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o # C R £1 HAvmt4t )y, W Ac Log(1 — 2*) = Ac Log(l — z) + Ac Log(1 + 2) = 4ri.
o # C A £1, M Ac Log(1l — 2%) = 0.

HF D e 2 i TR A 1 s -1, IR A 1, d R R Log (1 — 2°) Ak
D B4yt BEAA0 30 3 FIE £(0) = 0 W53 f, 24 2 iy D P i 2 0 22z 5] 2 i,

f(2)—f(0)=A, Log(l — 22) = (10g|1 — 22| —log 1) +i[A, Arg(1+ 2) + A, Arg(1 — 2)]
=i(0+ ) = log 3 + mi.

fit £(2) = log 3 + Ti. o

SIRE 2.4.27 FEPIEE V(1 —2)3(1+2) BEFE C\ [-1,1] I — AN f, W f) =
V2e SRR f(—1) B

UERA R$E S 2421 JEETTRITHE, AT
ACF(2) = |R(z) [ e ABRED e e ARG _q],
S 20 HERLEIIE C TR ML

AcF(z) =0 <= en®cA8RE) =1« AcArgR(z) =2knt <= > n;=kn, kel
jea

ele

A, W T R(z) = (1— 281+ 2) 5 F(2) = [(1 - 2)3(1 + 2)] 7,
o HIT 3AE 4 MRS, Bl 12 F(2) MEUS.
o T 1A 4 WBEERs, Rt —1 2 F(2) A
o HIT 34+ 1 =424 1REAE, ik oo RNE F(z) MIELE.

IR C\ [0, 1] LML v, By RIS 1 BN, B4y RS LW, P
WA AL F(2) = 05 (1= i) (1+i) = —4i = (Vae ), A C\ [-1,1) Laih— i

FO) = V2e™ STy IH ALY S £ BUR E DA 1R i B TUR IR 20k,
f(=1) = (i) = ApF(z) = ﬁeiArgR(U( [ApAgR(z) _ 1)’
Ap Arg R(z) = 5 3+ 3777 3.

it
F(—i) = V2e &1 4 V/2e1 Al 41)( T’”—l) = V2e ¥, 0
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S 2.5.2 SRHE b I A B R LY A e M e, (15 1,0, 1 43 BIWEh 1,4, -1

BB BRI RAHAA < B8 w, W T S = s o e =
Bl 2R 50> 08 iz:iz;:f;iéwi; :
S 253 Wabede R WAREHAS w= 0 1 LETEIN LR < ad— be > 0
MR T 0, by d € R, w= Tt R WOk R SR ad — be £ 0, HORBRZ.

ad+db)z < 0.z 7ER El —oo B[] +oo I, w i +oo HI) —oo, s

AR BN PR AT, w 8 2P PR R 2T, P . i) ad — be > 0.
ad — be

(=) #ad—bc <0, )ﬂJJw'—(

(<) Hiw' = (ot d? 0,4 z 7E R 1 —oo ] +o0 I, w ) —oo i) +oo, MHE4=4E R B R
FE, w A EA-F Oy b O

SRR 2.5.4 BORIPELIASA SN {2 : |2] > 1} WAk P {w: Rew > 0} (4R, 75
(1) 1, i, =1 235144 1,0, —i.
(2) —i,i, 1 43514 H 1,0, .
IEBA TSR R R 2 R w.
z=(=) 1-(-)  w-0  i-0

o) () w— () i- () YT

(x4iy)+i 2 +y?—1

(M

z+1 .
j*\lﬁg/ﬁ S 2* + 9 > 1) 2,y € R,

75Re(a;+iy)—i_x2+(y—1)2>O‘
Z—i.—i—i_ w—20 ) i—0 . AT 2 2 ;
(2) s S w vy Ry = w= e —1)z+(21 o Kegh: XE o” +y° > 11
. . 2
2,y ER, f Re @ +iy) 1 2’ +y" 1) > 0. m

(2—1)(x—|—iy)—|—(2i—1) 2r+y—1)24 2y —x+2)2
3@ 2.5.9 JEH: 2,20 XTRE
azZ+Bz+PZz+d=0

R RS
anZ3 + Bz + B +d=0.

WEBA  (BZk) MUHT a = 0.4 21, 20 KT ELANHR, W 20 — 21 L i, B Re(ifz2 — z1) = 0, JEIF45

iB(z3 — 71) —iB(22 — 21) =0 <= Bz + Bz1 = B71 + Bza.

21 +22

i ——— W TR HE T

BT PA_E P HPAS:
871 + Brza +d = 0.
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2, #2120 R B X BRI
Bz1+4 Bz +d =0,

WA A s -
=21 2 1 2 .
G2 4 pT 2 =,

W AEZES
ﬁ(@—ZT)—B(Zz—ZQZO,

iR % HI75 Re(if72 — 21) = 0. # 21, 20 2 T E Z0FF.

(BA) ACBAR B 20, 2R R A 21, 22 KT IGEFEXSFR, W)
R2

Zo — 20 — — —.
21 — 20

R PR AR b 2CHURE 5 40 T 15

|ZQ — 20H21 - Zo| = RQ,
Arg(zy — 29) = — Arg(z1 — Zp) = Arg(z1 — o).

V18" = ad

R4 [ A 7 R i) 45 1 X

-4
a |al
W 18I
Bl —ad
Z2+é: = FER)
i+ e
Al
a1 %3 + Bz + Bz +d=0.

JZ, 5 21, 20 R B R EIRRR SR BIFT 21, 22 KT BGRB8 RIRFR.

S8 2.5.10 & T(z) = Zig B e, i
-1
a b a f
c d vy 0 7

B2, 5
—1,,  az+
T (Z)_WZ—HS'
_ +b + bd 10
B 7 =l g, [T ) 2 R
cea ca+dy cB+dd 0 1

—dz+b az+p
cz—a  yz+6

(ca+dv)2% + (¢B+dS — ac — by)z — (aB + b6) =0 =
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S 2511 W T(z) = DE0 gy = 250 g e, i
c1z +dy c2z + do
ar by} [ax b2 a b
C1 dl C2 d2 c d
B2,
az+b

. b b bid a b aijas +bica  arba + bids
W (10 T3)() = et e - 7

261 20 201 e ascy + cady  bocy + dids
az+b

. O
cz+d

T& (ThoT)(z) =

S 2516 kM AL, kAR {2 ~5 <Rez< Z,Imz> 0} Wk bk I, FLiE
T 0w - N

57_§7O%ﬁljy%j‘j 17_170'

RE |08 2.4.19 Al w = sin z L. IRAT AR ER 2, B ASERAT N sin 2.

{ze(C:—g<Rez<g,Imz>O} imiEN {zEC:—g<Imz<g,Rez<O}

J{zr—mz
zZ>iz

{zeC:lz|<1,Imz >0} «+——————— {z€C:|z|] <1,Rez > 0}

(1)\{2}—)?}

{zeC:Rez<0,Imz < 0} et {z€eC:Imz >0}

(2)}»—;*}

{zeC:Imz > 0}

o B A 2 NSRS AN T

(1) wi(z) = g PRI RO =R R (T — 3 7E Riemann 3k P58 P, 4Gk
V520 1 R PR A P T X R 4 2 A AR e B A7 A ), HAE —1 = 0,1+ 00,1 —i.

(2) wa(e) = ~ 5 BTN BRI, L0 1,00 25 —1, 110, 0

SRR 2.5.17 SRt A aip, JERR AL (a0 + hi] AR {2 © 0 < Imz < 1} BOh A TEI
{w:0<Imw <1}, HFaeR 0<h <1



fRE SR

z—7(z+a)

{z:0<Imz < 1} \ [a,a + hi]

{zeC:0<Imz < 7w} \ [0, hri]

l{m—)ez
—1

{zE(C:Imz>O}\{O, 1;;‘22(:;)1} isa) {zeC:Imz>0}\{z€C:|z|=1,0< argz < hr}
Jzn—xf
1—cos(h7)\ 2
B 2 2224 Toin(hn)
C\ [—(1;‘2%7’:?) 7+oo) ( ) C\ [0, +00)
‘Z}—)\/E
z—Llogz

{zeC:0<Imz < 1} {z€C:Imz > 0}

R

" — 1 o en(z+a) _1\? N 1— cos(hm)\*
= or 8|\ e 11 sin(h) ’ O

S8 2.5.18 SR, HEEURIH B B0, 1).

A

w2518 F

MRE CEUR AR D, WA

2y 2EL
=1

7 3
D {reC: T <argz< 2L

Jz»—ﬂogz

{z€C:0<Imz<2r} 22T {zeC: T <Imz< 3
szez
C\ [0, +00) Ve (:€C:Imz>0) — =", B(0,1)
s z+1 _ . L . 2
F—Eik 2 —1 R PRSI A S P e, R Y 2 ER By —1 3 1B, w =1+ ~_1

7E R Lih 0 %) —oo, [HUtih (AT HIE Sk BT fIE A 58 © A T S AER

CVeSE T TT (o 41)P —ieF (2 — 1)

1

Slog -7 i (2413 +ieT (2 —1)3 0
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SIEE 2.5.20 kB4, HEEGR B(—1, 1) R B(L, L) mSN £ B (21, 0] BRI |
L.

-1 O 1
—2i
Wi 2.5.20 A
fRE  CEURXECH D, WA
p— "= {zeC:-1<Rez<1}\{2€C:Rez=0HImz>1}

er—ﬂriz#»ngﬂ'i

C\ [-1,+0) i{ze(C:O<Imz<ZW}\{ZGC:Imz:wHRez<O}

Jz»—m-&-l

C\ [0,400)

{zeC:Imz > 0}

RS e ]

w:\/e?+%+”i+1:\/1—eg+%. 0
3@ 2.5.21 &0 <r < a, R—EAM-Eaipdgt, {85 {z € C: Rez > 0,]z — a| > r} By EFR

{weC:p<|w <1}

WRE SR |2 —a| = r AR RATESA L, BN £ (0 <z < a), W (a—z)(a+a) =77,
T » = va? — r2. H o N A

2 _ 2
we k. EEVE
z—+aZ—r2
2 _ 2
SRS AL T IR BSF. B0 0 — —k, 0 — 7 s —k - YT
b — r _a—+Va?—r?
Saiva—2Z
M w KT LG {w € C: p < Jw| < 1}, il p = . 0

dz 1+2C059

#EE/ 5+4 059 =0

388 3.1.2 iERs /

[z|=1
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d
BE T 5 B0, Las £ B0 Lk, [ 5 = 0.5, i
|z|=1
N Y
242  Jy ef+2 o €?+2
|z|=1
e
0/27r el /2’r (cos @ +isinf)(2 + cosf — isin )
Sy e?+2  Jy (2+cosf+isind)(2+ cosf —isinb)
27 PR 27 27 .
:/ 2c059+1+2151n0d9:/ 1+2C059d9+21/ sin 6
0 5+4cosf o ©+4cosb o 9+4cost
i 2 2
/ 1+2c050d0:2/ 1+2c050’ / sin 6 40 =0,
o D+4cosb o D+4cosd o D+4cosb
i

™1+ 2cosf
——————df#=0.
/0 5+44coséb O

SIRE 3.1.4 WIRETK Q) WETX P(2) @WK, il

. P(z)
S T
|z|=R
. o |P2P(R)] s Z*P(z)
IEFAR u‘zllgnoo o0 |~ . B < 2M, Bt

(2) z 2M 47 M
/ & /‘QZ 2| < / Tpldsl = T 0. R
-ion oi=R 0

3@ 3.1.5 AR / 2"z dz, Hin ke Z.

|z|="r

T n . 4 o 0, +1#k,
fRE / 2"ZFdz = / (Tele) (Teﬂe)k drel? = ir”+k+1/ el(n—k+1)0 g — { " 7 O
0

omir™ Rl n 41 =k,

388 3.2.1 e

|dz|
1 —_— .
) / |Z—a|2’|a‘7ér
|z|=r

2z—-1
2) / z(z—l)d

|z|=2

@ [ %

|z|=5
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eZ

|z|=2a
z r r r2el
/ ‘d‘ /271' do /271’ do /27r 2 10d0 7
Foa? Jo et —af Sy G —are"—a) Jy ¥ —a)i?—are?)

i | o /<i+1)d

|z|=r |z|=r @
d d
<>%|a|<r,ﬁllj/7'z:27ri, / 22 =0.
z—a = —z
[z|=r |z|=r @
=0, / TQdZ = —27i
F*Z
|z|=r |z|=r
|dz|  2m@r
# [ i
|z|=r
2z -1 1 1
2 ——dz = -+ —— ) dz = 4ni.
2) /z(z—l) : /<z+z—1> =
|z|=2 |z]=2

3) / zdz B

|z|=5

(4) H Cauchy B33t

/ Ldz — i / e? B e? Ay — i(gmeai B 27rie_‘“) _ 2wisina
22 4+ a? 2ai - — dai Z +ai 2ai a .

|z]=2a |z|=2a O

22+1) 4

H\
\»—l
7 N\
N
[\v]
=
—_
N
[\v]
_A'_)—‘
—_
N—
(oW
N
(V)
|
o

3l 3.2.2 K fAE {2 < |z] < oo} W44, H. Zlggozf(z) = A {IERH:

/ F(2)dz = 2riA,

|z|=R

Hd R >

AR X TR >R A

/f(z)dzf%riA: /<f(z)dzf)dz§ / W(Z];ifA'Md
Iz|=R

|z|=R' |z|=R’

<27 sup |zf(2) — 4] =+ 0, R — . O
|z|=R'

3 3.4.1 AT

sin z

|z—1|=1
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@ [
|2

=2

eﬂ'Z
(3) / m dz.

da2+y2=2y

dz
@ | e

(6) / (Z_adz’ /ﬁ\:t{j n ﬂgiﬁﬂgﬁ[, a,b%?’fﬁ |Z‘ - RJ:

)" (z = b)
|z|=R
mE () / L / iiiid omi. 07 isin 1
z = ———dz = 2m1 - = 718 .
= 221 z—1 z4+1lz=1
|z—1|=1 |z—1|=1

‘ 1 : ,
(2) e=gm={z:lz—il=ch={z: [z +if=c}, W
dz

dz % Zz—i 1 1
= z z :2 i| — :O
/ 1+ 22 /zfi—i—/zf(*i) i T

|z]=2 71 Y2

3) L E={(x,y) : 4" +y* =2} = {(x,y) 1 42® + (y — 1)* = 1}, ]

e™(rz +7i—2)

L % dz 271 d e™* .
—_— dZ — 3 _ . — YY) = 27T1 . N\ 3
(1+ 22) (z —1) 11 dz\(z+1) (z +1)
Ax24y2=2y E ==t
_r(m-1
= 5 .

) 1 . ‘
@) ie=pm={e:lz—il=c}m={z:|z+i=c} W

/ dz :/ (z+i)céz2+4) +/ (z—i)(t2+4) — i l+i =0
G+ D) =i o= (=) 6 —6i)

_3
|z|_§ Y1 2

i 1
(5) ide= 1N ={z2:zl=ete={2:]z-1 =€}, W

dz dz
/ dz _ / =13 (z=3)° +/ 23(z—3)°
23(z — 1)3(z — 3)5 (z —0)3 (z—1)

|2]=2 m ”

- ()

(169
= 77i 3767276

Lo a1
o 21 dz2\z3(z—3)° »




(6) @ % a,bIFEH |

® % aTEFIH |2 =

® #7 a {EAH |2| =

23

dz
n —:
£ = RO i Cauchy s, [ ——5 s ~0,
|z|=R
. R — |b|
Rﬁhb?’j—:‘%V':RW?lEE: 9 77:{'2:'271)‘:5}35]\”
/clz_/(zili)n_ 27i
(z—a)(z—b) ) z—=b (b—a)"
|z|=R ¥
= . R — |a
RWviE|Z|:R&{\a1E‘IE: 2 77:{2:‘Z_a|:€},lj\uj
/ dz 7/ 5 om dvl/a 2m
(z—a)"(z—b) ) (z—a)®  (n—1)! dz""'\z-b)| — (b—a)

|z|=R

@ ¥ a,b PIHE A A

e <min{R — |al,

/

|z|=R

3 3.4.4

J& Legendre £ 15X jIFH] :

Y

lzl = RW,itm ={2:]z—a|l =¢},72 = {z:|z—-0b] = e}, Hp
R — b} T3/ INAE 71, 72 4 F BT KA AZ. T2

dz

I O = s )
(z—a)n(z—b)_0—/(Z_a)n+/(z_a)n—©—|—®_0,

71 Y2 O

(1) Legendre Z Wi A 41 F A 3R -

1@y
P = 51 | e

~

by SRR N RS 2 B AT SRA BT R A k.

(2) fnHH

:{Ce@:|§—x|:\/x2—1} (1 <z < +400),

2440 F Y Laplace 24

1 ™ n
P, (z) = ;/0 (x+ x? — lcosﬁ) deé.

B (1) th Cauchy B4 AL,

RSN 7>
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(2) (1) FrEBr R,

B 1 (CQ_]_)” B 1 2m
Py(z) = %/Qn@,z)n+1 d¢ = %/0
v

(z 4+ Va2 — 1ei9)2 - 1]nd9.

