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§2.1 PoissonL§

OêL§ {N(t), t ≥ 0}¡�OêL§§e

N(t)��K�ê¶

N(s) ≤ N(t), ∀s < t;

éu?¿ s < t, N(t)− N(s)L«3�mã (s, t]Su)�¯�ê.

I ½Â 2.1.1 OêL§ {N(t), t ≥ 0}¡�rÝ λ� PoissonL§, e

N(0) = 0;

L§äkÕáOþ¶

N(t + s)− N(s) ∼ Poisson(λt), ∀ s, t ≥ 0.

T. Hu �ÅL§



§2.1 PoissonL§

I ½Â 2.1.2 OêL§ {N(t), t ≥ 0}¡�rÝ λ� PoissonL§, e

N(0) = 0;

L§äk²­OþÚÕáOþ5�¶

P (N(h) = 1) = λh + ◦(h);

P (N(h) ≥ 2) = ◦(h).

{N(t), t ≥ 0}¡�rÝ λ�àgPoissonL§§P� HPP(λ)

T. Hu �ÅL§



§2.1 PoissonL§

I ½n 2.1.1 ½Â 2.1.1 ⇐⇒ ½Â 2.1.2

©Ûµ(⇐=) =y² N(t) ∼ Poisson(λt). �d§ò [0, t]«m k �
©µIkj , j = 1, . . . , k . P N∗K �u)¯��«mê.

5.3. The Poisson Process 307

Figure 5.1.

Remarks (i) The result that N(t) has a Poisson distribution is a consequence
of the Poisson approximation to the binomial distribution (see Section 2.2.4). To
see this, subdivide the interval [0, t] into k equal parts where k is very large
(Figure 5.1). Now it can be shown using axiom (iv) of Definition 5.3 that as k

increases to ∞ the probability of having two or more events in any of the k subin-
tervals goes to 0. Hence, N(t) will (with a probability going to 1) just equal the
number of subintervals in which an event occurs. However, by stationary and inde-
pendent increments this number will have a binomial distribution with parameters
k and p = λt/k + o(t/k). Hence, by the Poisson approximation to the binomial
we see by letting k approach ∞ that N(t) will have a Poisson distribution with
mean equal to

lim
k→∞ k

[

λ
t

k
+ o

(
t

k

)]

= λt + lim
k→∞

to(t/k)

t/k

= λt

by using the definition of o(h) and the fact that t/k → 0 as k → ∞.
(ii) The explicit assumption that the process has stationary increments can be

eliminated from Definition 5.3 provided that we change assumptions (iii) and (iv)
to require that for any t the probability of one event in the interval (t, t + h) is
λh + o(h) and the probability of two or more events in that interval is o(h). That
is, assumptions (ii), (iii), and (iv) of Definition 5.3 can be replaced by

(iii) The process has independent increments.
(iv) P {N(t + h) − N(t) = 1} = λh + o(h).
(v) P {N(t + h) − N(t) � 2} = o(h).

5.3.3. Interarrival and Waiting Time Distributions

Consider a Poisson process, and let us denote the time of the first event by T1.
Further, for n > 1, let Tn denote the elapsed time between the (n − 1)st and the
nth event. The sequence {Tn,n = 1,2, . . .} is called the sequence of interarrival
times. For instance, if T1 = 5 and T2 = 10, then the first event of the Poisson
process would have occurred at time 5 and the second at time 15.

We shall now determine the distribution of the Tn. To do so, we first note that
the event {T1 > t} takes place if and only if no events of the Poisson process occur

P (3,�«mu)¯�ê ≥ 2)

≤
k∑

j=1

P (3«m Ikj u)¯�ê ≥ 2) = k ◦
( t
k

)
= ◦(1).

u´§N∗k ∼ B(k , λt/k + ◦(1/k)), � N∗k → N(t), k →∞. �

N(t) ∼ Poisson(λt).

T. Hu �ÅL§



§2.1 PoissonL§

y²µ(⇐=) =y N(t) ∼ Poisson(λt). P pn(t) = P (N(t) = n). d

p0(t + h) = P (N(t) = 0,N(t + h)− N(t) = 0) = p0(t)[1− λh + ◦(h)]

�
p′0(t) = −λp0(t), t > 0. (∗.1)

Ó�§é?¿ n ≥ 1,

pn(t + h) =
n∑

j=0

P (N(t) = n − j ,N(t + h)− N(t) = j)

= pn(t)[1− λh] + pn−1(t) · λh + ◦(h),

z{�
p′n(t) = −λpn(t) + λpn−1(t), t > 0. (∗.2)

T. Hu �ÅL§



§2.1 PoissonL§

P N(t)�VÇ1¼ê� P(z , t) =
∑∞

n=0 pn(t)zn, K

∂

∂t
P(z , t) = · · · = −λP(z , t) + λzP(z , t) = λ(z − 1)P(z , t).

¦)�
logP(z , t) = λt(z − 1) + c(z), (∗.3)

Ù¥ c(z)�½. d p0(0) = 1, pk(0) = 0, ∀ k > 0, �

P(z , 0) ≡ 1.

