)é n¤á§K

1−
n+1∑
k=1

uk
2k − 1

= un −
un+1

2n + 1
= un+1.

8By..
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§3.7 é¡�ÅiÄ

I Ún 3.7.4 é k = 0, 1, . . . , n,

P (Z2k = 0,Z2k+1 6= 0, . . . ,Z2n 6= 0) = ukun−k .

> �Ñ
iÄL§3�� 2n�c���g�¯ 0��m©Ù.

y:

P (Z2k = 0,Z2k+1 6= 0, . . . ,Z2n 6= 0)

= P (Z2k+1 6= 0, . . . ,Z2n 6= 0|Z2k = 0) · P (Z2k = 0)

= un−kuk ,

Ù¥���ª|^Ún 3.7.3.
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§3.7 é¡�ÅiÄ

Ek,n = {��� 2nk 2k ü �m��§2(n−k)ü �m�K}

I ½n 3.7.5 P bk,n := P (Ek,n), K

bk,n = ukun−k , k = 0, 1, . . . , n. (∗.19)
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§3.7 é¡�ÅiÄ

yµ8B{. � n = 1�§(∗.19)
√

, Ï bo,1 = b1,1 = u1 = 1/2, u0 = 1.
b� bk,m = ukum−k é m < n�(. � T �iÄÄg�¯ 0��, K

bn,n = un. é T �^�§

bn,n =
n∑

r=1

P (En,n|T =2r)P (T =2r) + P (En,n|T >2n)P (T >2n)

=
n∑

r=1

1

2
bn−r ,n−rP (T =2r) +

1

2
P (T >2n)

=
1

2

n∑
r=1

P (Z2(n−r) = 0) · P (T =2r) +
1

2
P (T >2n)

=
1

2

n∑
r=1

P (Z2n = 0|T = 2r) · P (T =2r) +
1

2
P (T >2n)

=
1

2
un +

1

2
un = un (Ún 2.7.3)
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§3.7 é¡�ÅiÄ

b0,n = un. Óþ�y.

bk,n = ukun−k , 1 ≤ k < n. é T �^�§

bk,n =
n∑

r=1

P (Ek,n|T =2r)P (T =2r)

=
1

2

n∑
r=1

bk−r ,n−rP (T =2r) +
1

2

n∑
r=1

bk,n−rP (T =2r)

=
1

2
un−k

n∑
r=1

uk−rP (T =2r) +
1

2
uk

n∑
r=1

un−r−kP (T =2r)

=
1

2
un−kuk +

1

2
ukun−k

= ukun−k .

d8B{y..
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§3.7 é¡�ÅiÄ

��uÆ

^���gò Zk � Zk+1ë�§½Â

[0, 2n]�mã¥L§����m

2n
d−→ ξ,

K

P (ξ ≤ x) =
2

π
arcsin

√
x , x ∈ [0, 1].

5 ùp ξ´���ÅCþ§�~ê. ùÚcã���ü��#m�
�mÏ"k��/�(ØØ��§Ï�éué¡�ÅiÄL§§P T
L«Äg£� 0:��m§K

ET ≥
∞∑
n=0

P (T > 2n) =
∞∑
n=0

un = +∞ (un ∼
1√
πn

),
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