2T Te
ﬁﬁ 2 n 2 n
T (x4 Va2 — 1) — 1 p=2m—0 (" [ (x4 VaZ—1e ) —1
/ , de —/ : da,
m 2Va? — 1e 0 2Vr2 — le—i8
it
r 02 n
1 ™ 2 1 i0 -1
Po(z) 7/ Red | (2 V2~ 1e¥) 40
T Jo I 2v/x2 — lei?
1 /w Re [(22 = 1) + Va? = e (Va? ~Te + 21) ! "
™ Jo | 222 — 1lel?
_ 1/ﬂRe{ (V22 —1 l(eie +e‘19) + 2% n}d@
™ Jo 2
1 (7 n
= —/ (x+ Va?— 1C0$0> do
T Jo

SR 3.4.5 % f € H(B(0,1))N 6(]]3%(0, 1)). RZE

27
(1) g/O f(e?) cos®(§) do = 2£(0) + f(0).

™

2
(2) EA f(e?)sin?(§) do = 2£(0) — f/(0).

™

UERA  fy Cauchy #4AK,

1 (2) , 1 o f(eie) 0 gy 1L S
f(O)—% 7(12—% ; ei@ -e de—?/o f(e )d9,
z|=1
oy L FG) o0 TR 1 [P
7'(0) = 5 / po dz = or ), e e’ df = o, f(e”)e " do.
|z]=1

|z|=1
Jﬂz 9 27 1 2m ) 619+e—19
2 e o @an=1 [T e <1+ ' )de:2f<o>+f'(o),
™ 0 ™ 0
T
2 2



I8 348 (Schwarz BUMAR) 1% £ € H(BO,R) N e(BO,R)), f=u+iv. iEW]: f Al 6250
1 2m R i0 + . )
1@ =5 sz i zu( e'%) o + iv(0).
WEBH X F 2 € B(0, R), i Cauchy F15r 23X,
2m f(ReiO)Reie
271'1 / (-2 z 271' Rel? — 2 dé.
|z|=R
2
i TR |2 = RRFRAN = = . My Cauchy 731,
f(C) - 2w f Rele Re‘ez
/ Fldc-0 — 7/ Relez—RQ do = 0.
|z|=R
DA B2 RS
1 o[ Re? z 1 oy B2 — |2
f(Z)_%A f(Re )|:Re19—z —Re_19:| d@—% o f(Re )mda
T i S TS B A , o
_ 1 oy B — |2
u(z) = 5 /0 u(Re") R 27 de
R
R? — |2|? _R Rel? + 2
|Rei — 2 e<Reie - Z)’
2 2
1T oy Re? + z
g(z) = g/o u(Re )Rew — do,
M Reg(z) = u(z). BT g(z) € H(B(0, R)), % h(z) = f(2) — g(2), W h(z) € H(B(0,R)), H Reh(z) = 0.
331 2.2.2 BRI B(z) = C e ih
1 o 1g 1 [ 0 FHEAR B
g(0) = %/o u(Re)dd = Re{zﬁ/0 f(Re )d@} Re f(0) = u(0)
I
C = f(0) — g(0) = u(0) + iv(0) — u(0) = iv(0).
[i1¢ N
1 T Re’ 4+ ; .
f(2) = g(2) +iv(0) = %/0 ﬁu(&ea) do + iv(0). -

3% 3.5.1 ¥ f R2AE R

It S H Liouville .

PRAEL, 21, 22 52 B(0, ) HATE 5. IERA :

25
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MERR i Cauchy B4,

HT fAR, 15 M > 0415 | f(2)] < M. X f € H(C), i Cauchy EH 5K KALRX, ¥ R>r, A

Jzi=r

/( f(z) I /(Mm>dzzwi.w.

z—2z1)(z — 22) 21 — 2o z—21 Z— 2 z1 — 22
|z|=r |z[=r

f(2)

(z—21)(z — 22) dz| =

£(2) . 2r RM
MZR o)) | S B TaDE =)

w | (Z_Z{(Z) dz = 0, T f(21) = f(z2), th 21, 2 B{EERHERDIE Liouville 5250,

)(z — 22)

3 3.5.4 B fREEEL W f(C) C {z € C:Imz > 0}, IEW] f J&— I {HRRAL.

-0, R— +4oc.

R 4 g(z) = jﬁg : HBERITS g(2) € H(C) H lg(2)] < 1. 414 Liouville iE3E, g(=) A {ERRIAL,
T f(2) IR (R AL m
SR AL B AR HE T D PSR G, B

3@ 3.5.8 % f 2 D FHIES KRS
Aot

1.
/ FZ)de = 0, T4 £ 12 D FiAAEREL A0S TR AL, S50 1 75 Uh R

JEBA

WAL = A AT e TS MIIAAE D i = fie, Wity D PR = AR 8 0.

(1) W5 RN 0 A& TS O 0, FEMTHHLEAMIIAAE D H iy =R 0.1 D

A

HAE f 7 D b4esl, WAL f 45 D PGAJTER - 4edl, BT A5 D = B(a, B). {LHL = € D, i%
F(z) = / F(w) dw. B 20 € G, tifs = fIEY Y 0 1T

[a,2]

F(z) = / Fw) dw + / Flw)dw = F(Zi:i(%):z_lz@ / F(w) dw.
!

[a,Z()] [Z(J,Z [Z(),Z]

z)— 20 _
ey / 1)~ il
R R KA,
M — f(z0)| € max |f(w)— f(z0)]-
z— 2 ’IJJG[Z>ZO]




W f € CD), MLE e >0, f74E 0 > 0, 24 z € B(20,0) N D W}, WA |f(2) — f(20) < e. B

max | f(w) — f(z0) <e,

wE|[z,20)

[ - .
lim M = f(z0).

z—20 Z— 29
T F(z) £ D L4460, i f(z) = F'(2) £ D L4240
(2) A TR R 5, S5 AT.
@ JHIE f =u+iv e (D) WY XHEE B(2o,7) C D, A

0= / f(z)dz = /(udx—vdy)—i—i / (udy +vdx).

OB(z0,T) OB(z0,T) OB(z0,T)

i Green AR A5

0=-— / (udx —vdy) = // (%—&—)dxdy,

OB(zo,T) 0,
0= / (udy +vdz) = //( Y >dxdy
OB(20,7) B(z0,7)

FA BB FEREDA 7r2, 34 r — 01, i u,0 € CY(D) A5
ou Ov ou Ov

ar oy oy or
iXj& Cauchy-Riemann J#2, # f 7£ D b 4x4fi.

@ BHEEBH f € C(D). & o(2) N C_ERYEEREL, HifL

o /Cgb(z)dozdy: 1.
o ¢ € CH(C).
o supp(¢4) C B(0,1).

o)

Xfe >0, X o= (2) = = (2) [AVRE Lo al = sk, H supp(¢:) C

://Cf(z—C)sbs(C)dfdm C=¢+in,

WY e — 0" W, fo(2) RB—BulSE] f(2), HXMER B(20,7) C D,

/ fe(z / / f(z = )p:(¢)dEdndz
//{ JRECRYS dZ}qﬁe(C)dEdn

B(z0,7)

27
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OB(z0—C,r)

//@{ / f(z)dZ}fbe(C)dﬁdTl

ORI fe(2) € H(D). T f(2) =2 fe(2) BIRE—BRIR, f(2) € H(D).

S 4.2.2 KAV RIS
(3) Z 3+ n n P

nn
(4) Z ﬁzn
n=0

1
n—oo n—o0
" 1
(4) limsup { " lim n%ﬂ =e = WEEERR =

SR 4.2.4 BLERHY {a,} RIS 0. 1EHT:
1) ) an" USRER R > 1

n=0
(2) Z anz" 1£ 0B(0,1) \ {1} Ababirss.

n=0

SeEE R > 1

n

‘1 7Zn+1

(2) %z €0B(0,1)\ {1} B, <o

1—2

k=0

oo

SR 4.2.7 W % f(2) = anz” B B0,1) BHE RAMREL WY ) < +oc.

n=0 n=0

IEBR % |f(2)| < M,Vz € B(0,1). % r e (0,1), &

271'
2 M? 2/ Tele | d9—/ Za rrel™? Za rme~ im0 4g
0

n=0

27
— E § an—amrn+m/ el(n—m)9 do = 2r § : |aln|2,,42n7
n=0m=0 0 n=0

5)1:4

oo m m
Z |an|2r2" <M? = Z |an|2r2" <M? Vm>n = Z \an\zR% < M2,
n=0 n=0 n=0

5
Z |lan|* < +oo0.
n=0

ifi an | 0, H Dirichlet ¥ 3FAFFHIE.

VYm > n.

R (1) HF an L0, FHEFEEN, 4 n> N, a, <1, NIl {/a, <1, Ftlimsup {/a, <1, 1K

O
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SRE 4.3.1 % DR, ac D, @i f € H(D\ {a}). IEW]: % lim (2 — a)f(2) = 0, m f e H(D).

(z—a)f(z), ze€ D\A{a},

0, zZ=aq.

A B p(2) = { Mo € C(D)NIH(D\ {a}). AEH D rpral sRK fif 5 P il £k

v, Hy B XIAE D A, MRS a 5y IIRLE % &, iﬁﬂﬁ/ z)dz =0 (24 a ££ v JTE X A, i
Tt a BEHZE). H Morera £ #f5 ¢ € H(D). T2, J:‘u%l\?ﬁmx fla) = ¢'(a) FEH

lim f(z) = lim 2E 7O _ oy = pa),

P iha z-a
Bk f € C(D)NH(D\{a}), FHWHE f € H(D). O
& 4.3.5 ZEEAAE f € H(B(0,1)), 15 Pkl —mor:

(@) () =0.f(555) =Ln =123

) 1(2) = F(-}) = m =234
BRE  (2) AIFIE. S n— oo, I fHE 2 = 0 ALIELLRIFSF .

(3) ATEAE. UM ME—HEEH, f(E) = 22 Z0R f(2) = 2°, HX 5 f(—2) = & 7J&. O
SR 4.3.6 % f(z Zanz HMECELE B > 0,0 <7 < R, A(r) = maxRe f(2). iEH:

n=0 l=1=
1 2 X i
(1) apr™ = ;/ [Re f(re'?)]e % do, ¥n € N.
0
(2) |an|r™ < 2A(r) — 2Re f(0),Vn € N.
WEBH (1) #h Cauchy B4,

R Lo f(re) | PR
an Tz_; / zm+1 —2—7Ti/0 g ie do = 27‘(‘7‘"/0 f(re”)e ™" de.

0]

2m )
/ f(reif)e 0 dh =0,

2mrn 0

2T
0= / f(z)z"tdz = ir"/ f(re?)e™ do =
0

|z|=r

S)lia

2m
an=— [ [Ref(re®)]e= " do.

n
wr 0

27
@) I / e " dg = 0 AT
0

|lan|r™ = i'/o% [Re f(re!) — A(r)]e™"? do

<L /2W|Re f(re?) — A(r)| do
T™Jo
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=2A(r) — ;Re{/:w f(re?) de}

= 2A(r) — 2Re £(0),
H G — AN T AR, O
SIRE 4.3.14 % D 2, a € D, f € H(D), }HH. f: £ (a) W UE -
]
(1) fREEEL
() Zf<"> ) 16 C A P—E0lst.

WEBA (1) T f € H(D), fFHE € > 0, H5AE B(a,e) A BT

Y (@) BeSeTA lim
n=0

f<n>(a)| =0, H

Z i ) SR +o.

limsup {
n— oo

fj£ka)

& S( Zf @ (. ),z e €M S(2) 1 F(2) 16 C ERIBHTEH (th 2 NS A

n'

—). e f TL?E?@% 2.

@) BT " (a) Uesl, WHER € > 0, FFAEIEREEL N, i

n=0

‘f(p“)(a) +~--+f('J)(a)‘ <e, Vg>p>N.

MMEEEE K CC it M = max{e'z"” } i
zeK

4 L& R () (4p41) (g) 4 - .. 4 f(rFd) (q)
S st = S (2 = a)"
k=p+1 k=p+1n=0 n!

— |z —al"
< &:Z - cel*=al < Me.

At Z S™(2) ¥ K bl P K Sk Z 2) fE C ERA—8ust. O

n=0

S 4.4.6 B0 <7< LFBA: M n 4K, 231+ 224322+ -+ n2" L EE B0, r) AR

B TRED (k4 )2 ISR R 1, 24 |2 < TR, DY (k4 1)28 = (Z Zk“) T 32)2' H

k=0 k=0 k=0
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FIGHAE B(O,r) HA M — S0, t Hurwitz 23, 2% n S50 K, #40A0 Y (k + 1)2" 4 B(0,r) th

k=0

RN i E5] HE, BIIEZE A O

(1-22 )

SIEE 4.47 B> 0. GEW: % n AN, zrﬁm+z+%z i %z”zw(o,r) A AR

n k
SERE T4 Z 2 B(0,) P SOl 8] e*, th Hurwitz 58, 4 n 3650 kHt, WA Y o
27
16 B0, 1) PR RS e I, BT =

W 448 & f(2) € 9{(133(0,1)), H f(2) 75 OB(0,1) FFRZ & IEW: % n 540 K, Fo(z) =
n[f(z+ ) — f(2)] 5 f'(z) % B0, 1) P Z S AEHSE

EBR WEE 0 <r <1, BT fl(2) e G(B(o,r)), Fo(z) 76 B(0,r) E—F0l st ® f'(2), Bl Fu(2) £
B(0,1) M —BU 8B f'(2). X f'(2) 75 0B(0, 1) ETE AL, i Hurwitz E#, 24 n 5050 KEF, F(2)
¥ B(0, 1) FIE A () M. O

S 4.4.11 SRNP AR EHE B0, 1) P E M

(1) 2% =228 422 — 82— 2.

(2) 225 — 2% +322 — 2 + 8.
(3) 27 =52t 2% -2
(4) e — 42" 4 1.
FRE CHHTIRECH f(2), v = 0B(0,1).

(1) B g(z) = —82, MY z € 7 B, [£(2) — g(2)] = |2° =255+ 22 = 2| < |#f° + 202 + 2P +2 = 6 <
8 = |g(2)], th Rouché SEFRAN £ il g & B(0, 1) 12 s MEOHIIR, 45 14

(2) #g(z) =8, MY z € v}, [f(z) —g(z)| = [22° — 2 + 322 — 2| <2LPP + 2P+ 3|22 + |2| =7 <
= |g9(2)|, 1 Rouché EHLRI f Fl g 7 B(0, 1) = s MECHR, 2 0 4.

(3) W g(z) = =bz*, WY z e v}, [f(2) —g(z)| = |27 +2° = 2| < 2]+ [P +2 =4 <5 = [g(2)], H
Rouché EHA f #l g 76 B(0, 1) HH 2 S BUHIR, Sy 4 4

(4) Bg(z) = —42", W24 2 € y I, [£(2) = g(2)] = " — 1| < el + 1= e+ 1 <4=]g(z)], Hi Rouché
SEFVA £ AN g 7 B(0,1) sHAYE SN, 5 n A -

I8 4.4.12 % [ € 5(B0,1)Ne(BO. D)), /(BO, 1) € B(O, 1), M f(=) 1 B0, 1) A HIREA.

B 4 g(2) = f(2) — 2, h(z) = —2z, WX 2z € 9B(0,1) i, [g(2) — h(2)] = [f(z)] < 1 = |h(z)], th
Rouché EHH g F1 7 75 B(0, 1) FEIZ AR, J 1A, B f(2) 7£ B(0, 1) A ME—RIAZhA. O

n

SR 4.4.13 Baaz,- ,a, € B(0,1), f(z) = [ =

k=1

RTRE

1—ag
(1) #beB(0,1), W f(z) = b4EB(0,1) FHAH n MR
(2) # b€ B(oo,1), M f(z) = b1E B(oo, 1) A n MR
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iEBA (1) 7% Blaschke A T 1“_7_; (la| < 1) HUFHR

a —
1—

a—z
1—az

a—z

=1 < |z] =1, Z‘>1<:>|z|>1.
az

<1l <= |z <1,

M f(z) =b < Hak*Z —bH (1 —agz) (X2 n KTFE, BR [bar—a,| < 1) ¥£ C LIGH

n AL M | f(2)] = |6 < 1, B 2] < 1 (750, :Iﬁ k‘ L, e [f(2)] = 1), B f(2) =
1 B0, 1) H1AH n MR

(2) BHE f(3) = b7EB(0, 1) " n MR, XS TIER

- (;) = AEBO,1) iy n AR T

—=
S
|
w
|

—apt
Z:

II ar — 1

k=1 z

MEET 3] < 1, Bk (1) RIFEHEE. O

w»—-

1—apz
k=1 k

S 4.5.4 i [ € (B0 B). WH: M(r) = max|(2)| 2 [0.R) LA

WERR AN S ARREC i RORBUEEL, M (r) = max | f(2)], HERTIL M(r) 4 [0, R) ERORERIEL N

‘ ‘ \

Sl 4.5.5  F AR HHIE I AR R A S

EB % P(2) € Cl2], deg P = n (n > 1). 85 P(2) 6 C A R > 0 (7% |2 > R 14
P> [PO), 1P| 78 B0 ) i MIGHHIEL T P {6 B0, B) B, i
ol ‘ .~ )‘mm R) WECREISE, B | P(2)] 76 B(O, R) MECRER/IME, 7. O

SIRE 4.5.10 % f € H(B(0, R)),

f(B(0, R)) C B(0, M), £(0) = 0. iEH:

~—

ORIEIIES IZ\ 10 < V2 € B0, R) \ {0}.

m\i

(2) HHBLBARY [(2) = % (0 € R).