�\ (∗.3)� c(z) ≡ 0, u´

P(z , t) = exp
{
λt(z − 1)

}
,

= N(t) ∼ Poisson(λt).

T. Hu �ÅL§
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关于 2017 年本科毕业论文补充答辩的通知 

 

 

各有关院系： 

2017 年春季学期本科毕业论文答辩工作已结束。现有部分

学生由于种种原因没有通过春季学期的毕业论文答辩，根据教学

院长会议精神决定在秋季学期增加一次本科毕业论文答辩机会。

现将补充答辩有关事宜通知如下： 

1. 适用对象：凡是春季学期做毕业论文阶段，由于各种原

因没有通过的学生（如：中期检查没有提交、答辩申请没有提交、

论文检测没有通过、论文答辩没有通过等）； 

¯�u)��µ S0 = 0 < S1 < S2 < · · · < Sk < · · ·
¯�u)m�µ Xk = Sk − Sk−1, k ≥ 1

I½n 2.2.1 � {N(t), t ≥ 0}� HPP(λ)§K {Xn, n ≥ 1} iid∼ Exp(λ).

y²µX1 ∼ Exp(λ)
√

. é?¿ s, t > 0,

P (X2 > t|X1 = s) = P (N(t + s) = 1|N(s) = 1,N(s−) = 0)

= P (N(t + s)− N(s) = 0|N(s) = 1,N(s−) = 0)

= P (N(t + s)− N(s) = 0) = e−λt ,

= X1,X2 iid ∼ Exp(λ). {aq.

T. Hu �ÅL§



§2.2 ,�«�d½Â

I ½Â 2.2.1 OêL§ {N(t), t ≥ 0}¡�rÝ λ� PoissonL§, e¯
�u)m�S� {Xn, n ≥ 1} iid ∼ Exp(λ).

I ½n 2.2.2 ½Â 2.1.1 ⇐⇒ ½Â 2.2.1

y²µ=⇒
√

.
(⇐=) d�ê©ÙÃPÁ5�§{N(t), t ≥ 0}äk²­ÕáOþ5. e
=y N(t) ∼ Poisson(λt). 5¿� Sn ∼ Γ(n, λ)9

Sn ≤ t ⇐⇒ N(t) ≥ n,

�

P (N(t) ≥ n) = P (Sn ≤ t) = · · · =
∞∑
k=n

e−λt
(λt)k

k!
, n ≥ 0.

u´, P (N(t) = n) = e−λt(λt)n/n!, n ≥ 0.

T. Hu �ÅL§



§2.2 ,�«�d½Â

½Â 2.2.1�A^µ

|^ Sn ≤ t ⇐⇒ N(t) ≥ n, �±¦Ñ Γ(n, λ)� cdfÚ pdf.

ÛÜAÛ�{:

P (t<Sn< t + h) = P (N(t + h)−N(t) = 1,N(t) = n−1) + ◦(h)

= e−λt
(λt)n−1

(n − 1)!
· λh + ◦(h),

u´ Γ(n, λ)� pdf�

fSn(t) = e−λt
λntn−1

(n − 1)!
, t > 0.

k|uò PoissonL§í2��#L§.

k|u� PoissonL§�O�Å�[�ý.

T. Hu �ÅL§



§2.3 PoissonL§5�

I ½n 2.3.1 � {N(t), t ≥ 0}� HPP(λ)§K[
(S1,S2, . . . ,Sn)

∣∣∣N(t) = n
]

d
=
(
U1:n,U2:n, . . . ,Un:n

)
,

Ù¥ U1,U2, . . . ,Un iid ∼ U(0, t), U1:n < U2:n < · · · < Un:n � U1, . . . ,Un

�gSÚOþ.

>
(
U1:n,U2:n, . . . ,Un:n

)
�éÜ pdf�

g(t1, t2, . . . , tn) =
n!

tn
, ∀ 0 < t1 < t2 < · · · < tn < t.

T. Hu �ÅL§



§2.3 PoissonL§5�

I ½n 2.3.1∗ � {N(t), t ≥ 0}� HPP(λ)§K[
(S1,S2, . . . ,Sn)

∣∣∣Sn+1 = t
]

d
=
(
U1:n,U2:n, . . . ,Un:n

)
,

Ù¥ U1,U2, . . . ,Un iid ∼ U(0, t), U1:n < U2:n < · · · < Un:n � U1, . . . ,Un

�gSÚOþ.

y{�µ��|^ (X1,X2, . . . ,Xn+1)←→ (S1,S2, . . . ,Sn+1)Ð�C�.

y{�µ|^

[(S1,S2, . . . ,Sn)|Sn+1 = t]

= [(S1,S2, . . . ,Sn)|N(t−) = n,N(t)− N(t−) = 1]
d
= [(S1,S2, . . . ,Sn)|N(t−) = n]
d
= [(S1,S2, . . . ,Sn)|N(t) = n].