UEER & B R
g:B(0,1) > B0,1), 2 %f(Rz).

T g € H(B(0,1)), g(0) = 0, iy Schwarz 5 [# ] f5

g < 2], |g'(0) <1, VzeB(0,1),

A N
SR LAY g(2) = ¥ (0 € R) Bl £(2) = %ewz (9 €R). 0
S 4.5.11 % f € H(B(0, 1)), £(0) = 0, FHAHE A > 0, {7% Re f(2) < A,Vz € B0, 1). jFH:

A
fel< 228 v eBo.
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IEBR ¥ g(z) =

s Mo Mz € C:Rez < A} EIB(0, 1) fILTR A (MR, H 9(0) =

z—=z—A Z——iz =i +A

{z€C:Rez< A} ———> {2 €C:Rex <0} ——— L B0, 1)
HIEN(z) = g0 [(2) = f(zf)(i)m, W A(0) =0 H |h(2)| <1, th Schwarz 53R 45 [h(2)] < |z], Hit
T 134 S o) —za] S/ = @IS vz €BO). .

3J®# 4.5.12 (Carathéodory A% ) #% f € H(B(0,R)) N G(B(o,R)), M(r) = ‘m‘ax|f( 2)|, A(r) =
|m|iX.Ref(Z) (0 <r < R).EH:

2
r A(R) + R—|—r

~If(0)], Vre [0, R).

WA & g(2) = f(Rz) — £(0), W g(2) € H(B(0,1)) H.g(0) = 0.%F B(0,1) EAYFHFIRLL Reg(z) (i
AR i B AT A

mg§Reg( z) = mngeg( z) = A(R) — Re f(0).

> 4.5.11 Ef5

2[A(R) —Re f(0)] - |2 _ 2[A(R) + [f(0)]] - ||

l9(2)| < =] < T , VzeB(0,1).
i f(2) = (%) + /(0) B73
1)1 < Ja(3)] + 10y < ZAEE 'fif” il 1) = AR IO
R
27| R+ |#| ,
i
2r R—!—r
M(r) = lmlaX\f( ) < g AR + 7 If(0), vre[0,R). 0

38 4.5.18 % f € H(B(0,1)), f(B(0,1)) C B(0,1). IFHT:

£ (O)] — || £ O)] + 12|

ORGSO ER

SRR i b = £(0), X a € B(0,1), i a(z) = f:;z, il Schwarz-Pick 53,

f(z) = f(0) < |z|, z€B(0,1).

z S Z E‘ 1OV ()]
leo(f(2))] < lpo(2)| HD 1— £(0)f(2)
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75 —J7 i, #1208 1.1.6 (3),

- Ol _| ) - 5o |
1= [f0)I[f(= )I 1— f(0)f(2)
A 5
G- 5O _
e S
A
2= OGN > 1)~ FO),
2= OGN > 1£0)] — 1))
FETH 15
FOL= L _ o O L
O E AR OIER o

)@ 4.5.19 #¢ f € H(B(0,1)), £(B(0,1)) C B(0, M). jiFHH:

M|f'(0)] < M? — | £(0)[%.
R ita = % g(z) = % € Aut(B(0,1)). % & h(z) = (f<2>) ) b A B0, 1) 5] B(0, 1) fiy4k
A, H h(0) = 0. fi Schwarz 5|, ['(0)| < 1. @EH ¢ ' =g, HIL M -goh = f,

M2 —|£(0)
M b

1T BIGIE. O

[f/(0)] = M]g'(0)] - [ (0)] < M]g'(0)] = Mllaf® — 1| = M(1 —|af?) =

3 4.5.20 % f € H(B(0,1)), f(0) = 0, f(B(0,1)) C B(0,1). iEH: FHAEALE 21,22 € B(0,1), f#i75F
21 # 22, |21] = 22|, f(21) = f(22), W

[f(z0)l = 1 (z2)] < |a]? = |22,

B 4
F(z) = f(zﬂ;f(z) .1—71,2.1—722.
1= JG0f) s ms

TR 21, 20 1904 F(2) ATAA AL I F(2) € HB(O, 1)), Hfs B, K f£(B(0,1)) C B, 1), 4

max |F =max |F(z)| = 1.
max | F(2)| = max|F (z)|

1 L,

<1 = [f(21)| = |f(22)] < ;22| = |21]* = |22

3/ 4.5.21 P f € H(B(0,1)), f(0) =0, f(B(0,1)) C B(0,1). jiFFH:

2l 1f'(0)] — || £ (0)] + ||

“roE S YOS ERT G
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f(z)
— 1

B 4 g(2) = { . U< 2l <1, i Schwarz 5[ [g(2)] < 1. %} g(2) FH > 4.5.18 5 HIA]. O
), z=0.

3R 4.5.30 ¥ f € H(B(0,1)), £(0) =0, HH [Re f(2)| < 1,Vz € B(0,1). JIFH:

(1) |Re f(2)] < —arctan |z|,Vz € B(0, 1).

log(1 + Iz'),Vz € B(0,1).

@) lim /()| < log =1

SRR N N

B oM A g {2 € C: Re f(2)] <1} — B(0,1) i g(0) = 0, 74N :

zr>e”

{zE(C:|Rez|<1}%>{ZE(C:|Imz|<%}—>{z€(C:Rez>O}

0O—1
1»—>ilz>—>iz

z»—)i—:
et gt _eri-1 W) — _ e -1 Wk B(0,1) — B(0,1) . h(0) = 0
SRR 9(2) = S HIEBE) = 90 £(2) = S WA B(0.1) B, 1) FLAO) =0, th

1Z+1
<

e e
Schwarz 3| BEA]15: |h(2)| < |2|. Wi £(0) = O A fE45:

)

2 14 h(z) 1= h(2)
12 = 518 T 2 14+ h(2)
Imf(z):—;lo ’1—/1(2) .

PRt el

1—|z] 1+ h(z)
<
og(177) < o8| Ty

HIf345IE (2). f [Re f(2)] < 1 713

14 ]z]
g1‘*‘”(1—|z|)

n(124) <3

s 1+h(z) 1+ |h(z)]*+2iImh(z) 1+ h(z) 2Imh(z)

T=hz) ~ |1-h()] - arg<1—h(z)> - n(l—h(z)2>
HE

Re f()| = % arctan(%) < iarctan<1 f'TlP) S %.Qarctan|z\,

* AR B T IEDI R A5 AL |2] < 1 it arctan |z € (0, ). #Z5ie (1) 1HIE. O
3 4531 % f € H(BO,1)U{1}), £(0) =0, f(1) =1, f(B(0,1)) C B(0,1). IEHH: f/(1) > 1.
—_ LG
IEBA & g(z) = {f’io), . H1~J/8 4.3.1 B g € H(B(O, 1)). phim AHEIAEE,

f(2)

max |g(z)| = max |g(z)| = max
z

\z|<1 \Z\:l \Z\ZI :maX|f<Z)| :maxlf(Z)L

|zl=1 =<1

Pt g(B(0,1)) € B(0,1) H g(1) = 1. > 233 B ¢'(1) = f'(1) — f(1) = 0, # f'(1) > L. O
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SIEE 4.5.32 % P ANk IR, fER IR E LWL | P(e)] < 1M WHER AR NG 2, 4

|P(2)] < |2[".

P(2)
z

W /() = 0 0 € 9(BO.T)). mAABURAL max| /()| = max|f() < L PIHGE. O

)&l 5.2.2 FHIYI AR AL AT R I

(4) tanz.
(6) ecot;
RE  (2) 1 2kmi (k€ Z); AP 1; JEIIA A oo

2iz

(4) tanz = —i5— ! Wit (k+ 3)m (k€ Z); AIREaF s oo,
(6) et — exp< =t 1) REAE: = (k€ Z), oo; LA O, -
e? —1 km
@l 5.2.3 # 20 SEEE [ B(20,7) \ {20} — C\ {0} BOASHEZT S, W 20 2 —— f( ] AT 15

IEBA R f(2) # 0,Vz € B(zo,7) \ {20} 1 20 22 f( ] AIPRAL A 5. T 20 22 f(2) EI’JZIK‘&F#lE XA

A€T, f@% B(z0,9) \ {z0} C B(zo,7) PAFHE—FNHFW) 2, — 20 (15 f(2n) — ffﬁ'ﬁ f(z ) — A,

(A 2T A O

Bl zo /&

f( )
SJEE 5.2.4 & R(z) RABREL 21,20, 20 J2 R(2) £ C _LIARTEARRBBUE. UEHT: # 20 24241
B f o B(20,7) \ {20} = C\ {21, 22, , 2} PIARVERF AL, W 20 HUJ2 R(f(2)) HUAMED

R BT 20 2 f(2) BASMERT S, AR A, B € C\ {z1,22,+ , 2} W) R(A) # R(B), WAFAEW
A an — 20 5 by, — 20 15 f(an) = A H f(bn) = B. Wi R(f(an)) — AT R(f(bn)) — B, —&A
4, I 20 42 R(f(2)) BIATEAT AL O
SR8 5.2.8 ¥ fEB(O,R) \ {0} 44l # Re f(2) > 0,Vz € B(0, R) \ {0}, W] 0 & f fm] £47 5.

UEBA i Re f(2) > 0,Vz € B(0, R) \ {0} A, 0 ARJ2 f AYASPEZ . BMULFRAIE 0 A2 F s, I BRGIE:,
02 f IR, K g(z) = i, M} g(0) = 0. % z € B0, R) \ {0}, H1 Re f(2) > 0 aJ %1 Re g(z) > 0,

f(2)
HPFE AT, 2 € (0, R) 1,

_ Lo _ Lo 0
O—Reg(O)—Re{zﬂ/O g(re )da}_%/o Reg(re'?) dé > 0,

TG0 AR f RIS, I 052 f AT E47 5 O
SR 5.4.1 QEE: EEUERES Cauchy BN ARG

1 (BHEHE) %y Z7TREK Jordan &k, B4 f(2) vy WD FhE 21,20, , 20 S, B
Eﬁ\{zhz%"' 7271} _J:Eé;‘; D]\IJ

/f(z) dz = ZWiZRes(f, 2k)-
5 k=1
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R 2 (Cauchy AAR) % K8 D £ 7KK Jordan & v B i3, f(2) € H(D) ne(D), Nl
(1) %D 1 f(2) = - I/C

(2) f(2) £ D AAAN 25, BED K f™(z) = 2 / <f<z<)n+1 d¢ (n=12--).

271'1
2

R (D)= @] 00,0 == L o LI R,

[ 2 e = amimes (. 2) = 2 him [ oyt L] - 2OEE),

—z) n! oz dCm (¢ — 2)ntt n!
Y

(2) = (1) | iz Cauchy E28, AW f(2) £ D HHA LAF R o, R [ AR o BN

+oo
Laurent BT f(z) = Z cn(z —a)". f Cauchy F4r A5,
+o00 too
/f(z :/chz—a dz = Z/cnz—a dz = 27ic_; = 2wiRes(f, a).
e n=-—oo n=-—oo O
3@ 5.42 Fa feHB(a,R)\{a}) AR, H a # oo, WIS Res(f,a) = 0. Z5FIULHA, 7
00 2 f € H(B(co )) MR Ar 5, W Res(f, 00) FTHEARSET 0.
BBE W) =1+ ;, M oo /2 f(z) € H(B(oo, R)) (R > 0) KR LA 5L, 5

Res(f,00) = [( >dz

3 5.43 % f € H(B(co, R)). IEHA:
(1) #5 00 /2 f AT EFFAL W Res(f, 00) = lim 22f(2).

(2) % o0 2 f 9 m BBk, W Res(f, 00) =
B (1) # oo & f AR, TR
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TR
p>R 1 0 Cn
Resh:o9) 55 g [ 30 5
M
dm+1 o0 n+m c
(m+1) N m+1 ' n
f dzm+ (Z: ) Z n_l Zn+m+1’
(5]
=" . 1 S (n+m)! e
1 m+2 p(m+1) S | ) e =R
o s ) (m+1)1252‘o; =1 a1~ = Res(f,

S 5.4.4 B f.g € H(B(,)), fla) # 0. a g ) 2 HEL, 5 Res(L,a).

RE & N N
flz)= Zan(z —a)", g(z)= Zb (z—a) z € B(a,r),
n=0 n=0
s (n) (n)
anzf '(a ag # 0 bn—g ,(a,bozbl—07b27é0
n! n!

(z—a) 3

PAha iy 2 Birflst, Rk

Res(g, )_hmd[(za)zf(z)} ~ lim f(z)>/

i & ) =)
i LG~ FER ) F@hia) ~ [k (@)
Z—a h2(z) h2(a) ’

! g"(a) g" (a) ! " "
Res(Z.a) (@)% — f@) K 6f (a)g"(a) — 2f(a)g"(a)

00).

O

(g”(a>)2 - 3[g"(a)]®
2
SIRE 5.4.8 F5H T AL R BUE C ik A IRSr 37 i, J1 3R B 2] 5 i Bore 2 0148 H IRS7 37 i Ab i
R
1
1) B 5
234+ 2242
@ 2(22 - 1)
3) 224+z-1



Zn—l

Z" 4+ a”

(4)

(a #0,n € N).

()

(6) sin

) ( o
e’

® 241
RE PR REGER f(2).
(1) IRS7AF 58 0,1, —1, 00

1 1 1
= = — 1 2 4 64 ... =1.
@ Haz3—z5 23(1 — 22) z3< +2% 428+ 2%+ ) Hl Res(f,0)
z—1 -1 1
N 7\ E j( _ AR _
@ 14 1 Hithsi, Btk Res(f, 1) = hn} " lgn} A7) 5
® —1% LY, B Res(f, 1) = lim — "1 — lim _ 1
SN ) Y q ZS _ 25 a1 23(1 _ Z) 2
® Res(f.o0) — ~(1- 1 1) o
es(f,00) = 5 5) =0
(2) IRALZFHH 0,1, 1,00
3 2 2)
® 0% 1 BrHt, I Res(f,0) = lim == 12 o
z—0 (22_1)
1 B+224+2) 244223 — 522 — 82— 2
A _ li FTETAY .
12 e, B Res(/, 1) = 'zlg}( 2z +1)2 > o TP
1 2342242 ! 5
1~ 48 5 R N T £ T e e 2
® —1 8 2 B, It Res(f,1) 1!z1im1< SEREE ) 1
3 5
——(2-2_2)=o.
@ Res(f,00) ( 1 4> 0
(3) IMALEFHH 0,1, 00
1 2 —1\
© 0% 2 A, P Res(f,0) = — lm(w) o
1! z=0 z—1
—1
@ 1 LB, Pk Res(f, 1) = lim % -1
z—
® Res(f,00) =—(0+1) =-1.
i(2k+1)w i(2k+1)

(4) s a(-1) =ae » (k=0,1,---,n—1) & co. T 2x = ae

n—1 n—1

n R LR,

L 2z — z) e _ 2y 1
Res(f,2¢) = Zlggk Zn4an Zlglzl’c z,:jzin - (zn + (ln)/|z:Zk n
T oo HT 4344, Res(f, oo Z Res(f, z1)
(5) TSN ke (k € Z). 1T ke 4 1 BB, Res(f,br) = lim “ % = (C1)k,

z—km Sinz

39



40

(6) PRSLATRA —1, 00.
© HT oo k2 f YA EATN, BT 543 (1),

Z—00 Z—00 (1 + 2z 2

2
Res(f,00) = lim 2%f'(z) = lim i ] cos<1i2> = cos 1.

@ Res(f,—1) = —Res(f,00) = —cos1.
(7) PR RH 0,1, 00.

® 0% 1B, Pt Res(f,0) = lim -~ = 1.
® 13 1B, P Res(f,1) = lim & =

® Res(f.00) = —(~1+¢) =1 —e.

(8) FRALAF KA 1, —i, 00

O

@ i M 1B, P Res(f,i) = hm% _ %
® —iJ LW, Pk Res(f, —i) = lim :Z _ _;

® Res(f,00) = —(; - ;) =0.
549 ¥ f.g € 9(BO,R) 0 e(BOR)), g 76 0BO, R) L% &, o 1 BO, R) HHATHE &
21,225 ;Znﬁlg%lmgg)ﬁl’jfz , f( )

z
i 2902) dz
|2/=R

ﬁg% (1) %“217227"'7271%0.

©  flz) 20, M 2 LCL w1 i, Res(f(z),zk>— im S8 _ fle)

z9(z) g(2) P zsi(zzz " g (z0)
® % fa) = 0. W 5 L g res( L0 ) o
@ XTI/ €, i Cauchy F0 A, i f(2) ds — f(O)'
2mi ) zg9(2) 9(0)

|z|=¢

e L [ TG FO) S ()
ot AR, o | S R Evien)

(2) %217Z2;"' s Zn EP%‘O, Z:iu‘j‘&znzo

© F0 R F(2) 1 m B (m > 2), 10 & f<()) T 25, Res(

® H0R F() i LHE, o L w1 s, Res(f(z) o);; 1z) _ 10

z9(2)
® # f(0) #0, BT 052 29(2) 19 2 i s, H12J R 5.4.4,

f(2) ) _ 6f'(2)(29(2))" — 2f(2)(2g(2))"
Res( )70> =

9(2)’

_ 67(0) - 2¢'(0) — 2/(0) - 3¢"(0

=0 12[g'(0)]

zg9(2 3[(2g(2))")?



41

Tl R P o 2,
n—1
[(a) 22 1 2
1 {C N i 219 (21) 042 f(2) I m N Ef, m > 2,
g0) 200 () T .

SR 5.4.12 B D 2 1A B R KK 8P 2R B O, f(=) 2 D BTG, £ D b AT
Kﬁé@*&;ﬁﬁg W1, W2, , W, ;H\:*HEE/‘J Laurent %ﬁﬁ%ﬂég%ﬂ%}ﬁﬂ fl(z>7f2(z)7 e afm(z)a #E/‘I’:E
D\ {wr,ws, - ,wy} LIS AL MHTHER z € D, A

2%1/(—;:( /(z i

IEBA % f5(2 ::E:

k=1

e PO, —/C d¢ = ZR ( j>+ReS(Cf(C)Z7Z)‘

(1) % 2 ¢ {wn,ws, - wn), mIJzECf(O 1 BB, M

Res(c‘f(g)z7z> = lim (¢ — z)% = f(2),

(—z C
ReS((}f(_Cl,’LUj> = Res(gjfgi,’wj) = wji_l 2 = —fj(z),

Iiﬂ:—/< d¢ = f(z i

(2) EZ S {w17w27"' 7wm}7 Z:ﬂﬁ& Wm = %, I)—]\]J

-1

g [ £ 0= T £ m) e re(JL12)

D j=1
L (1l ) (19,
z 2 H 1 B
- —gm )+ lim(c 5 =Pl g
= /() —ifxz) O

3J&E 5.5.1 FIH BACEH Cauchy B4 A=IHE R IR
(1) /+O<> .’172 +1

x4+1



42

27 1

(9) /Om(si‘x)de.

W) /1 YO—aPisa)

14+ 22

> logx
(21) /O o dz.

(24) /+°° sinz

(28) /+<><> —az” cos(bz?) dz (a > 0).

(29) / " log sin 0 d0.
0

& (1) TP gd@®+1,2"+1) =1, 2 + 1 BEMW, £ EFFRHPAER a1 = (.00 =
deg(x4 + 1) - deg(aU2 + 1) =2, At
T2 41 241
/_OO P d:c—27r1kz:lRes<Z +1,ak>,
/\q:l
ReS(ZQ+1 ) lim <Z2+1)(2_C8) lim il sl i
,a — - = = = T =
A1) T 56 A1 oG ZE (| 2v2
z2=(s
2 20 1) (s_ (3 2. 241 i
ReS<Z4+ 7a2> = Jim w: lim = =57
P 23 2t +1 z—(§ 2'23 (24 +1) ¢3 2v2
Z=Cg
Hi
Too 241 1 [t x? 41 7r
o witl 2/ o zi+1 V2
i0 ! 1 '
(4) z=e ,ﬁ!Ucos9:§ z+ — |, dz =izdb, MM
z
27
1 dz
/ 7019:/ /27
o a-+bcost izla+2(2+ 2+ 1
|z]=1 [=1
2 . 1 —a+m
= — - 2miRes 3 )
bi 22+T’lz+1 b
4 1

V() (T

2

¢, H



(9) BEBUCNEFR T HAE.

Im

V4

21271 21271
B9 =7 U U U BRI D. o S € (D) [ S do = 0. el

Re /e21z2_1d2 :/Re{cos,ZarH—iiin%c—1}dJU RE:J:O _2/+oo<sing;>2dgc7
z x 0 x

71 71
2z - +00 /o 2
e —1 cos2x +isin2zx — 1 e—0t sinx
Re / o dz » = /Re{ 2 }dx Rorod —2/ < - ) dz,
0
3 ks
) 2i Rel? )
2iz T |e +1 T —2Rsin6
e —1 e +1 2m R—+oo
dz| < ——df = - di< — ——0
/ 22 VAR /0 R /0 R S R
Y2
PAR

21z_ 72 21k+2k
/ di/z k! 017/7012+/Z k+2)! °°

Y4

)
H

2i 0 2 .
idz:/ T:Q-ieeledﬁz%r,

- €
oo Nk+2 Jk +
Z (21)°F22F | e=o0 0
prs (k+2)!

<+o0

21 k+2 k d 621
z TE - Max
/Z (k+2)! = |z|<1

4 e — 0%, R — +oo #f45]

212_1 +oo 2
O:Re{/e 5 dz} :—4/ <s1nx) dz 4 27,
z 0 X

oD
400 . 2
/ (smx) de= ™
0 X 2

1
(17) % f(2) = W?

r+s+1 1

/1(x+1)r(1—x)sf(x)dx:— U ZRes(4(l_Z)3(1+z),ak>.

1 sinsm e sinsm £~ 1422

=1, i ER 5.5.14,

43

;8 = ; Wr+s=1¢€Z f(z) £ CFMAWM a1 = 1,00 = —i, H



44

4
Res

Res< Y=+ 2)

1422
iy > i 2.4.27 5

4
Res
1
2

) -

1+ 22

lim «
z—r1

(1—2)3(1+2) :

. 1.,
£1Lr} PO igg} (1—=2)3(1+2),
V(A2 42)  d
T T oy Vi),
41— 2)3
>+Res< (1=2) <1+Z>,—i>
1+ 22
(1-2)31+2)— lim y (1—2)3(1+z)> = g(e—gi_e%ﬂi).

[i14
1 \4/—1+:1: T T 1 . B
_ . (e sl—ewl) = 2
/ 1+ 22 sm%’r e \/§i<e ¢ ) ( S f)
(21) Heln EFR s B 1.
Im
iR
Y4
MY
154\2
> Re
€ Y3 R
1 1 1
By =71 Unye Unys Uy JFE XECH D. f ngl %”/ ng dz =0 (R 1E ng1 H
CIFSop=98
@ %E'Yl J:a
log 2 B R log(it) B R z 0 T [z dt
Re{/z2 d}__/e Im{t2+1 dt__/g Wdtm_5/o 241
Y1
_
T4
® 1, I, T lim 587 o, i M(e) = max| 2 og2 ’ W lim M (<) = 0.2 2 = e Y,
Y2 (e
dz =iz d#, .Jﬂﬁ
zlogz
logz 6—>0+
/zQ—le:/ / Mle ME o




45

@ %EFY3J:5

log z R loga e—0* > Jogx
= —_—
/22—1dz /E J82_1(:195 R_Hroo/o mQ—ldx'

V3

® i b, T lim 2282 _ 0 2550 M(R) = max
z=00 22 — 1 Ya(R)
i, dz =iz do, H Ik

lfgz ’ M lim M(R) = 0.4 » = Rel
z2—1 R—+o00

/ log= 4. </2M(R>de:3M(R)mo
z4—1 0 2
azt

log = w2 % logx
O_Re{/z2—ldz}__4+/o x2—1dx’

~

[

(24) JEENEAR > B4R

i(2mr—¢) }71 \

,)/2 Y /\75

€l 3\73

€ 4 R Re
. . eiz eiz o
Wy =71 U2 Uz Uy Uns Urs BrEIXIEY D. i P € J(D) i - _1dZ=0- FATA
oD
® o F BF Jim (z - 2m) 0 = lim S = = e, i M(e) =
e B T — o (er—1) 2 — o
z—2m z=2mi
iz — 27i .
max (= = 2mi) _ e ™| ] lim M(e) = 0.4 z = 27i + ee' B, dz = i(z — 27i) d6, It
Y1 (€) e —1 e—0t
e'* (z—27i) —or 0
—e—7 € +
/H—.dz < [ M@E)do = Tme) =S,
z — 27i _m
Y1 2
Hp ‘ ,
1z —aT H
lim [ —d-= lim / S dr=-Teor
e—0t ) e* —1 e—0t ) z—2mi 2
Y1 Y1
® E Y2 J:a

iz € —t 5 + 27 —t
Im / © dz ) =Im / .e idt ;O> — Re 97 dt
e —1 on_c € —1 0 elt —1



46

_/2” e (1 —cost) ; 1—e 27
~Jo  2—2cost 2

® fEvs L, [ (1) W%

el? es0t i
de —— ——.
e —1 2

3

@ E’ML;

el* cs0t +oo cosz +isinz T sing
Im /ez—ldz —W/O Im{egc_1 }dxz/o ew—ldm'

Y4

® Z‘E%J:y

oz 2m Gi(Rtit) 2 gt 9 Restoo
pe 1dZ = el%ﬂitlldt < eR 1dt< eR 1 — 0
_ 0 _ 0 _ _

5

® E Y6 J:a
eiz € ei(w+2‘n’i) 0t +oo eia:—27r

+oo i
_ sinx
= e 27 — dz.
0 er —1

[

el* T 1—e 2" g T ging

0=1 deb o Teom  12€ 7 T (g _eon d

m /ez—l z 2e + 5 2+( e ) ; z
Yy

/*"O sinz m /(e +1 1
de= (S 2) -2
, et —1 2\er 1) 2

“+o0 5 “+o0 o +oo 2
(28) / e " cos(bz?) da = Re{/ elmatbie } TE24 Re(e) > 0 Y, / e “dr =
0 0 0

1 /m
2V ¢

Im

Y3 Y2

6/1 R Re

PEH A 2. 1 v = 71 U U s FTHIKIEN D. th e~ € 3((D) % / e ds = 0.
oD



47

R [eS) +oo
71 0
® f£ v, b, T lim ze " =0, it M(R) = max‘ze_cz2
#=ro0 ()
B, dz =iz do, H Ik

, M lim M(R) =0.% z = Re'
R—+oco

, Ze_CZQ © R—+0c0
/e—cz dz| = / dz </ M(R)df = oM(R) ——— 0
0

z

Y2 Y2

® fEvs:z=kt (fFE ke CTH-ZR) L,

0 “+o0

2 R—+o0 2,2 2,2

/e’cz dz — e kdt = —k/ e Ft dt.
+oo 0

3

Bk = 7 iy
/e—sz dz 4 —k/om et dt = —% - ?
S
[i14 . -
/0 e~ dx = 2\/:.
FIH B 45 1e A5

+
/Ooe—(a+bi)oc2dx:1\/ T 1\/ T Vatii
0

Na—bi 2VaZ102
% Va+bi=u+iv (u,v € R), M a=u?—v?Hb=2uv, M

2 b\ o a+va2+b? Kygigs>o a++va?+0b?
a=u" — % — U :f:>u: f’

/+Ooe—a$2cos(bx2)dx—1 B u_\/27r Vaz 1 b2 +a
0 S 2Va2+br T 4 a2 +b2

(29) KA AR

54

Im
Y6
iR < T+iR
,yl Y /\75

i 2 Vil 4 e
N

Wy =mUrnUrpUrUy Uy BTERECH D f1 T sinz 7 C RS kr (k € Z), B
logsinz € H(D), /logsinzdz =0.
8D



48

i(et —e™?)
2

€ R R
Re{/logsinzdz} = Re{/ logsin(it)idt} :/ Im(logsin(it)) d¢ :/ gdt = g(R—s).
R € €
Y1

@ fEv b, BT lil%zlogsinz =0, #ic M(e) = m?>)<|zlogsinz\, il hrg+ M(E)=0.24 2= cel?
z va(e e—
B, dz =iz d6, At

® fE v : 2z =it |k, sin(it) = , At

e—0t

< /5 M(e)do = TM(e) 0.
0

_ /zlogsmzdz
z
2

/ logsin zdz
2

@ E Y3 J:a
T—¢€ emsot T
/logsinzdz:/ logsinxdxi>/ log sinx dz.
€ 0
V3

® fEy b, BT lim (z — ) logsinz = 0, [d] (2) W45

/ log sin z
z

Y4

e—0t
—_—

® fEvs:2z=mn+it I, sin(r +it) = —%(et—e_f’), H it

R R
Re{/logsinzdz} = Re{/ 1ogsin(7r+it)idt} = —/ Im(log sin(w + it)) dt
V5 : :
R ™ ™

® Fv:2=t+iR I, H

(e7®+ef)sint+i- %(eR —e M) cost

[N

sin(t +iR) =
AT

1
lsin(t +iR)|* = ~ (e % + eR)2 sin® ¢ + 1 (e — e*R)2 cos®t

[(e*f 4+ e727) (sint + cos® t) + 2(sin® ¢ — cos® t)]

N

(1 + u(R)),

ﬁ i = EI
Hrp RLHEOO#(R) 0. T2

R—+o00

log|sin(t +iR)|* = log<ie2R) +log(1l+ pu(R)) — 2R — 2log?2,



49

NID)

0 T
Re{/logsinzdz} :Re{/ logsin(t + iR) dt} = —/ log|sin(t + iR)| dt
T 0
Y6

R—+o0 1
— —5(2]% —2log2)m = 7(log2 — R).

B4
O:Re{/logsinzdz} R_>—+oo>/ logsinz dz + mlog 2,
il

/Ozlogsinxdx:%/o logsinxdx:—glogz -

Sl 5.5.2 1% f(z) @A RLEEL TE [0, +00) BT, HH oo 2 f(2) B . IEW]:

/0 (k)gar)wdx_;Res<mgzmaak)7

Hray = —1,a2,a3,- - ,an 2 f(2) 7 C PR BIA R I A, Log 2 = log 2| +iArg 2,0 < Argz <
27,2 € C\ [0, +00).

UERR pEECNIE CBiEE AR

By =71 Uy UysUvya W18 f(z) RIS, B EEUEH,

1
27ri/Logz7r1 T ZRes(Logzm k)

Y

EiA(REE)

/ / R—oo /+°° f(x)
de —— 5+ ————du,
Logz - 771 loga: — i e=0 o logz —mi

71

27TRmax|f( )|
f(z) [fRIIdz] [ |2]= R—+4o00
A2 19 P gy e ASALL =R e
/Logz—wi dz \Logz—m| log R log R T 7(0)=0" O
2 2 2




50

€ 0o +oo
e e
Log z — i r logx + 27 — 7i €0 o logz+mi

3

2memax | f(z
[ 1G] [ e maxlf @l Lo
Logz—mi | J |Logz—mi| lloge|
Y4 Y4

PIILAE € — 07, R — 400 I3l

L[ [ f(z) o f(=) RN f(2)
Qm{/o logx—widx_/o logx+widx}_I;ReS<u)gz—7ri’ak>’

Bl
e S N\ ()
/0 (logz)? 4 72 dz§Res<Logz—wi’ak>' O
SIRE 6.2.6 JIEWI: D 2" HMCSIE A ERAREAS A A B B

n=0

WA GBSk 1 R IE R kL A

oo ) on k—1 , gn e8]
2 : (e27r1§ Z) _ 2 : (927“? Z) + E 22"’
n=0 n=0 n=k

B AERCSUUR - = 15 €757 = R ARt E A, 10 1 SRR S, o {798 ) elieai ok
AR5 VRIS S 5 B A R R P . =

2n
MR PP A ey R R B 2

3 6.2.7 W Y 5
n=0

MR RS R ) 1 R IR kL A

0o n k—1 n o] on
27riLk 2 27riLk 2 <
e 2k » = e 2k 2 + on
n=0 n=0 n=~k

BUAEHCSUR T = 15 €73 = R ARt E A, 0 2 ARIERF S, o {798 ) elicai ok
B BRI L1 B R A58 =

T 628 # f(z) = Y ane” WUBCEER L an € R (1 > 0), Sy = 3 an M % S, - o0
n=0 k=0
(n = 00, M1 I f(2) HAF5%.5, 2600BI, (A7 1S, ] — oo FREBRE 1 12 £(2) M5
SR (1) % LR £ AR W T A LR AL EL F1) AR T RS el
A e F() € R 51 o) = LI g s sssmsgnomiree o 4 1 i F 1)
SR 520 5, IR (=) BRI L 1 B A, AT (=) O RERBI O
B0 L. T (=) MORAEECH

ﬂ@=<2ﬁw“ﬁﬂ0<§]ﬂ>=§]&—ﬂmf,
n=0 m=0 n=0

BT Sn = f(1) = 00, 2 n FEHKRIS S — f(1) > 0, R 6.2.4 K1 12 g(2) BF R, TIE-



51

(2) %18 £(2) = 3 (~1)"(n+1)2", HBCERH 1, S = (—1)" (| 5] +1). (524 |2] < 11,

n=0

£ = Y[~ = (zZ<—z>") (=) o

n=0 n=0

1 1 -
EEI:J: m ) = 17 lﬂﬁ 1= f(Z) E':JE[)_]\U'JJ: O

S 701 @ ([} R D LALGENOY, IHAE D LR —EE R DT % lim fa() 42 D 1AL
UEAFAE, W {fo} #E D L PIH—EU0L

R i f(2) = lim fu(2). BT {fn} 7E D LAV ECA S, i Montel &3, {f,} 2 LR 35 {fn}
1 D _EARNPH—Z0E, WAFAEREE K C D 575 {fa, }, 55

sup|fn,(2) — f(z)| > e >0, Vk.
zeK

FRUTH {f} 12 K LT—BORSTH, 365 {fa} SEEHRT I .