T. Hu �ÅL§



§2.3 PoissonL§5�

I =~ 2.3(A)> b�¦�U HPP(λ)L§��»�Õ§»�u�� t
mÑ. ¦ (0, t]�ã��¦�����moÚ�Ï", =

E

N(t)∑
k=1

(t − Sk)

 .
A^½n 2.3.1µ

E

N(t)∑
k=1

(t − Sk)

 = E

E

N(t)∑
k=1

(t − Sk)

∣∣∣∣∣∣N(t)

 = E
[ t

2
N(t)

]
=
λt2

2
.

T. Hu �ÅL§



§2.3 PoissonL§5�

I =~ 2.3(C)> ���´Â�ÀÂ§ÀÂU HPP(λ)L§��§1 i
�ÀÂ�5��ú� Di . b� {Di , i ≥ 1} iid, �Õáu HPPL§§�
ú��mUK�êP~§��±U\. u´ t �����o�ú�

D(t) =

N(t)∑
k=1

Dke
−α(t−Sk ), α > 0,

¦ ED(t).

A^½n 2.3.1µ

E [D(t)|N(t) = n] = ED · e−αtE
n∑

k=1

eαUk = n · ED · 1− e−αt

αt
.

T. Hu �ÅL§



§2.3 PoissonL§5�

½n 2.3.1�A^µPoissonL§¯�©a

��� s u)�¯�±VÇ p(s)y\ I.§±VÇ 1− p(s)y\ II..

Ni (t) = (0, t]�ãu)� i .¯��ê§i = 1, 2.

I ·K 2.3.2 � {N(t), t ≥ 0}� HPP(λ)§K N1(t)� N2(t)Õá§�

N1(t) ∼ Poisson(λpt), N2(t) ∼ Poisson(λ(1− p)t),

Ù¥

p =
1

t

∫ t

0

p(s)ds, t > 0.

> ·K 2.3.2�±í2�©¤k�½��a¯��/

T. Hu �ÅL§



§2.3 PoissonL§5�

y²µé?¿ m, n ≥ 0,

P (N1(t) = m,N2(t) = n)

= P (N1(t) = m,N2(t) = n|N(t) = m + n)︸ ︷︷ ︸
∆m,n

·P (N(t) = m + n).

∆m,n = P

(
u S1,S2, . . . ,Sm+n ��u)¯�
y\ I, II.©O� m, n�

∣∣∣∣N(t) = m + n

)
= P

(
u U1:(m+n),U2:(m+n), . . . ,U(m+n):(m+n) ��
u)¯�y\ I, II.©O� m, n�

)
= P

(
u U1,U2, . . . ,Um+n ��u)
¯�y\ I, II.©O� m, n�

)
=

(
m + n

m

)
pm(1− p)n,

T. Hu �ÅL§



§2.3 PoissonL§5�

Ù¥

p = P (u U u)¯�y\ I.)

= E [P (u U u)¯�y\ I.|U)] = E p(U)

=
1

t

∫ t

0

p(s)ds.

u´

P (N1(t) = m,N2(t) = n)

= e−λpt
(λpt)m

m!
· e−λ(1−p)t (λ(1− p)t)n

n!
.

> 3·K 2.3.2¥§e p(s) ≡ p, K {N1(t), t ≥ 0}� HPP(λp),

{N2(t), t ≥ 0}� HPP(λ(1− p)), ��pÕá.

T. Hu �ÅL§



§2.3 PoissonL§5�

I ½n 2.3.2 � {Ni (t), t ≥ 0}� HPP(λi )§i = 1, 2, �ü�L§�p
Õá, P

N(t) = N1(t) + N2(t),

K
{N(t), t ≥ 0}� HPP (λ1 + λ2).

> |^�ê©Ù�ÃPÁ5`² {N(t), t ≥ 0}äk²­ÕáOþ5

T. Hu �ÅL§



§2.3 PoissonL§5�

�ÅÑÖXÚ

 
 
 
 
 
 
 

顾客到达                                                 顾客离开 
 
 
 
 
 
 
 

排队 接受服务 

Xµ£1¤õÑÖ�¿é

£2¤õÑÖ�Gé
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§2.3 PoissonL§5�

�ÅÑÖXÚ©aµ D.G. Kendall u 1953cJÑ�©a�{§Äu�
���m��m!ÑÖ�m©ÙÚÑÖ��ên�A�. PÒµ

X/Y /Z ,

X ?W�L«���U���mm�©Ù��è§

Y ?W�L«ÑÖ�m©Ù��è§

Z ?W�XÚÑÖ���ê.