S 7.12 i {f,} R D LHRMEEG), I HAE D ENH—BER, A= {z+iy e Doy € Q)
HE: 5 Hm (=) 2 A EAMARAFAE, D {f} 22 D PIP—BOlL,

UERR USRS, R {f} 7 D FAEA P — B0, WFER4E K C D, (153 {f,} 7€ K bAE—20lsk.
T {fu} £ D _ENH—ZCH 5, d Montel B, {f,} 52 D LM IEAUE, HIAFAETS] {fo, } £ K £—
Bl IR ECH f.o T {fo} 8 K EAR—BORS, FAAETA) { £, b S

sup|fnj(z) - f(z)| =>e>0, Vj.
zeK

T {fo} IRV, WF 7O {fo, ), FEEICTA {fo,, | 1 K b S0lesl, iohmesoy f. T
£ FeH(K), B fla= fla, ANK 8 K 985, h @i sl f= . 7= fo, 2 f, 5

sup|fu,, (2) = /()| > e >0, W

zeEK
T & WA} D NP —EOEL. O
3l 7.1.4 % TF 2 D FSLiREUE, 20 € D.AEH:

(1) Ref(2) 20,Vze€ D, f €F;

(2) f(20) = 9(20),f,9 €7,
W 52 D _EMIERE. H2E BB (2) @A n] K.

WERA (1) t Montel 3, HFIE I 7E D BN —EcG A, 456G WA e, HFFHE T 1 D PiE
— P E-BCE S SR D O RALIREL, 20 = 0, f(0) = w, Hof f € T b 2P, AT

_ St _ 9(0) —g(2) B
81 h(2)] < J2|. HULATR 5 76 D L5 B, SR THE.




52

(2) B fu(z) =n, M {fn(2)}32o & D ={z€C:Rez >0} FHL4AiIEED), &M (2) BIRATEL,
BEIE { £ (2)} 16 D EA—F0H R, FILR S 1F B, O
S 715 B TR D L EMALRETE, ¢ REREL W {90 f: f € T} R D LTEALE.
PR {gof:feT}HED LRANH—ZCHR, B D FiERE. .
el 7.1.6 ¥ D EHE R, 0 < M < +oo. UEHH:

5= {f € (D) //|f<z>|2dxdy < M}
D

2D FIE R,
JERR  XMER IS4 K C D, A MRS E AT, 475 R > 0, (i150ME 2 € D 94 B(2, R) C D. fi5E
P 8.45 1, WL f € F, |f|? #hie D _ERGRIARIR %L, K

1 1 M
FOP< [ P dedy < 5 [I7(Q)Pdedy <
D

TR?’
B(z,R)

UL f(2) 7€ D L ABH-—50 5, i Montel 5288, 52 D _F9TERLE. -
SR 7.2.1 (HE) 1) Liouville 5:3) % D 25 F C i MBS HEH: 97 f RIEHL, IH f(C) € D,
) f R PR

JEBR iy Riemann MLt L, AfBUN A 4458 g« D — B(0,1), W] go f A5 FLs& %k, i Liouville & F4,
go fREHREL MM f R EHREL O

M 7.2.2 % D RRRT CHHREEE, a € DIEY: 2 f K D WAe4itip s B(0,1), 3 H. f(a) =0,

f(a) >0, N
1

min 2 —a < 7oy < maxlz—al
B W D 7E a ABREE .
(@)
Twza e 0,1\ {0},
IR 4 F(w) = 1 v ) Morera £ 5 Hl F e H(B(0,1)). 5 s
_— =0.
F(a)’ v

B,
min | f~!(w) — a| = min |[F(w)| < |F(0)| < max |F(w)| = mei>§|f_1(w) —al.

jwl=1 jrol=1 jwl= o]

L B R E R, f K OB(0, 1) ——HuBh D, L b s K

1
mi — < — K —al.
minle —al < 7oy < maxlz—al O

3 7.2.3 % D ERT CHHEESE, o € D, f ¥ D 44tk B0, 1), HH. f(a) =0, f'(a) > 0.
WEE: 2 g 4% D WA B(0,1), p= g~ 1(0), I
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in 2 — 20
el@

B T gof ' € Aut(D), lERAER go [71(2) = T Hr |zl < 1,6 € RFFE. T

go f7H(f(p) =g(p) =0, W z0 = f(p). th

7@ _ (10 = 9< 2= () )

=e’(1-1f ()

f'(a) L=fp)z) |,
R f/(a) > 0,1 f(p)] < L5 e = éﬁ&. i
Sty O 2 f) e g(a)  f(z) -~ f(p)
gof (2) 19 (a)] 1_m2 9(2) ()] 1—mf(z) -

@724 WD HRTCHMNEK a € D, T ={feHD): f(a)=0,f"(a) >0} IEH: T Hif
f(D) =B(0,1) fl Re f'(2) > 0 (Vz € D) iy f ;& A1

UERA XHIEE f € T, # Re f'(2) 2 0,Vz € D, FATER] £ a6 st ekl I BGIE, BRAFAEAR I WA
21,22 € D, i f(21) = f(22), T D Mg (AR SEEE ), FATH

0: / f dC /f21+t 2—21)(2—21)dt

[z1,22]

it

1 1
/ Pt t(z—21)dt =0 — / Re /(21 + t(z — 21)) dt = 0
0 0

L0 Ref/(2) =0, V2 € [a1, 2],

[ >J 55 2.2.2 (1) 0I5 f/(2) HE [21, 22]) LoNEEL FH SRS SIGLER A f/(2) 78 D FoAEE, A
7D L Ref'(2) =0, X5 Re f'(a) = f'(a) > 0 FJG. 8 f RERMEEL, 456 f(D) =B(0,1), H Riemann
WS H, f O

3@ 7.2.7 & DERT CHMHIERI, o € D, R}y D1E a AWBUFEE (8 LI~ 7.2.2). Gk 25
F e H(D),F(a)=0,F'(a) =1, N

/ IF'(2)]? dz dy > 7R2.

S WAL ALY F 2 D ok B(O, R) MXU4=4Emk .

B 4 f M B0,1) F] D ML, Wi £(0) = a. £'(0) > 0. i1 F £ 1y R? |-t Jacobi 47
FIFH |7, BT 845, [(Fo f)[° MRIAFEEL, FA14

//\F’ \dxdy—/ |F' o f(w))|f (w |dxdy—/ |(F o f) (w)” da dy

B(0,1)

> w(Fo f)(0)* =#|F'(a) f'(0)]" 5 =7R%.

[(f~1) (a)]
SR IR B [(F o f)'| AHEMREL, i~ 2.2.2, (Fo f) AHHEREL, 456 Fo f(0) = F(a) = 0 B
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HIFof(z)=cz, Hif c € C, {t F(2) = cf 7 (2) &4 D Bh B(O, R) [XL4LEmLGT. O

3l 7.3.1 FIJH] Schwarz X FR AT SO 1Y i BEIER] K B(O, 1) WA H St XA aime i — e 2 45X
LMA .

UERR AEICRE B0, 1) Wy B AU ST f, i AR I e B, f ATAES A B(O, 1) BRYIEZE %L, A

_ ONNE RS
A5 OB(0,1) ——HubNy IB(0,1). T2 f(2) AL f(2) = { o> 1, W SEEBOL) EHH
el |
{Uh 1 A%8, [AE OB(0, 1) L2k, i Painlevé AT f ) C LAY AGRAEL, #E7 £ € Aut(C). Hisi
F 535, f ARG, Il f i LAt D

Sl 7.3.3 % D 2 i 5 5Pl BT LR BREE T, 21, 20, 23 € OD RV FR =44, # 0D 1]
HEF. UEW 2 w1, we, wy € OB(0, 1) @ BRI =55, % 0B(0, 1) fIE mHES, WIFFAEME—IY o, K D
XAk B0, 1), ¥ D FIHBEA B(0, 1), H-H. f(2k) = wyi, k = 1,2,3.

MEBR (f#fedk) i Riemann Wi P55 FEXHR @ BR, FEAERREL f, B D W44l B(0, 1), 345 D
[l IR Ay B(O, 1), FRBAT N2 48 g 15 g(f (i) = wi (1 = 1,2,3), H14p X EMAR A PR 5 1
BT @ =g o f HFTK.

(ME—PE) BERREL o1, 00 BT, W 10 0y " J2 B(O, 1) 194240 H [+ #y (N\ﬁ'ﬁil’wi% é*?ﬁ%) H
P10y (wi) = w; (i = 1,2,3), AT = MAHE N, oy =1d, Bl g1 = O

@735 B f € H(BO,1)),f(0) = 0,f(0) = a > 0.iEH: # f(BO,1)) c BO,1), W f1E

a
B (0, Y m) A,

JERR  Hy Schwarz 2| ¥4 a

= f'(0 ) € (0,1). % f(z) 7€ B(0, p) L AEH 0 08 KR, W0 A7AE A [ 1) T
21,22 € B(0, p) i1 f(21) = f(22). H

T 21, 22 88 f(2) — f(z1) B35, e 441,

o / EEs e EEEE

|z|=p

it v, = f(OB(0, p)), W) ~, A&y EAFH Hh 42, 150

w=f(z) 1
27” / f(z) = f(z1) ~ 2 / dLog(f 21)) %A%Arg(w_f(zﬂ):l,

|z|=p

SR By, E2, BIAPAER FIRIPIA 1 Ca € OB(0, p), 7% £(1) = F(Ca). H1>J 8 4.5.20 B3
£ (C)| < p°. i HT > 4.5.21,

a—|G| a—p 9 1-vV1-a a
|C1|1_a‘cl|<|f(él)|:>P'1_ap<|f(C1)|<P = p= - = i
a
Wi f 7 B(O, m) Al O

just

I 1 RHRLHEH T € Aut(D), i3 T(1) =T H T(a) =T, Kl |a| = 1.
BBE EEE T e MM, MUERA XA w € Aut(D) {5 w(l) = Lw(-1) = a. ¥



0 2 — 2 Sy D g
w(z) = e T Hof 2] < 1,0 € R fE. #ATH

1_%2:7/\
ol —2z
i0 0
el =2 =1
-z —_ 0 meg, a—1 2a
= Zp=1-—¢€"%1- = —
10_1_20: “ e”( %) 0 a+1 a+1e
1+7%
1] 1 EIkRy *3
itk o _ ¢ L e o=
a+1 a+1
Hw'l:1—1a——1%H
5w _ 5 z+e‘920 5i (@-ﬁ-l Z—|—( —3)
T = 4 1 = = 4
(2) =etw™(z) e 13z © (@-3)z+(atl)
IR 2 0> 000 = Y e TN 9 =1 20(7).

WEBA 4 f(z)=e ™,

fO = [emtemtar m e e
R R

_ we? rta? t>0 _ g2 1 1 xe2
= t ™ dpr —— 2 T = t
e Re X e 2\/Z \/Ee
M f €, H Poisson sKAIA G
i i N 1
=3 fmy= 3 fm=— 30 7T =173(3).

o0 [ee]

e727rian t
=] ‘)‘Lt R N HH : _ = _— .
#FEE 3 %t >0,a€R ALY n;m cosh (%2} n;m cosh(x(n £ a)i)
N 1 -
WA BT & Fourier 484511 N3l 55,
coshrx
—2mixg
/ © dx = 1 ,
r coshmz cosh €
e727riaz
AT f(2) = ———=—~ 1Y Fourier 254y
cosh(Z2)
. e—2miz(a+E) =ty e 2miy[t(a+8)] t
= d t d == .
1) /R cosh(Z%) v /R cosh(my) Y cosh(m (& + a)t)
££]
e—27ria£ 2 |z
= — — < 2 t
F@)l cosh(Z%) et fe % ¢
Al f € §, fil Poisson sRKAIAH AT
e727rian e t

- (M) - n;m cosh(m(n + a)t)’

55
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#FEB 4 %} 75)1 Phragmén-Lindelof 5 FiSZ Pl Paley-Wiener i BHIEH]H Step 3 fy 41T :

()]

e
EBR i Ak e 001, Phragmen-Lindelof 5t t AR KT O R 4 F () =
F(2)e2miM= FEEE] F(2) e S MBI A LR 1

1

)

< 27r]\/[\y|.
27 M|z = |f(2)l<e

AN/

e

[F(x)| = |f(x)| <1, Vo eRy,

[FGiy)] = |fliy)le ™7 < 2MilemMy — 1 vy e Ry,

X |F(2)] = |f(2)]|e*™M*] < e*™MI* fy Phragmén-Lindelof 5 Fi 4, r — MR [F(z)| <1, B
()] < [em2mM| = |em2mMr )| — e2mMy, e = A AT T AR LT 0

Stein 4.4.1 Suppose f is continuous and of moderate decrease, and f(€) = 0forall ¢ € R. Show that
f = 0 by completing the following outline:

(1) For each fixed real number ¢ consider the two functions

/ f —27r1z (z—t) dl’ and B / f —27r1z(w t) dz.
Show that A(¢) = B(&) forall £ € R.

(2) Prove that the function F' equal to A in the closed upper half-plane, and B in the lower half-plane,
is entire and bounded, thus constant. In fact, show that F = 0.

/ ; f(w)da =

(3) Deduce that

for all ¢, and conclude that f = 0.

Proof (1) We have
A€) ~ B(e) = / f(w)e™2 €60 4y = f(g) = 0.

A(z), Imz>0,
(2) By Symmetry principle, the function F(z) := is an entire function. Since f is
B(z), Imz<0

of moderate decrease, we see that

t A

t
|A(Z)| </ |f($)|e27rlm(z)(w—t)d$</ Tr 2d$<7TA
— 00 —o0 T
is bounded in the closed upper-half plane. Similarly,
oo mTim(z)(r— > A
BE)I< [ @O dr < [T ar <

is bounded in the lower-half plane. So F is both entire and bounded, thus constant by Liouville’s
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theorem. Let z = is for s > 0, we have
t . S— 00
A(is) = / f(z)e? == dp —— 0
— 00
by DCT. So F' = 0.

t
(3) Take z = 0 we find / f(z)dxz = F(0) = 0 for all ¢, hence f = 0. O

Stein 4.4.3 Show, by contour integration, that if ¢ > 0 and £ € R then

1 [ a o _
- : ~e 2mixé dr=e 27ra|£|’
T ) o 0+

and check that .
/ e—27ra|§|e27ri£ac df _ EL
—00 T a2 + 2
Proof Let f(z)= = j_ = o 2mizE
1 a
1) Ifé=0thenLHS = ~ | — " _dz =1 = RHS.
(1) If¢ en - /R T el

(2) For ¢ < 0, choose upper semicircle contour, from the residue formula we get

Im
72

ai

> Re

—-R 25! R

z—ai 2 + ai

/f(z) dz + / f(z)dz = 2miRes(f, ai) = 27i lim & emmize _ po—2male],
gt Y2

Since when R — +oo,

JECES </Oﬂ

: a 2e727ria:§ dr = ﬂ_e727ra\§\'
R Q"+

a 2rREsinG| g < ma

_— —— 0
a2 + R2e2i0 = R2 — g2 ’

it follows that

(3) For £ > 0, choose lower semicircle contour, like in (2) we get

Im
—-R 711 R Re

—ai

V2
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z——ai z — al

/ f(z)dz+ /f(z) dz = 2miRes(f, —ai) = 27w lim @ e2misg . pe—2malé],
7 72

When R — +o0,

27 sin
/f(z)dz é/_ﬁ 2 Rren0 do < o — 0,
Y2
hence
/ — % _dr= —(—we_2m|5|> = e~ 2malél,
R a2 + 22
For the second part of the exercise, notice f € §, so Fourier inversion implies the result. O

Stein 4.4.7 The Poisson summation formula applied to specific examples often provides interesting
identities.

(1) Let 7 be fixed with Im(7) > 0. Apply the Poisson summation formula to

fz)=(1+2)7F,

where £ is an integer > 2, to obtain

oo

1 (_QWi)k - k—1_2wimt
> i e iTD DL e
(t+n) (k=1 2=

n=-—oo

(2) Set k = 2 in the above formula to show that if Im(7) > 0, then

oo

1 - 2
Z (t4+mn)?2  sin%(r7)’

n=—oo

(3) Can one conclude that the above formula holds true whenever 7 is any complex number that is

not an integer?

Proof (1) @ For ¢ < 0, choose upper semicircle contour.

Im
Y2

\ R
R m R

Since (7 + z) ""e 2™ is holomorphic in the upper half-plane, we have

/(T + ,2)7]“e72’rizg dz + /('r + z)fkefwm§ dz =0.

71 2
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When R — +o0,
/7r e—27ri£Re39Ri a0l < /7r R‘G_QﬂifReie 40
o (T+Re®)r " o (R— 7|

7.‘.}32e27'r§Rsin0 ¢<0 7TR2 k>2
< < —0
SOR-TDE T (BR-ITDR

/(T+Z) k —271'12.de _

2

9

hence when £ < 0 we get

fe) = /R (7 + 2)Fe 2T g = 0.

@ For £ > 0, choose lower semicircle contour.

Im
—R Y
11 r Re
o« —T
"2
The residue at —7 is
3 1 ooy (B—1) (—2mig)k=1 .
k 27rz§ _ 2miz€ _ 2miTé
Res((7+ z)~ ! )_7(13—1)!('3 #%) B N e?e,

thus o
/(T +2) Fe P dy 4 /(T + z) ke 2 4, = _(_(2]:1)15)'6,277175.