X ��/M0!/GI0!/D0�§Y ��/M0!/G0!/D0
�§Ù¥

M —— �ê©Ù£ÙÃPÁ5û½L§�Markov5¤

GI —– ���pÕá��mm�©Ù

D —— (½���§òz©Ù

G —— ÑÖ�m���©Ù

T. Hu �ÅL§



§2.3 PoissonL§5�

�ÅÑÖXÚ©aµ Kendall*¿PÒ

X/Y /Z/A/B/C ½ [X/Y /Z ] : [A/B/C ],

Ù¥cn�¿ÂÓcØC§

A?W�XÚNþ��ê N§

B ?W���
ê8 m§

C ?W�XÚÑÖ5K§~��kXeo«µ

(1) k�kÑÖ (FCFS, First Come First Serve)

(2) ��kÑÖ (LCFS, Last Come First Serve)

(3) k`k��ÑÖ (PR, Priority)

(4) �ÅÑÖ (SIRO, Service in Random Order)

T. Hu �ÅL§



§2.3 PoissonL§5�

�ÅÑÖXÚÞ~µ

M/G/k XÚµ�����mm�Ñl�ê©Ù£��L§�
PoissonL§¤§ÑÖ�Jø�ÑÖ�mäk���©Ù§XÚk
k �ÑÖ�.

GI/D/∞XÚµ�����mm�Õá�äk��©Ù£��L
§��#L§¤§ÑÖ�Jø�ÑÖ�m´�½~ê§XÚkÃ
¡õ�ÑÖ�.

M/G/1/N/∞/FCFSXÚ

T. Hu �ÅL§



§2.3 PoissonL§5�

�ÅÑÖXÚïÄµ

XÚ�Iµ²þè�!²þÑÖ�m!²þ���m!6���'

~!Ï">sÏ�Ý!Ï"aÏ�Ý§�

T. Hu �ÅL§



§2.3 PoissonL§5�

I =~ 2.3(B)> M/G/∞XÚµ����L§Ñl HPP(λ)L§§�
�ÑÖ�mÕá§��Ó cdf� G . ½Â

N1(t) = �� t ÑÖ�.���ê,

N2(t) = �� t �3�ÉÑÖ���ê

K N1(t) ⊥ N2(t), �

N1(t) ∼ Poisson(η1(t)), N2(t) ∼ Poisson(η2(t)),

Ù¥

η1(t) = λ

∫ t

0

G (x)dx , η2(t) = λ

∫ t

0

G (x)dx .

> A^·K 2.3.2µ�� s u)�¯�y\ I.VÇ�

p(s) = G (t − s), s ≤ t (�½Âé ∀ s)

T. Hu �ÅL§



§2.3 PoissonL§5�

I =~> � N ∼ Poisson(10), {Xn, n ≥ 1}� iidS�§÷v

P (X1 = 0) = P (X1 = 2) =
2

5
, P (X1 = 1) =

1

5
,

� N Õáu {Xn, n ≥ 1}. P S =
∑N

j=1 Xj , ¦ P (S = 5).

> Ú\ PoissonL§§2A^·K 2.3.2

T. Hu �ÅL§



§2.3 PoissonL§5�

I =~> � X1,X2, . . . ,Xn iid Exp(λ), y² nX1:n, (n− 1)(X2:n −X1:n),
. . ., (n − k + 1)(Xk:n − X(k−1):n), . . . ,Xn:n − X(n−1):n iid Exp(λ).

> Ú\ PoissonL§§2A^½n 2.3.2Ú�ê©Ù�ÃPÁ5

�.µ

� n���Æ·©O� X1,X2, . . . ,Xn iid Exp(λ), ������á
=^Ó�.Ò��O�§z���´Õáó�. P N(t)� (0, t]
�mã������ê, K {N(t), t ≥ 0}� HHP(nλ), ÙÄ�¯
�£��¤u)��� X1:n ∼ Exp(nλ).

�1����u)�§DKT��§rT��:P��må:£0
:¤, �Ä{e��3ó�� (n − 1)���§����á=��
O�§K X2:n − X1:n ∼ Exp((n − 1)λ), �Õáu X1:n.

{eÑ.

T. Hu �ÅL§



§2.4 �àg PoissonL§

I ½Â 2.4.1 OêL§ {N(t), t ≥ 0}¡�rÝ¼ê λ(t)��àg
PoissonL§, e

N(0) = 0;

L§äkÕáOþ5�¶

P (N(t + h)− N(t) = 1) = λ(t)h + ◦(h);

P (N(t + h)− N(t) ≥ 2) = ◦(h).

>

(1) �àg PoissonL§§P� NHPP£Non-homogeneous Poisson
Process¤

(2) 3þã½Â¥§�¦ λ(t)äkëY5

T. Hu �ÅL§



§2.4 �àg PoissonL§

I ½n 2.4.1 � {N(t), t ≥ 0}�rÝ¼ê λ(t)� NHPP, K

N(t + s)− N(t) ∼ Poi (m(t + s)−m(t)), t ≥ 0, s > 0,

Ù¥ m(t)�þ�¼ê

m(t) =

∫ t

0

λ(s)ds.

> NHPP��d½Â

I ½Â 2.4.2 OêL§ {N(t), t ≥ 0}¡�rÝ¼ê λ(t)� NHPP, e

N(0) = 0;

L§äkÕáOþ5�¶

N(t + s)− N(s) ∼ Poi (m(t + s)−m(s)), ∀ s ≥ 0, t > 0.

T. Hu �ÅL§



§2.4 �àg PoissonL§

I ½n 2.4.1 � {N(t), t ≥ 0}�rÝ¼ê λ(t)� NHPP, K

N(t + s)− N(t) ∼ Poi (m(t + s)−m(t)), t ≥ 0, s > 0,

Ù¥ m(t)�þ�¼ê

m(t) =

∫ t

0

λ(s)ds.

> NHPP��d½Â

I ½Â 2.4.2 OêL§ {N(t), t ≥ 0}¡�rÝ¼ê λ(t)� NHPP, e

N(0) = 0;

L§äkÕáOþ5�¶

N(t + s)− N(s) ∼ Poi (m(t + s)−m(s)), ∀ s ≥ 0, t > 0.

T. Hu �ÅL§



§2.4 �àg PoissonL§

½n 2.4.1y²µ �½ t, P pn(s) = P (N(t + s)− N(t) = n). d

p0(s + h) = P (N(t + s)− N(t) = 0,N(t + s + h)− N(t + s) = 0)

= p0(s)[1− λ(t + s)h + ◦(h)]

�
p′0(s) = −λ(t + s)p0(t + s), t > 0. (∗.4)

Ó�§é?¿ n ≥ 1,

pn(s + h) =
n∑

j=0

P (N(t + s)− N(t) = n − j ,N(t+s+h)− N(t + s) = j)

= pn(s)[1− λ(t + s)h] + pn−1(s) · λ(t + s)h + ◦(h),

z{�

p′n(s) = −λ(t + s)pn(s) + λ(t + s)pn−1(s), s > 0. (∗.5)

T. Hu �ÅL§



§2.4 �àg PoissonL§

P N(t + s)− N(t)�VÇ1¼ê� P(z , s) =
∑∞

n=0 pn(s)zn, K

∂

∂s
P(z , s) = λ(t + s)(z − 1)P(z , s).

¦)�
logP(z , s) = (z − 1)[m(t + s)−m(t)] + c(z), (∗.6)

Ù¥ c(z)�½. d p0(0) = 1, pk(0) = 0, ∀ k > 0, �

P(z , 0) ≡ 1.

�\ (∗.3)� c(z) ≡ 0, u´

P(z , s) = exp
{

[m(t + s)−m(t)](z − 1)
}
,

= N(t + s)− N(t) ∼ Poi (m(t + s)−m(t)).

T. Hu �ÅL§



§2.4 �àg PoissonL§

HPP� NHPP'Xµ

NHPP�À� HPP�ÅÄ�

� λ(t)ëY, ÷v

λ(t) ≤ λ0 <∞, ∀ t ≥ 0.

� {N∗(t), t ≥ 0}´ HPP(λ0)§�u�� s u)�¯�±VÇ

p(s) =
λ(s)

λ0

y\ I.§± N(t)� (0, t]�mãy\ I.¯�ê, K
{N(t), t ≥ 0}´rÝ¼ê� λ(t)� NHPP.

T. Hu �ÅL§



§2.4 �àg PoissonL§

HPP� NHPP'Xµ

NHPP�À� HPPé�m�C��)�#L§

� λ(t) > 0ëY, ½Â

m(t) =

∫ t

0

λ(s)ds, t > 0.

� {N∗(t), t ≥ 0}´ HPP(1)§½Â

N(t) = N∗(m(t)),

K {N(t), t ≥ 0}´rÝ¼ê� λ(t)� NHPP.

T. Hu �ÅL§



§2.4 �àg PoissonL§

HPP� NHPP'Xµ

HPP�À� NHPPé�m�C��)�#L§

� λ(t) > 0ëY, ½Â

m(t) =

∫ t

0

λ(s)ds, t > 0.

� {N(t), t ≥ 0}´rÝ¼ê� λ(t)� NHPP§½Â

N∗(t) = N(m−1(t)),

K {N∗(t), t ≥ 0}´ HPP(1).

T. Hu �ÅL§



§2.4 �àg PoissonL§

HPP� NHPP'X�A^µ

I ½n 2.4.1 �OêL§ {N(t), t ≥ 0}�¯�u)���

0 < S1 < S2 < · · · < Sn < · · · ,

� m(0) = 0, m′(t) = λ(t) > 0. e

m(S1), m(S2)−m(S1), . . . ,m(Sn)−m(Sn−1), . . . iid ∼ Exp(1),

K {N(t), t ≥ 0}´rÝ¼ê� λ(t)� NHPP.

y²µ ½Â N∗(t) = N(m−1(t)), K {N∗(t), t ≥ 0}¯�u)���

0 < m(S1) < m(S2) < · · · < m(Sn) < · · · ,

K {N∗(t), t ≥ 0}´ HPP(1)§u´ {N(t), t ≥ 0}´rÝ¼ê� λ(t)�

NHPP.