71 Y2

When R — +o00,

k omize 727r1§Re
—2miz _
[+ dz f/ TR o

V2

0 R‘eﬂmwe*’
< —————df
[ﬂ' (R - |T|)k

2.27ERSING ¢>0 2 k>2
< mTRe o5 TR _ 2,
(R—17]) (R—17])

hence when £ > 0 we get

f(g) /R(TJFI) ko—2miE g, %e%wg'

Since f € §, by Poisson summation formula we have

(oo}

1 ~ TrmT
ZOO(T-l-n) k Z et

m=
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(2) Set k =2 in the above formula, we get

1 00
Z ( " )2 — _471_2 Z meQ'mm‘r.
T n

n=—oo m=1

To finish the proof, notice that when Im(7) > 0 we have ]e2””| = e 27m(") < 1, hence

> ; 1 e 0 . 1 0O © . 1 9 e27ri‘r
2mimT __ _Z (p2mimT) _ I 2mimT | _ -~
Z me © 27 Z or (e ) 271 01 (Z ¢ ) 27i 87’<1 —e2””>
m=1 m=1 m=1
B e27ri‘r 7 1 _ 1
o (1— e27ri7')2 o (emim — efmr)Q o —4sin%(n7)’

(3) For the case that Im(7) < 0, by replacing 7 with —7, we see the formula in (2) still holds. When
7 is a real number that is not an integer, the same formula holds by the isolating property of the

zeros of a holomorphic function. O

Stein 4.4.9 Here are further results similar to the Phragmén-Lindel6f theorem.

(1) Let F be a holomorphic function in the right half-plane that extends continuously to the boundary,
that is, the imaginary axis. Suppose that |F(iy)| < 1 forall y € R, and

F(2)| < Ceels
for some ¢, C > 0 and y < 1. Prove that |F'(z)| < 1 for all z in the right half-plane.

(2) More generally, let S be a sector whose vertex is the origin, and forming an angle of 5. Let F'
be a holomorphic function in S that is continuous on the closure of S, so that |F'(z)| < 1 on the
boundary of S and

|F(2)| < Ce*l” forall ze S

for some ¢,C > 0and 0 < a < 3. Prove that |F(z)| < 1forall z € S.
Proof We prove (2) directly. Let F.(z) = F(z)e ** , where r € (a, ) NQand € > 0. Then
‘FE(Z” _ |F(Z)|efe\z\rcos(rargz) < Cec\z|“75|z\rcos(rargz).

Without loss of generality, we consider the sector

s

S{ZEC:Q/B

<«
<argz 25 |

then rargz € (—%,%) and cos(rarg z) > 0. Hence |F.(z)| — 0 as |z| — oo, and we can conclude that
|F.(2)| achieves its maximum on S at some point zy # co. Using the maximum modulus principle on
some region with compact closure that contains zy, we see that z, must lie on the boundary of S. Thus

|F.(2)] < |Fe(20)| < 1, and by letting ¢ — 0 we get |F(z)| < 1forall z € S. O

Stein 4.4.11 One can give a neater formulation of the result in Exercise 10 by proving the following
fact.
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Suppose f(z) is an entire function of strict order 2, that is,

f(z) =0 (e ")

for some c¢; > 0. Suppose also that for x real,

for some ¢y > 0. Then
e tig)] = O(em"+")

for some a, b > 0. The converse is obviously true.

Proof For z = x + iy, if 2 < y?, then
alz? = a1 (a® + %) < 21y” < Bery® — era?,

and so we already have

1f(2)] = O(ecl\z\2> _ O<efclm2+301y2)7

which is the desired result. So we may assume x> > y°. By symmetry, we can only focus on the sector
S={zeC:0<argz< T} Let

ge(2) = f(z)elez—eHilertal=® g0 5 0
then |g.(2)| < e“*” in § for some ¢ > 0. And on the boundary of S, we have

19-(2)] = |f(2)|e(2~9)%" < Che—e2" e(2=9)7" — Che=®" 1 >0,

|g:(Re'T) | = |f(z)|e~ (1 +F" < e e~ (4R = 0re=<F" R > 0.

So |g-(2)] < Ce " on the boundary of S for some C' > 0. Now we can apply Exercise 4.4.9 (2), where

we take o = 2 and 8 = 4, to the function gg(z)eEM2 (recall gs(z)eEM2 < eletallzl® ), and conclude that

eelel?

<C forallze S.

9¢(2)
Then let e — 0 we get

F(2)] - [elestenin?] | p(z)[ers (") 20 < ¢ foratiy € 5.
Hence

If($)| < C«e—c;;(x2—y2)+201wy )\20 Ce—cz(zz—yz)-‘rm)\xz—k%yz —_ Ce—(C2—Cl)\)'£2+(02+uTl)yz

)

choosing A < 2 we complete the proof witha =cy —ciAand b= ¢y + %1
C1

Stein 4.4.12 The principle that a function and its Fourier transform cannot both be too small at infinity
is illustrated by the following theorem of Hardy.
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If f is a function on R that satisfies
f@)=0(e™) and f(©) = 0(e™),
: . —rz? . _ —rAz> R o 77rB£2 :
then f is a constant multiple of e . As aresult, if f(z) =0 (e ), and f(§) = O(e ), with
AB > 1land A, B > 0, then f is identically zero.

(1) If f is even, show that f extends to an even entire function. Moreover, if g(z) = f (z%), then g
satisfies
lg(z)| < ce™™ and |g(z)] < ce™®* 7 L ce™l?!

when z € Rand 2z = Re" with R > 0and 0 € R.
(2) Apply the Phragmén-Lindelof principle to the function

e_;%
F(z) =g(z)e"”® where~y = ir—
sin

%
and the sector 0 < 0 < % < 7, and let § — 1 to deduce that €™*¢g(z) is bounded in the closed
upper half-plane. The same result holds in the lower half-plane, so by Liouville’s theorem e™* g(z)
is constant, as desired.

(3) If f is odd, then f(0) = 0, and apply the above argument to @ to deduce that f = f = 0. Finally,
write an arbitrary f as an appropriate sum of an even function and an odd function.

Proof (1) Since f(¢) =0 (e_”f2 ) , f can be extended to an entire function by Theorem 3.1. Moreover,

when f is even,

f-9) = [ r@emstar = [ o tda = fio

for all ¢ € R, which implies that f(z) — f(—z) is identically zero in the whole complex plane. So f

extends to an even entire function. For g(z) = f (z% ), we have

lg(x)| = f(iﬂ%) Lcee ™
and
‘JE(ReiQ)‘ _ /f(x)872wizR(cosa+ism9) dz| < / \f(x)|e2”Rsm0 dz
R R
< / Ce—frz2+27racRsin0 dr = CeTrRz sin20/e_ﬂ($_Rsin9)2 da
R R
2 2
— Ceﬂ'R sin 9’
and so
|9(Re”)| = ‘f(R%ei(gH”))‘ < ce™sn 3 < e R

(2) First we show that

er i(e-F)
lsi:le 2p

‘F<Rei9)’ _ ]g(Reie)| | "5 _ |g(ReiG)’e—%sm(9—%ﬁ)
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(1) sin(6 — &
< ce™=20)  wheregy = M

in X
smw

For 3 > 1, consider the sector S = {z cC:0<argz < %}, on its boundary we have

i%(cos 35 —isin %) (1)

F(@)| = lg(@)] - [e ™ — Jg@)[e™ < e o™ =, Va0,
‘F(Rei%) <ce™0-D — ¢ VYR >0.
Hence [F(2)| < 1 on the boundary of S. Note that [eg| < 1 for 0 <6 < 7, so
|F(Reia)| <0< %
Since 8 > 1, we can apply result in Exercise 4.4.9 (2) to ) to get |F'(z)| < cforall zin S. Let

B — 1, then v — 7 and we conclude that |g(z)e™| < c for all z in the upper half-plane. The same
result holds in the lower half-plane, so by Liouville’s theorem e"*¢(z) is constant.

(3) If fis odd, then f(0) = 0, f extends to an odd entire function by the same argument in (1), and

f(2)

22 s even. Let h(z) = f(22)2"% and we get the same bound as in (1), then follow the same
ar?;ument in (2) to conclude that h(z) is constant for all z € C. Hence from f(0) = 0 we see f = 0
and then f = 0 by Fourier inversion.

Finally, for an arbitrary f, by decomposing f into even and odd parts, we see that f is a constant

multiple of e O

Stein 4.5.3 In this problem, we investigate the behavior of certain bounded holomorphic functions in
an infinite strip. The particular result described here is sometimes called the three-lines lemma.

(1) Suppose F(z) is holomorphic and bounded in the strip 0 < Im(z) < 1 and continuous on its
closure. If | F(z)| < 1 on the boundary lines, then |F'(z)| < 1 throughout the strip.

(2) For the more general F, let sup |F(z)| = My and sup |F(zx +1i)| = M;. Then,
r€R Tz€R

sup |[F(z +iy)| < My M}, if0<y<1.
TER

(3) As a consequence, prove that logsup |F(z + iy)| is a convex function of y when 0 < y < 1.
z€R

Proof (1) Let F.(z) = F(z)e_”2 for some ¢ > 0, then
|Fe(2)] = \F(Z)|efs(127y2) —0 asz — oo.

Hence |F.(z)| achieves its maximum in the strip at some point zp # oo. Using the maximum
modulus principle on some region with compact closure that contains zp, we see that zy must lie
on the boundary of the strip. Thus |F.(z)| < |F:(%0)| < 1, and by letting e — 0 we get |F(z)] < 1
throughout strip.
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(2) Let G(z) = My *~*MI*F(z), then G(=z) satisfies the conditions of (1), i.e.

Ga)| = | Mg =1 - | M| |P(@)| = My '|F@)| <1, Vo €R,

G +1)] = [Mg 7 M| P4 i) = MU F@ 4D <1, Ve e R

By (1), we have |G(z)| < 1 throughout the strip, i.e.
G| = | Mg 7 MR = My ARG+ i)l <,

which implies the desired result.

(3) Set M(y) = sup |F'(x +iy)| for y € [0,1]. For 0 < y1 < y2 < 1, by scaling we see the result in (2)

applies to the str1p 1 <Imz <y, ie, forally € [y1,y2],

log M (y) <log( (y1) 391 M (ys) 5 y’}l) =279 log M (y1) +

— Y
log M ,
Y2 — Y1 — W & (yQ)

which implies the convexity of log M (y). O

HERES 1 [w| <1, mﬂi\l—e | < clw| BSLHHRL c.
1-—

fRE L f(w) = s B 0 e T RA L, L f € H(B(O, 1), MERREURIT I
Z:wT )I-;}ﬁ <nz_%(nil)!:e—1.
Fr i c=e — 1 (R A w = 1 WX B HEAEFEED). [
Stein 5.6.1 Give another proof of Jensen’s formula in the unit disc using the functions (called Blaschke
factors)
Valz) = 1a— de'

Proof Let () be an open set that contains the closure of a disc Dy and suppose that f is holomorphic
in Q, f(0) # 0, and f vanishes nowhere on the circle Cg. Let z1, - - - , 2y denote the zeros of f inside the

disc (counted with multiplicities), we want to show that

|2k ] Lo i0
log |£(0 \—Zlo ( )4—2/0 log| f(Re')| d6.

(1) First, we observe that if f; and f, are two functions satisfying the hypotheses and the conclusion
of the theorem, then so does their product f; f.

(2) By setting f(z) = f(Rz), what we want to prove can be reduced to the specific case when R = 1.
Note that the function

f(2)
g\z) =
S EET e
initially defined on Q \ {z1,--- ,2n}, is bounded near each z;. Therefore each z; is a removable

singularity, and hence we can write

[(2) =4z (2) -2y (2)9(2)



65

where g is holomorphic in © and nowhere vanishing in B(0, 1). By (1) above, it suffices to prove
Jensen's formula for functions like g that vanish nowhere, and for Blaschke factors.

(3) The case of functions that vanish nowhere follows from the mean value theorem for holomorphic
functions. So it remains to show the result for Blaschke factors. We have

1 [ .
logl(0)] = log o] = log ol + 5 [ loglun(e”)|d0
since |1, (z)| = 1 for z € 9B(0, 1). O

Stein 5.6.3 Show that if 7 is fixed with Im(7) > 0, then the Jacobi theta function

o0

Z | T § eﬂ'm T 27rm7

n=—oo
is of order 2 as a function of z.

Proof We have

oS o)
2

| P | T § 71'm T 27rmz § e~ Im(7)+27n|z|

n=—o0 n=—o0

E 77rn Im(7)+27n|z| + E effrn Im(7)+27n|z|
z 2|
n<1m(7‘) ( )
27n|z| < ﬁ when n < Tm‘(f —n2Im(7) + 2n|z| < 7% whenn > I:“é)
8r|z|2 —7n? Im(7) n Im( )
<emm E e~ (r + §

4|z|
n<[m(r) nZmisy

—x 1

ST 817r\2|2 1 1
< e m Z ™2 Im(T) +1 + Z wn? Im(7)

n< 4|z|

Im(7)

8r|z|2

< Cre ™ + (s,

It remains to show that the order is at least 2. We use repeatedly Proposition 1.1 (iii) in Chapter 10,
which is about the quasi-periodicity of O(z | 7), to see that

Oz +mr | 7) = e 2mme—mm*T gy | 7).

Then take x = 0 to get
O(mr | 1) =™ MO0 | r) = AePI T,

which shows that the order of ©(z | 7) is at least 2. O

Stein 5.6.5 Show thatif o > 1, then

o0 [e% .
Fo(z) = / e I"e?m= gt

is an entire function of growth order
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Proof By Fubini’s theorem we have

/Fa(z)dz:// e—\tl“e%ztdtdZZ/ /e—‘t\“e%ztdzdt:/ 0dt =0
ol ol o _OO’Y o

for all closed curves 7, hence from Morera’s theorem we see that F7,(z) is an entire function. To approx-
imate the order of F,,(z), we first set A = 47 and observe that

o If [t|*~! < Alz|, then

e

B +27|"Z||t| 27T|Z||t| 27’["Z|Aa 1‘Z|°‘ T ZQTFAﬁ|z|ﬁ

o If [t|*~! > Alz|, then

e

et Alz A
5 + 27|2||t] < 27|z||t] = |t<—| |2 +27r|z|> < |t|( | | + 27|z |> = |t||z|<27r— 2) =0.

So we can conclude that

ta
—%+27r|z\|t\ < 27)z|t] < ¢lz|a T (5.6.5-1)

for some constant ¢ > 0. Denote p the order of growth of F,(z).

(1) We first show that p < —— Usmg (5.6.5-1) we have

|Fn(2)] g/e—\t|q+2w\z||t\ dt:/e—ﬁe—#wﬂzuth
R R

s [t]> =T +oo @

o — — = o — -

< el / e” = dt = 2e°V! / e 2 dt
R 0

_a +oo ‘ _a
< 227! <1 +/ e 2 dt> = 20(1 + e*%)ec‘z‘k1 )
1

hence p <

2mi

(2) Next we show that p > Ll' For simplicity we consider G, (z) = Fo(5%) = / e " dt and
a— R

e
it has the same order of growth as F,,(z). Suppose to the contrary that p < 1 and that
o —
1Go(z)] < AP vz e
for some positive constants A and B. For R € R+, we have
1 1
a—1 Ra—1

“+o0 1
Ga(R) = / e 1%t 4t > / e el dt > /
R 0 0

Therefore we have
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But we know that

[N

Go(R) < APR — 1<e(

(i ) o

which does not hold for large R by our assumption that p < -
o —

Now we conclude that F,(z) is an entire function of growth order

Stein 5.6.7 Establish the following properties of infinite products.

(1) Show that if Z lan|? converges, then the product H (1+ a,) converges to a non-zero limit if and

n=1 n=1

only if Z ay converges.

n=1

(2) Find an example of a sequence of complex numbers {a,, } such that Z a, converges but H (1+ay,)
n=1 n=1
diverges.

(3) Also find an example such that H (1+ an) converges and Z ay, diverges.

n=1 n=1

o0
Solution (1) If Z |a,|? converges, then li_>m a, = 0, hence

n=1
an —log(l+a,) 1

lim = —.
n—o00 a% 2

By the limit comparison test, we see that Z[an —log(1 + a,,)] converges, then

n=1
oo oo oo
H (14 a,,) converges to a non-zero limit < Z log(1 + a,,) converges < Z a,, converges.

n=1 n=1 n=1

EO-
(2) Leta, = T, then Z a,, converges by the Leibniz’s test for alternating series, but
n

n=2

e i ) o) <

since by, < (1+ﬁ)(1—ﬁ) =1- ﬁ,wehave 1—b; > 2k+1 andhencez (1 — by)
k=1
diverges. Note that b, — 1, therefore

lim — log bx

=1.
k—oo 1 — by
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Hence Z —log by, diverges by the limit comparison test, and it follows that
k=1

i log by, diverges — ﬁ b, = ﬁ ay diverges.

k=1 k=1 n=2
(3) Let
1
-, n=2k—1,
an = 1\/E 1 1
— 4+ -4+ —, n=2k.
VE ko kVE
Then
<l ol Y1 X1 New
doan=) (azk-atam) =) =+ =+,
n=1 k=1 - VR DS RVE
but

ji(l%—an) = (1+a2)kl]i(1+a2k1)(1+a2k) :41111(1_\}%) (1+\}E> (1+;>

N
=4 - =4 —— —— 9
H k k 2N -
k=2
Stein 5.6.9 Prove thatif |z| < 1, then
°° . 1
(142421 + )42 = [ (1+) = 1
k=0
n—1
Proof If we denote P, = H (1 + an), then
k=0
(1=2)P,=(1—-2)(1+2)(1+2%)--- (1 + z2n_l) =1-22"
1— 2n
Hence P, = and by taking the limit as n — oo we get the desired result when |z| < 1. O

Stein 5.6.10 Find the Hadamard products for:
(1) e —1;
(2) cosmz.