T. Hu �ÅL§



§2.4 �àg PoissonL§

NHPP��d½Â

I ½Â 2.4.3 �OêL§ {N(t), t ≥ 0}�¯�u)���

0 < S1 < S2 < · · · < Sn < · · · ,

� m(0) = 0, m′(t) = λ(t) > 0. e

m(S1), m(S2)−m(S1), . . . ,m(Sn)−m(Sn−1), . . . iid ∼ Exp(1),

K¡ {N(t), t ≥ 0}´rÝ¼ê� λ(t)� NHPP.

T. Hu �ÅL§



§2.4 �àg PoissonL§

P¹�L§

I =~ 2.4 (A)> �Ä�KS� {Xn, n ≥ 1} iid ∼ F , F � pdf÷v
f (x) > 0, x > 0, TS�éA�P¹�S��

0 < R1 < R2 < · · · < Rn < · · · .

½Â��OêL§

N(t) = #{n : Rn ≤ t, n ≥ 1}, t ≥ 0},

K {N(t), t ≥ 0}´rÝ¼ê� λ(t)� NHPP, Ù¥

λ(t) =
f (t)

F (t)
, t > 0.

T. Hu �ÅL§



§2.4 �àg PoissonL§

P¹�L§

y{�µ ��y½Â 2.4.1¥£3¤Ú£4¤ü^. k�½ X0 = 0, K

P (N(t + h)− N(t) ≥ 1)

= P

( ∞⋃
n=1

{Xn ∈ (t, t + h), Xn > max{X0,X1, . . . ,Xn−1}

)

=
∞∑
n=1

P (Xn ∈ (t, t + h), Xn > max{X0,X1, . . . ,Xn−1})

=

∫ t+h

t

∞∑
n=1

F n−1(s)dF (s) = λ(t)h + ◦(h).

aq§
P (N(t + h)− N(t) ≥ 2) = ◦(h).

T. Hu �ÅL§



P (N(t + h)− N(t) ≥ 2)

=P

( ∞⋃
n=1

∞⋃
m=0

{
(t, t+h)¥cü�P¹�u)��� nÚ n+m+1

})

=◦(h) +
∞∑
n=1

∞∑
m=0

P
({

(t, t+h)¥cü�P¹�u)��� nÚ n+m+1
})

=
∞∑
n=1

∞∑
m=0

F n−1(t)

∫ t+h

t

Fm(s)[F (t + h)− F (s)]dF (s) + ◦(h)

=
1

F (t)
·
∫ t+h

t

1

F (s)
[F (t + h)− F (s)]dF (s) + ◦(h)

=
1

F (t)
·
∫ t+h

t

1

F (s)
[f (s)h + ◦(h)]dF (s) + ◦(h)

= ◦(h).

T. Hu �ÅL§



§2.4 �àg PoissonL§

P¹�L§

y{�µ Äk§

m(t) =

∫ t

0

λ(s)ds = − log F (t), t ≥ 0.

d½Â 2.4.3, =y²

{m(Rn)−m(Rn−1), n ≥ 1} iid ∼ Exp(1), (∗.7)

Ù¥�½ R0 = 0. 5¿�

{m(Rn), n ≥ 1}�S� {− log F (Xk), k ≥ 1}�P¹�S�¶

{− log F (Xk), k ≥ 1} iid ∼ Exp(1),

=⇒ (∗.7)
√

(|^~ 1.6(B)).

T. Hu �ÅL§



§2.4 �àg PoissonL§

��?nL§

I =~ 2.4 (C)> ����u�� 0Ý\¦^§��Æ·� X ∼ F , F
� pdf÷v f (x) > 0, x > 0. ������á=é��?1��?n
£=¡E�����c�G�¤, ?n�mØO. P N(t)�T��u
(0, t]�mã?1��?n�gê, K {N(t), t ≥ 0}´rÝ¼ê� λ(t)
� NHPP, Ù¥

λ(t) =
f (t)

F (t)
, t > 0.

> ��?n

��u�� t ?1��?n´�?Ð�����{Æ· Xt ÷vµ

P (Xt > s) =
F (t + s)

F (t)
, s > 0,

= Xt
d
= [X − t|X > t].

T. Hu �ÅL§



§2.4 �àg PoissonL§

��?nL§

y²µ Äk§m(t) =
∫ t

0
λ(s)ds = − log F (t), ���?n��S��

{Sn, n ≥ 1}. d½Â 2.4.3, =y²

{m(Sn)−m(Sn−1), n ≥ 1} iid ∼ Exp(1), (∗.8)

Ù¥�½ S0 = 0. 5¿�

m(S1) = − log F (X ) ∼ Exp(1);

é ∀ s > 0, t > 0,

P (m(S2)−m(S1) > t|m(S1) = s)

= P (S2 > F−1(1− e−s−t)|S1 = F−1(1− e−s))

= P (X > F−1(1− e−s−t)|X > F−1(1− e−s)) = e−t ,

= m(S2)−m(S1),m(S1) iid ∼ Exp(1).

{eaq�y.