Solution (1) Sincee®—1has growthorder lande®*—1 =0 <= z = 27in for n € Z, by Hadamard’s
factorization theorem we see it has the form

[e%s) o0 2
z z - - z
e —1= eAZ+BZ (1 — ) (1 7)621rin_27rin — eAZ+B 14+ = ).
};[1 27in + 2rin Z};[l + 4m2n2

Then

0 2
et —e i mel DB I (14 2.
TN

n=1
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Since LHS is odd we get A = 1, and from

1 B
17?3}3 z 7lline H( 4772712)

n=1

we see that B = 0. So we have

e _1:ZH<1+47r2n2>

n=1

(2) Since cos 7z has growth order 1 and cosmz = 0 <= z = n + % for n € Z, by Hadamard’s
factorization theorem we see it has the form

[eS)
z 4 2
ere ot (1 )e T e T (1 )
2 n=1

neZ

Since LHS is even we get A = 0, and by letting z = 0 we see that B = 0. So we have

Ccosmz = ﬁ<1(2n4i21)2)

n=1

Stein 5.6.13 Show that the equation e* — z = 0 has infinitely many solutions in C.

Proof Suppose to the contrary that e* —z = 0 has only finitely many solutions, then since e* — z is entire
and has growth order 1, by Hadamard’s factorization theorem we have e* — 2z = e***Z P(2) for some

polynomial P(z). Then P(z) = ZA;;

A =1, and hence z = e*(1 — e”C) for some constant C, which is impossible. O

=0 (e(1 Az ) which is possible only when P(z) is constant and

Stein 5.6.14 Deduce from Hadamard’s theorem that if F' is entire and of growth order p that is non-
integral, then F has infinitely many zeros.

Proof Letk = |p|,thenk < p < k+1. Suppose to the contrary that F" has only finitely many zeros, then
by Hadamard's factorization theorem we have F(z) = e/’(*)Q(z) for some polynomials with deg P < k.
However, this implies that F' has growth order at most &, which is a contradiction. O

Stein 5.7.1 Prove that if f is holomorphic in the unit disc, bounded and not identically zero, and
21,29, ,Zn, -+ areits zeros (|zx| < 1), then

Z(l —|zn]) < 0.

n

Proof Without loss of generality, we may assume that f(0) # 0 (otherwise just factor out z™) and the
number of zeros is infinite. Fix k¥ € N and consider » € (0, 1) such that n(r) > k and f vanishes nowhere
on the circle |z| = r, where n(r) denotes the number of zeros of f (counted with their multiplicities)
inside the disc |z| < r. Recall Jensen’s formula:

27 n(r)
Lt a0t~ -t ).

n=1
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The boundedness of f implies that there exists M > 0 such that

LB g 1 [P -
SO 5 < O] 5 =ew{ 5 [ toglr(re?)]do} <

Letr — 17 to see that

k
H |2n| 2 % forall k € N.

n=1

Then by taking k — oo we find

=

—= > 0.

[eS)
I
n=1

Therefore, by taking the logarithm we have

hE

(—log|zn|) < o0

3
Il
-

—log|zn
and hm |zn| = 1. Hence hm 0g||z|
n— —»00 — |Zn

= 1 and by the comparison test we get

oo
Z (1—zn]) <
n=1

Stein 6.3.1 Prove that

whenever s £ 0,—1,—2,---

Proof By Theorem 1.7 in Chapter 6 we have

Using the definition of Euler’s constant y one can write

N N
- g oo (55 o)
n=1

n=1
N! N*N!
= 1 slog N lim
VoS S5 11) 5+ N) NSk sGFD - (st N)

which is the desired result.

Stein 6.3.2 Prove that

(n+a)(n+b)  T(a+b+1)

ﬁ nn+a+b) Tla+1)T(b+1)

whenever ¢ and b are positive. Using the product formula for sin s, give another proof that

T(s)I(1 —s) = —

sinmws’
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Proof Using the formula proved in Exercise 6.3.1 we have

n%tin! nbtinl
Pla+ DI +1) _ | @)@t (o Fn) ~ GrDe+2)- (1)

T n—co natbd+inl
Pla+b+1) - @I bT D) (@ tbt2)- (atbritn)

lim n-nla+b+1)(a+b+2)---(a+b+1+n)
n—oo (a+1)(a+2)---(a+1+n)b+1)(b+2)---(b+1+n)

N+1 o
~ lim N H nn+a+b) :H n(n+a+0) .
Nooo N+1 24 (n+a)(n+d) - (n+a)(n+b)

In fact, the requirement that a and b are positive is unnecessary, we only need a + 1,b+ 1,a + b+ 1 #
0,—1,—2,---. Now for s € (0,1),seta = s and b = —s, then

1 TU+s)T(1—-s) 134 n? m
I'(s)I'(1l—s)=—"- = =
()0(L =) s (1) s };[1 n? —s2  sinws

by the product formula above. The desired idntity then holds on all of C by analytic continuation. [

Stein 6.3.3 Show that Wallis’s product formula can be written as

7r . 22(nl)?
2 A Gy 2T

N

As a result, prove the following identity:

L(s)I'(s+ 3) = V2! 72T (2s).

Proof By Wallis’s product formula we have
© 2 2n (0, 1)2 an (., 1\4
I H (2n)* ; 22" (nN)*(2n 4+ 1) — lim 2% (nh*(2n + 1)
(2n)? —1

B = G o A e e

which implies the desired result. Now use the formula proved in Exercise 6.3.1 to get

) 1
nn! ntan)

PO +2) = I e vm) G D3 G len)
‘ n2s+%(n!)222n+2
= lim

n—oo (28)(2s+2)---(2s4+2n)(2s+1)(2s+3)--- (2s +2n+ 1)

= lim (22”<n!>2m> ( (2n)*(2n)! ) Vn(2n + 1)22-2

n=soo (2n + 1)! (25)(25s+1)---(2s+2n) ) V2n +1(2s +2n + 1)
T 1 9
\/;F@s)-ﬁa? 2
= /m217%T(2s). O

Remark The identity I'(s)['(s + 3) = /72'7**I'(2s) can be derived in another way using Exercise
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I(s)D(s+ %
6.3.13. Let f(s) = L‘TQ) then

1 B 1
(s+2)° (s+2)°

=0,
= | P

d?log f(s) 1 1 4
as? D ( +

oo
n=0

As+B 1

. Substituting s = 1 and s = 35

Hence log f(s) = As + B for some constant A, B, and so f(s) = e 5

one gets A = —2log2 and B = log 2 + log /7, then f(s) = /72! 2.
Stein 6.3.4 Prove that if we take

flz) =

for |z] < 1

(1—2)’

(defined in terms of the principal branch of the logarithm), where « is a fixed complex number, then

f2) =3 an(a)z"
n=0

with
() Ln“_l asn — oo
an (o o) .

Proof From the Taylor series of f(z) we get

1)-.. 1 1)-..
an(a):a(a—l— Yoo (a+n )Noz(a+ Yoo (a+n) asn s oo,
n! n-n!

and our proof is complete by the formula of I'(«) in Exercise 6.3.1. O

Stein 6.3.5 Use the fact that I'(s)I'(1 — s) =

to prove that

smms

|F(% =+ it)| = \/emiT, whenever ¢ € R.

Proof By the definition of I'(s) we have I'(5) = I'(s), so substituting s = £ + it we get

T 2
—  —_T(r4+ir(i-it)=0(L+i)|".
smw(%—i—it) (2+1t) (2 1t> ’ (2+1t)|
Then the desired result follows from

T _ T _ 27
sinm(3 +it)  cos(irt)  em et O

Stein 6.3.6 Show that

1+1+1+ + !
3 5 2n—1

1 Y
- ilogn — 5 +log2,

where 7 is Euler’s constant.
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Proof By the definition of v we have

n n 2n
1 1 1 1 = (DR oo

k=1 O

Stein 6.3.7 The Beta function is defined for Re(«) > 0 and Re(3) > 0 by

1
B(a,ﬁ):/o (1 —t)* P~ de.

(1) Prove that B(a, 8) = m.
(2) Show that B(a, §) = /0 h ufﬁdu.

Proof (1) A change of variables gives
N(o)I'(B) = / / te s e =5 dt ds
o Jo
—ur oo 1
— / / (ur)?~u(l — r)]* e % udr du
t=u(l—r) 0 0
[e§] 1

— atp—1,-u _ oa—1_8-1
/0 u e Clu/O (I—=m)* P dr
— T(a+ B)B(a, ).

1
(2) Substituting t = 1 in the integral we get

u

oo U a—1 1 B—1 1 o ua—l
B(%B)Z/O <1+u> (1+u) (1+u)2du=/0 7(1+u)a+5d“' -

Stein 6.3.8 The Bessel functions arise in the study of spherical symmetries and the Fourier transform.

Prove that the following power series identity holds for Bessel functions of real order v > —1:
e 1 b Cum(5)”
J,(z) = 5) / ot (1 _ 2\ g = (F
(@) F(z/—f—%)\/% _1e ( ) (2) mZ:Om!F(l/—Fm—Fl)

whenever 2 > 0. In particular, the Bessel function J,, satisfies the ordinary differential equation

dzJ, 1dJ, v?
Sy (1-Z ), =o.
da? +;v dx +( x2>J 0

Proof Expand the exponential €' in a power series and switch the order of summation and integration

to get

—
NI

Ju ()

_ )" @) [ty ey
gher )\/%Z i /t(l )72 de

n=0 -1

N[ =
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m=0
z)” > x 2m 1 m— v—1i
Tl 0
B(m+% v+

Exercise 6.3.7 (%) v > (ix)2m I (m +
2 m

F(u+ $)VT = (2m)! T(m+v+1)
%)U 0 m 2m ]_"(m+ %)
T ZO Fm+v+1)
Note that , X s 1o (2m—1) (2m)!
L(m+3)=(m=3)(m=3)30(G) = —F V7= 550 VT,

substituting this into the above formula we proved the identity. To verify that J,(z) solves the linear
ODE, we only need to check termwise, also ignore those coefficients that only depend on v:

( 9 ) (_1)mxu+2m—2
2?2 —1?)
4mmIT(v +m+ 1)

(71)mxu+2m %di (71)m(y+2m)zu+2m72
4mmIT'(v +m + 1) 4mmIT'(v+m + 1)

(=)™ (v +2m)(v + 2m — 1)gv+2m=2
4mmIT(v +m+ 1)

Take each coefficient before 2*"2"~2 and add them together:

(=1)m—t B (—1)mp? (=1)™(v 4 2m) (—1)™(v+2m)(v+2m — 1)
4m=t(m - DI (v+m) 4™ml(yv+m+1) 4™mITy+m+1) 4mIT(v+m+1)
_ (=D™

C4mmIT(v +m + 1)

[—4m(v +m) —v* + (v+2m) + (v + 2m)(v + 2m — 1)] =0,

which is the desired result. O

Stein 6.3.9 The hypergeometric series F'(«, 3,7; z) is defined by

B ala+1)- a+n—1)ﬂ([3+1)~~(ﬂ+n—1) n
Show that
s ) = F(’Y) ' B— —B— —a
F(avﬁv'}/,z)—m/o t 1(1—15)’Y 1(1—Zt) dt.

Herea > 0,8 > 0,7 > ,and |z| < 1.

Show as a result that the hypergeometric function, initially defined by a power series convergent in
the unit disc, can be continued analytically to the complex plane slit along the half-line [1, c0).



Note that

log(l—2) =—2F(1,1,2;2),

(1-2)7%=F(o,1,1;2).

Proof Since |z| < 1, we can expand (1 — zt) ™ as a power series to get

& ' B=1(1 _ pyv=B—1(1 — z4)~©
e, e
Iy

O 1/31 pyr=p=1 afa+l)---(a+n-1)
‘P(ﬂ)rw—ﬁ)/ot Z ol (

_ - F(’Y) a(a+ 1)(04+n— 1) B+n—1 _ \v—B-1 peg
=2 TG B ! / RS
B(8+n,y—8)
:i TTB+nT(y =p) alet+l)---(at+n-1) ,
2 TG (= BT ) !
_ia(aﬂ) (a+n—1)B(B—|—1)---(6+n—1)2n
= ny(y+1)---(y+n—1)

The desired continuation follows directly from the above formula.

Stein 6.3.10 An integral of the form

2) = /0 Frtdt

2t)" dt

75

is called a Mellin transform, and we shall write M(f)(z) = F(z). For example, the gamma function is

the Mellin transform of the function e*.

(1) Prove that

M(cos)(z) = /OOO cos(t)t* "' dt =I'(z)cos(rZ) for0 < Re(z) <1

and

M(sin)(z) = /000 sin(t)t*~"dt =T'(2)sin(7%) for0 < Re(z) <1

(2) Show that the second of the above identities is valid in the larger strip —1 < Re(z) < 1, and that

as a consequence, one has

0o s
sinx T *sinx
dr=—- and dz =
0 X

This generalizes the calculation in Exercise 2 of Chapter 2.
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Proof (1) Consider the integral of f(w) = e “w*~! around the contour illustrated below.

Im

iR
71

ic

Since
/ z . 1 5 ot
/ e w1 dw| = /O ice > (ce”) e dg| < £Re® /0 e ses0=In()0 gg o 0
Y2
and similarly
z ]_ . 5 R—+
/e*wwzfldw :/O iRefReg(Rele) 1eled9 gRRe(z)/O echoseflm(z)GdekT(z;ifo

V4

by DCT, letting ¢ — 0" and R — +o00 we have
I'(z) = /OOO ie i(it)* "t dt = el2? /OOO et ldt — /OOO e 7 ldt = e 27T (2).
Similarly, by choosing the contour that reflects over the real axis one gets
/000 elt* 1 dt = e'2°T(2).
Then it follows that

oo o eit e—it eilz efilz
/ cos(t)t*~tdt = / %tz’l dt = F(z)% =1I'(z) cos(m%)
0 0

and

o] oo Lit _ 4—it iZz _ iZz
/ sin(t)t* ! dt = / €% plar=r(») "2 —D(z)sin(r).
0 0 2i 2i

(2) Integrating by parts we have

00 1 e}
/ sin(t)t*~* dt / sin(t)t*~t dt + / sin(t)t*~ 1 dt
0 0 1

1 _: 0o
sint
= 5 t* dt +cosl+(z—1) / cos(t)t*~2 dt,
0 1

holomorphic when Re(z) > —1 holomorphic when Re(z) < 1

hence M(sin)(z) is well-defined for —1 < Re(z) < 1, and the second identity gets valid by analytic
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continuation and the identity theorem for holomorphic functions. Taking z = 0 and z = —we get

* sinx . o . P T _ T _T
/0 - dx = M(sin)(0) = llg[(l) ['(z)sin(n%) = llg}) EZF(Z) = EF(l) =5

and

| S5 de = M) (+4) = 1(-4) sin(~5) = ~2v7(~J5) = V2=

xr2 D
Stein 6.3.11 Let f(2) = e?*e™® where a > 0. Observe that in the strip {z +iy: Jy| < 3} the function
f(x + iy) is exponentially decreasing as |z| tends to infinity. Prove that

f(&) =T(a—2rmi&), forall¢ eR.

Proof Since

i) @iy e®
ea(z+1y) e — gaw—e’ cosy

and cosy > 0 when |y| < g,

[f(z +iy)| =

we see that f(z + iy) is exponentially decreasing as |z| — co. Using a substitution ¢ = e” we have

f(g) — / eax—e$—27rif:c dr = / ta—27ri§—1e—t dt = F(a o 27_(_15). -
s 0

Stein 6.3.12 This exercise gives two simple observations about 1/I".

(1) Show that

1
i clsl) f,
T(s)] 1sn0t0(e ) or any ¢ > 0.

(2) Show that there is no entire function F(s) with F(s) = O(ec‘s|> that has simple zeros at s =
0,—-1,-2,---,—n,---, and that vanishes nowhere else.

Proof (1) Using sI'(s) =I'(s + 1), for k € N, we have

P+ ) Vi
I'(=k— 1) = 2/ — ... = ,
e N S B ey
hence
1 _%~%~~~(k+%)> k!
NN 2w ~ 2T’
If 1 is O(eds‘) for some ¢ > 0, then there exists C' > 0 such that
IT(s)|

k< Ce(k+3)  forallk e N,

which is impossible since lim kle=e(k3) = 400,

k— o0

(2) Suppose that F'(s) is such a function with growth order < 1, then by Hadamard’s factorization

theorem we have
oo

F(s) = e85 H(l + %)efﬁ.

n=1
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Combine this with the Weierstrass product for I'(s) in Theorem 1.7 of Chapter 6 we get

1
=F (v—A)s—B
() L) !
but this contradicts (1) by our assumption on F(s). O

Stein 6.3.13 Prove that
d?logI'(s) i 1
ds? N “ (s +n)?
whenever s is a positive number. Show that if the left-hand side is interpreted as (I /T")’, then the above

formula also holds for all complex numbers s with s # 0, -1, -2, - -.

Proof By Theorem 1.7 in Chapter 6 we have

o0
n S
I(s)=e s ! en
( ) Hn+s

n=1

fors#0,—1,—2,---. Then

logT'(s) = —ys — log s + Z(Z —&—lognis)

n=1

and

d 1 /1 1
dsl"g”s)—ﬂ‘s*;(n‘nﬂ)

TR I S B S
ds2 8T (n+s)2 (s +mn)?

n=1 n=0

Since I"/T" is holomorphic on C \ {0,—1, -2, -}, its derivative is also holomorphic on this domain,

hence the above formula holds for all complex numbers s with s # 0, —1, -2, - - -. O

Stein 6.3.14 This exercise gives an asymptotic formula for logn!. A more refined asymptotic formula
for I'(s) as s — oo (Stirling’s formula) is given in Appendix A.
(1) Show that

d +1
d—/ logI'(t)dt =logz, forz >0,
€ xT

and as a result o
/ logT'(t)dt = zlogae —xz +c.