T. Hu �ÅL§



§2.4 �àg PoissonL§

> é'

P¹�L§ ��?nL§

~ 2.4 (A) ~ 2.4 (C)

¯�µMV¹ ¯�µ?1��?n

P¹� Rn, n ≥ 1 ←→ ��?n�� Sn, n ≥ 1

P (Rn − Rn−1 > t|Rn−1 = s) P (Sn − Sn−1 > t|Sn−1 = s)

= F (t+s)

F (s)
= F (t+s)

F (s)

T. Hu �ÅL§



§2.4 �àg PoissonL§

M/G/∞-XÚÑÑL§

I =~ 2.4 (B)> �Ä��M/G/∞-XÚ, ����L§� HPP(λ),
ÑÖ�Jø�ÑÖ�m ∼ G , P Nout(t)� (0, t]�mãÑÖ�.��
�<ê, K {Nout(t), t ≥ 0}´rÝ¼ê� λG (t)� NHPP.

©Ûµ ½Â

m(t) = λ

∫ t

0

G (s)ds,

=I5²

Nout(t + s)− Nout(s) ∼ Poi (m(t + s)−m(s)), ∀ s, t > 0;

épØ��«m AÚ B,

Nout(A)Ú Nout(B)�Õá.

T. Hu �ÅL§



§2.4 �àg PoissonL§

M/G/∞-XÚÑÑL§

�d§Àu (s, s + t]�ÑÖ�.lmXÚ�@������ I-.¯�,
u�� y ���y\ I-.�VÇ�

p(y) =

 G (s + t − y)− G (s − y), y ≤ s,
G (t + s − y), s < y ≤ s + t,
0, y > s + t,

P N1(u)� (0, u]�mã I-.¯�ê§K

Nout(t + s)− Nout(s) = N1(s + t) ∼ Poi (η),

Ù¥

η = λ

∫ s+t

0

p(y)dy = m(t + s)−m(s).

aq�y Nout(A) ⊥ Nout(B).

T. Hu �ÅL§



§2.5 EÜ PoissonL§

I ½Â 2.5.1 {S(t), t ≥ 0}¡�EÜ PoissonL§§e S(t)�L«�

S(t) =

N(t)∑
n=0

Xn,

Ù¥,

(1) {N(t), t ≥ 0}� HPP(λ);

(2) {X ,Xn, n ≥ 1} iid ∼ F ;

(3) {Xn, n ≥ 1}Õáu {N(t), t ≥ 0}.

> EÜ Poisson�ÅCþ§EÜ PoissonL§, A^

T. Hu �ÅL§



§2.5 EÜ PoissonL§

EÜ PoissonL§ {S(t), t ≥ 0}5�

(1) äk²­ÚÕáOþ5�;

(2) ¦þ�!��£� EX 2
1 <∞¤

Ý1¼ê£mgf¤{µ� X � mgf�MX (z), K S(t)� mgf
�

MS(t)(z) = exp
{
λt(MX (z)− 1)

}
.

u´§E [S(t)] = λt · EX , Var (S(t)) = λt · EX 2.

üÚr�{µ

E [S(t)] = E
{
E [S(t)|N(t)]

}
= E

[
N(t) · EX

]
= λt · EX ,

Var (S(t)) = E
[
Var (S(t)|N(t))

]
+ Var

(
E [S(t)|N(t)]

)
= E [N(t) ·Var (X )] + Var (N(t) · EX )

= λt · EX 2.

T. Hu �ÅL§



§2.5 EÜ PoissonL§

(2) ¦þ�!��£� EX 2
1 <∞¤

PoissonL§¯�©a�{ (=·^u X lÑ���/)µ�
X ��u {x1, x2, . . . , xm}� pj = P (X = xj), j = 1, . . . ,m.
P

Nj(t) = #
{
k : Xk = xj , 1 ≤ k ≤ N(t)

}
,

K N1(t), . . . ,Nm(t)�pÕá§Nj(t) ∼ Poi(λtpj), ∀ j , �

S(t) =
m∑
j=1

xjNj(t).

u´

E [S(t)] =
m∑
j=1

xj · λtpj = λt · EX ,

Var (S(t)) =
m∑
j=1

x2
j · λtpj = λt · EX 2.

T. Hu �ÅL§



§2.5 EÜ PoissonL§

EÜ PoissonL§ {S(t), t ≥ 0}5�

(3) p�¥%Ý

E [S(t)] = λt · EX ,

Var (S(t)) = λt · EX 2,

E [S(t)− ES(t)]3 = λt · EX 3,

E [S(t)− ES(t)]4 6= λt · EX 4.

T. Hu �ÅL§



§2.5 EÜ PoissonL§

I =~ 2.5 (A)> £ÀÂ�.¤ ����´uÂ�	.�ÀÂ§ÀÂ
u)�±^ HHP(α)£ã§u�� s u)�ÀÂE¤���Ù©Ù�
Fs , �6u s. u´§(0, t]�mãÀÂE¤���\O�

W (t) =

N(t)∑
j=1

Zj ,

d? Zj �mQØÕá§�ØÓ©Ù.

> W (t)��ÅL«µ � Y (s)L«u�� s u)�ÀÂ¤E¤��
�§Õáu {Sn, n ≥ 1}, K

W (t) =

N(t)∑
j=1

Y (Sj),

T. Hu �ÅL§



§2.5 EÜ PoissonL§

� {Uk , k ≥ 1} iid ∼ U(0, t). A^½n 2.3.1, �

[W (t)|N(t) = n] =

 n∑
j=1

Y (Sj)|N(t) = n


d
=

 n∑
j=1

Y (Uj :n)

 =

 n∑
j=1

Y (Uj)


=⇒

W (t)
d
=

N(t)∑
j=1

Y (Uj) =

N(t)∑
j=1

Xj ,

Ù¥ Xj = Y (Uj), j ≥ 1, iid ∼ F , {Xk , k ≥ 1}Õáu {N(t), t ≥ 0}, �

F (x) =
1

t

∫ t

0

Fs(x)ds.

T. Hu �ÅL§



§2.5 EÜ PoissonL§

��EÜ Poissonð�ª

EÜ Poisson�ÅCþµ W =
∑N

j=1 Xj , N ∼ Poi(λ), X1 ∼ F

I ·K 2.5.1 � X ∼ F , X ⊥W , K

E
[
W h(W )

]
= λ · E

[
X h(W + X )

]
, ∀ h(t).

y²: � X Õáu¤k��ÅCþ. é?¿ n ≥ 0,

E [W h(W )|N = n] = n · E

[
X h

(
X +

n−1∑
i=1

Xi

)]
,

E [W h(W )] = λ

∞∑
n=1

e−λ
λn−1

(n − 1)!
· E

[
X h

(
X +

n−1∑
i=1

Xi

)]
= λ · E

[
X h(W + X )

]
.

T. Hu �ÅL§



§2.5 EÜ PoissonL§

·K 2.5.1�A^

EÜ Poisson�ÅCþµ W =
∑N

j=1 Xj , N ∼ Poi(λ), X1 ∼ F

I íØ 2.5.2 � X ∼ F , Ké?¿��ê n,

E [W n] = λ

n−1∑
j=0

(
n − 1

j

)
E [W j ] · E [X n−j ].

y²: 3·K 2.5.1¥� h(x) = xn−1, K

E [W n] = E [W ·W n−1
]

= λ · E
[
X (W + X )n−1

]
.

T. Hu �ÅL§



§2.5 EÜ PoissonL§

¦ pmf�4íúª

EÜ Poisson�ÅCþµ W =
∑N

j=1 Xj , N ∼ Poi(λ), X1 ∼ F , X1 ��

���ÅCþ. ½Â

αi = P (X1 = i), Pj = P (W = j), i ≥ 1, j ≥ 0.

I íØ 2.5.3

P0 = e−λ, Pn =
λ

n

n∑
j=1

jαjPn−j , n ≥ 1.

y²: � n ≥ 1, 3·K 2.5.1¥� h(x) = 1
n · 1{n}(x), K

Pn = λE [X h(W + X )] = λE
{
E [X h(W + X )|X ]

}
=

n∑
j=0

λαjE [j · h(W + j)] = RHS.

T. Hu �ÅL§



§2.6 ^� PoissonL§

I ½Â 2.6.1 OêL§ {N(t), t ≥ 0}¡�^� PoissonL§§e�3
���K�ÅCþ Λ ∼ G , ¦�

[{N(t), t ≥ 0}|Λ = λ] � HPP(λ).

>

Ø´ PoissonL§¶

äk²­Oþ§�ØäkÕáOþ¶

¦ P (N(t + s)− N(t) = n);

¦ P (Λ ≤ x |N(t) = n].

=~ 2.6(A)>

T. Hu �ÅL§



§2.6 ^� PoissonL§

I ½n 2.6.1 � {N(t), t ≥ 0}�^� PoissonL§§K[
(S1,S2, . . . ,Sn)

∣∣∣N(t) = n
]

d
=
(
U1:n,U2:n, . . . ,Un:n

)
,

Ù¥ U1,U2, . . . ,Un iid ∼ U(0, t), U1:n < U2:n < · · · < Un:n � U1, . . . ,Un

�gSÚOþ.

>
(
U1:n,U2:n, . . . ,Un:n

)
�éÜ pdf�

g(t1, t2, . . . , tn) =
n!

tn
, ∀ 0 < t1 < t2 < · · · < tn < t.

T. Hu �ÅL§



§2.6 ^� PoissonL§

I ½n 2.6.1∗ � {N(t), t ≥ 0}�^� PoissonL§§K[
(S1,S2, . . . ,Sn)

∣∣∣Sn+1 = t
]

d
=
(
U1:n,U2:n, . . . ,Un:n

)
,

Ù¥ U1,U2, . . . ,Un iid ∼ U(0, t), U1:n < U2:n < · · · < Un:n � U1, . . . ,Un

�gSÚOþ.

y²µ��|^ (X1,X2, . . . ,Xn+1)←→ (S1,S2, . . . ,Sn+1)Ð�C�.
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