(2) Show as a consequence that logI'(n) ~ nlogn as n — oco. In fact, prove that logI'(n) ~ nlogn +
O(n) as n — oo.

Proof (1) For z > 0 we have

d

(x+1)
o el )

z+1
/ logI'(t)dt =logT'(x + 1) —logI'(x) = log I ) =logz,
> x

and by integrating both sides we get the second formula.
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(2) Since logI'(t) is monotonically increasing when ¢ > 1, we have

n+1
logT'(n) < / logT'(t)dt < logT'(n+ 1) = logn +logI'(n).

This implies that
(n—1)logn —n+c<logI'(n) < nlogn —n+c,

which gives the desired result. O

Stein 6.3.15 Prove that for Re(s) > 1,

Proof For xz > 0 we have

9]
— E e e
n=1

Substituting this into the integral and using Fubini’s theorem we get

| & Z/ e dg Z et =) .

Stein 6.3.16 Use the previous exercise to give another proof that ((s) is continuable in the complex

plane with only singularity as a simple pole at s = 1.

Proof Use Exercise 6.3.15 to write

1 Logs—t 1 00 sl
g(s)_@/o rildx—i-@/l L dr

The second integral defines an entire function because of exponential decay near infinity, while

1 xsfl 1 00 B 0 B 1
/ dr = / 1,572 § 7mxm dz = § —-m / :L,S+mf2 dr =
0 et —1 0 m' m' 0

oo

> T
ml(s+m—1)

m=0

Since —— T is holomorphic for |z| < 27, and the right-hand side above has the same radius of con-
Bm B’rn

vergence as Z mz " when s # 1, we conclude that Z H—mU converges for all

s e C\{1}. And from By = 1 we see that s = 1 becomes a simple pole of {(s). O

Stein 6.3.17 Let f be an infinitely differentiable function on R that has compact support, or more gen-
erally, let f belong to the Schwartz space S. Consider

x)x~ 1T da.
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(1) Observe that I(s) is holomorphic for Re(s) > 0. Prove that I has an analytic continuation as an

entire function in the complex plane.

(2) Prove that I(0) = f(0), and more generally
I(—n) = (=1)"f™(0) foralln > 0.

Proof (1) Write
I(s) = —1 1 f(z)e= 1T de + —1 f(z)z 1T dx
(s) I(S)/o (@) I(S)/1 (=) .

The first integral defines a holomorphic function when Re(s) > 0, and the second is holomorphic
since f € S. Next, we integrate by parts to get

& _1\k )
I(s) = _sFl(s) /0 f(@)x*de = = F((s}&—)k)/o f(k) (l.)merkfl dz.

This shows that I(s) can be analytically continued to Re(s) > —k for any positive integer k. There-
fore, we have obtained the desired continuation of I(s).

(2) Taking s = —n and k = n + 1 in the above formula gives

_1\n+1 [ee]
e = S [T A @) de = () @) = (1))

Stein 6.4.1 This problem provides further estimates for ¢ and ¢’ near Re(s) = 1.

(1) Use Proposition 2.5 and its corollary to prove

)= 3 T+ Y )

1I<n<N n>N

for every integer N > 2, whenever Re(s) > 0.

(2) Show that |¢(1+it)| = O(log|t|), as [¢| — oo by using the previous result with N = greatest integer
in [t].

(3) The second conclusion of Proposition 2.7 can be similarly refined.
=1
(4) Show thatif ¢t # 0 and t is fixed, then the partial sums of the series Z —45; are bounded, but the
n
n=1

series does not converge.

Proof (1) For Re(s) > 0 we have

Il
\H
_|_
—
8
%
Q.
S
_|_
g
:\3
t
A~
3~
|
ks
~——
Q.
S

I
g
3|~
\
==
| =
wl| &
+
g
g
=
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(2) Foranyt € R\ {0}, take N = ||¢|] in the formula above to get

. Nfit
Ca+in=| > a7t —t > 6.1 +it)
1<n<N n>N
<) > +'Nit +1 > oa(1+it)
1<n<N n>N
SDIERNITED I
1<n<N i
1 1
< -y = 1+12 —_
< > n +|t|+\/ + Zn(n_l)
1<n<N n>N

1 V1+1t2
~loglt| + — +
il e -1

~log|t|+1 as|t| = oo.

This shows that |¢(1 + it)| = O(log [¢]) as |t| — oc.
(3) For

n+1
5 (s) = / <_1°g" n logx) dz.
n nS xS

For that z € [n,n + 1] in the integrand and |s| > 1, we have

/ <logu> du g/
xr us n

|s| + |s|log(n +1) _ 4]s|logn
< <
nRe(s)+1 = pRe(s)+17

we have

logz  logn 1—slogu

us+1

1+ |s|logx
S T Re(s)+1 (x —n)

xs ns

where the scalar 4 here comes from the inequality 1 +log(n + 1) < 4logn when n > 2. Therefore,

4|s|logn

!
100 (5)] < nRe(s)+1

Differentiating both sides of the formula in (1) we get

logn (s—1)N'=*logN — N'~¢
’ _ o !
¢'(s) = Z ns (s —1)2 + Z O (s)
1<n<N n>N
B logn N'7*logN  N!'=¢ ,
- Z ns + 1—3 _(175)2—’_26”(8)'
1<n<N n>N

Now take s = 1 + it and use the facts that

log

o is decreasing when z > e,

log x

o —=— is decreasing when z > Ve,
x
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(4)

we have
1 N-"log N
i< Y | ’ ad: ’ ‘ + 3 10,1 +it)]
1<n<N n>N
. Z logn+logN+ 1 +4mz logn
h n |t] 2 n?
1<n<N n>N
N-1
1
<lo§2+lo§3+/ loixdx+lo|gt|N+t12+4m/ ogx
3

Integrating by parts we get

N—1 N—1 _ 2 _ 2
/ logx dr — (logx)Q‘g _ [log(N —1)] (log3)
3

T 2
and -
/ logg:vdxz/ %d _logz :1+1;)Vg(lel)'
N-1 T N-1T N PN -
Therefore, taking N = | |t|| we have
log2 1 1N—12—1321N1 1+1
'L +it)] < O§ + 0§3+ Log( ); log3)” | O|gt| +4\/1+t2—Jr e : )
log2 1 1
~ B °§3—(°g23) Atz (log|t|) +dloglt| as |t — oo,
which implies that ¢'(1 + it) = O(log2 \t|) as |t| — oo.
By the formula proved in (1) we see the partial sum of the series Z - can be expressed as
n= 1
1
> = +it) 1+ it). (6.4.1-1)
1<n<N n>N
Hence
\1+1t| 1 w21+ ¢2
Y. | <K+ +Z U]+ =

1<n<N n=>N

which shows that the partial sums are uniformly bounded for any fixed nonzero ¢. To see the series
does not converge, again we use (6.4.1-1) to write

1 Nfit
> =C+it) - — +0(5) asN oo
1<n<Nn 1

since we have seen in (2) that

3 L+t _ 3 VIt Vit

nn—1 N-1"

n>2N n>N n>N

Note that our conclusion follows from the fact that N~ is an oscillating term as N — oco. To
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prove this, one just needs to show that sin(¢log V') does not converge as N — oco. We prove by

contradiction: suppose that A}im sin(tlog N) = A, then
—00

lim sinftlog(kN)] =X forany k € N;.

n—oo

Observe that

{sin[tlog(kN)] — sin(t log n) cos(tlog k)}* = [sin(tlog n + tlog k) — sin(t log n) cos(t log k)

= cos?(tlogn)sin®(tlog k),

letting n — oo we get
A?[1 — cos(tlogk)]? = (1 — A?) sin®(tlog k),

which implies
A2 sin®(tlogk) 1+ cos(tlogk)

1—-XA2  [1-—cos(tlogk)]? 1—cos(tlogk)’

This is impossible since the right-hand side depends on k while the left-hand side does not.

Stein 6.4.2 Prove that for Re(s) > 0

C(s):sfl—s/l I{i}ldx

where {z} is the fractional part of z.

Proof We have

s r—n
RHS:S_l—an:l/n e
s > dz >ty
fs_lfs/l +Z/ I da
s s > 1 1
5—1_8—1—’_27{71‘? (n—i—l)‘;]
n=1
=1 > n
2w LGy
=1 n—1
:Znsfl_z ns
n=1 n=2
1
=1 — =LHS
+>

Stein 6.4.3 If Q(z) = {z} — 1, then we can write the expression in the previous problem as

s 1 = Q(x)
C(S):s—l_i_s o dz.

O



84

Let us construct Q(z) recursively so that

| war=o. L2 —0u@), Qo) = Q) and Qulo+1) = Qula)

Then we can write

s 1 o/ dk e
4(5)28_1*5*5/1 (dkuk(x)>x Ldex,

and a k-fold integration by parts gives the analytic continuation for {(s) when Re(s) > —k.

Proof The two identities are clear from what we have proved in Problem 6.4.2 and the recursive defi-
nition of Q (). Assume first Re(s) > 0, integrating by parts gives

o] k
/1 (&de))x“g_l dz
> ntl /s qk
_ / (dkuk(x)>x51 do
n=17"
dk—l n41 n+1 dk—l
{ (dﬁ_le(x))x_s_l N + (8 + 1) A <dxk_1Qk(x)>l'_S_2 dx}

oo s k-1
Ql(sc)x_s_1|z+1 + (s + 1)/1 (;xlek(x)>m_s_2 dz

(]

M

~
Il
_

Ti

M

n=1

=—Qi(0)+ (s+1) /100 ((%QM@)) e da

= QO+ (s -0+ (5+2) [ (0w o tar)

k

== QU0 = 3 QO+ ) (s =D+ s+ D +2) (54 8) [ Qula)e

m=2
Substituting this into the formula of {(s) we get
k

Cs)=+—3 _;+SZQm(0)5(8+1)..-(8+m—1)—8(S+1)...(S_i_k)/looQk(x)x—s—k—ldx.

m=1

Since Q(z) is bounded on R by its periodicity, the integral converges for Re(s) > —k, which gives the

analytic continuation for {(s) when Re(s) > —k. O

Stein 6.4.4 The functions Qy, in the previous problem are related to the Bernoulli polynomials By (z)

by the formula
_ Biti(2)
Qr(x) = i+ 1)) forO0<z < 1.

Also, if k is a positive integer, then

(2m)%*
(2k)!

2¢(2k) = (—1)k*! Bo,

where By, = Bj(0) are the Bernoulli numbers.
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—2k
Proof Consider the integral of f(z) = ei Il around the square contour illustrated below,

Im
—2r(R+3) +2r(R+ 3})i v 2r(R+ %) +2r(R+1)i
d V4 R
72 A e
—2r(R+ 1) —2r(R+1)i (KE 2r(R+ 1) —2r(R+ 1)i

where R is some large positive integer. Note that 27in with n € Z are all the poles of f(z), and the
residues at these poles are

— i —2k —2k
Res(f(z),zmwin) = lim % = lim 17_1 = (27Tin)72k, n e Z\ {0}
z—2min e —1 z—2min P
_ z —2k—1 _ — Bn k1 By
Res(f(z),O)-Res(ez_1 -z ,0) _Res<n¥0n!z 7O) = @nr

Since our contour does not pass through any pole, by the residue formula we have

B
/ fede=2mi| 3 (rin) g 22,
5 n€[—R,R|NZ (2k)!
n#0

where v = v U2 U 73 U v4. Next, observe that for z € R and y = 27T(R + %) we have
"™ —1] = |-e" 1| =e"+12>1,
then for the integrals along v, we have

| dz| 47T(R + %) R—+400
f(z)dz| < o < —0
! J TP ar(r+ 1))

By the same argument we have
R—+o0
/ f(z)dz — 0.
V3
For the integral along 72, note that for z = 27 (R + 3) and y € R we have

et —1| = ‘1 — e (Rts)tiy| 5 1 _e=2n(RH3) 5 g,
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hence

|dz| dr(R+ 1) R—+00
/f(z)dz g/ ket 1] S 2k - 1 0
J J |z + iy|2F|ez+iy — 1| 27(R+ 1)] {l—e 27r(R+2)]

Finally, for the integral along ~4, note that for z = 27 (R + 1) and y € R we have

)

|em+iy o 1| — ‘eQﬂ'(R-l-%)"riy _ 1‘ 2 eQW(R-i_%) —1>0

hence

/f(z)dz </ |dz < (R + 3) R
= iv|2k|ez+iy — 1] 2k [ or
& J | + iy[*F|er 1y — 1] [271'(R+ %)] {eQ (R+

[N
~—
I
[a—
—

Therefore, letting R — +oo gives

L Bay,
Z (2min) =2 4 ;=0
neZ\{0} (2!

and so

1)k (25)2 )2k
2¢(2k) = Z % = Z % — (—1)FH (2213 " By
n€Z\{0} neznioy (2 (2k)!

Stein 7.3.1 Suppose that {a, }5~; is a sequence of real numbers such that the partial sums
Ap=a1+--+an

are bounded. Prove that the Dirichlet series
o0
an

ns
n=1

converges for Re(s) > 0 and defines a holomorphic function in this half-plane.

Proof Summation by parts gives

_iAn—Anfl_ANﬂiA 11
=T v Wl

n=1

E

a
s

N
n=1

Assume |A,| < M for all n € N, then we have

3

An
Ns

< M N —oc0 0
= NRe(s)

uniformly on every compact subset of the half-plane Re(s) > 0. Applying the mean value theorem to

2~ ° one gets
1 1

ns  (n+1)*

|s]
= nRe(s)+1"
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Therefore, on every compact subset K of the half-plane Re(s) > 0 we have

Nt 1 1 = M]s|
;A"[ml)s_ns] gnzlnlwsm \MSZ 6+1

where

S = max||<+oo and 6-m1}r(1Re()>O.
sE

These two estimates gives the uniform convergence of the series on every compact subset of the half-
plane Re(s) > 0, which implies the holomorphicity of the function defined by this series. O

Stein 7.3.2 The following links the multiplication of Dirichlet series with the divisibility properties of
their coefficients.

(1) Show thatif {a,,} and {bs} are two bounded sequences of complex numbers, then

<i 2’:) ( S Z’Z) = i% where ¢,, = Z by
k=1

m=1 n=1 mk=n
The above series converge absolutely when Re(s) > 1.

(2) Prove as a consequence that one has
- n
n=1

for Re(s) > 1 and Res(s — a) > 1, respectively. Here d(n) equals the number of divisors of n, and

3

and ((s)¢(s—a)

04(n) is the sum of the a-th powers of the divisors of n. In particular, one has o¢(n) = d(n).

Proof (1) The convolution identity is obtained by noticing that m™*k™* = n™* iff mk = n. Assume
{amm} and {by} are bounded by A and B respectively, then |c,| < ABd(n). A classical result of the
arithmetic functions d(n) states that

lim sup log d(n)loglogn

n—o0 logn = log2

)

hence d(n) < Clogn for some constant C' > 0 and

S|

n=1

CIL

1
ABCZ (I){g( y <+ when Re(s) > 1.

(2) Taking a,, = by = 1 we get the first identity. For the second identity, note that

-EE

oo

((s—a)=

hence by (1) we have

o0

(s)(s—a)=" %” where ¢, = Y k% = 0,(n).

n=1 k|n O
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Stein 7.3.3 In line with the previous exercise, we consider the Dirichlet series for 1/¢.

(1) Prove that for Re(s) > 1

1 & pn)
o 2w

where p(n) is the Mobius function defined by

1, ifn=1,
p(n) = (=1)%, ifn = py,---px, and the p; are distinct primes,

0, otherwise.

Note that p(nm) = pu(n)p(m) whenever n and m are relatively prime.

(2) Show that

1, ifn=1,

)

S (k) = {

kn 0, otherwise.
Proof Our proof of (1) is based on the formula in (2).
(1) By the Dirichlet convolution formula in Exercise 7.3.2 (1) we have

) >o M (Z ;) (Z ) -
n=1 k=1

m=1 n=1

p(k)
ks

where
1, ifn=1
Cn = Z p(k) = ’ ’
hence
o p(n)
() =1 forRe(s)>1
n=1
as we want.
(2) The case n =1 is clear. Now assume n > 1 and write n = pi* - - - p;,» where p1, - - - , p, are distinct
primes and 71, - - - , 7y, are positive integers. Since j(n) is a multiplicative function, we have

k)= > p@itpi) =p)+ Y pit-pi)
k|n 0<s; <y 5,=0,1

m

:1+;(T]’:>(—1)’“:(1—1)m:0. O

Remark One can also prove (1) directly by using the Euler product formula for ¢(s) to write
o (-5
T (-2),
C (S) p prime p

and the result is clear from the definition of the Mobius function p(n).



89

Stein 7.3.4 Suppose {a, }o—; is a sequence of complex numbers such that a,, = a,, if n = m (mod ¢)
for some positive integer . Define the Dirichlet L-series associated to {a,, } by

= a
L(s) = 2 forR 1.
(s) 7; e or Re(s) >
Also, with ag = ag4, let

q—1
Qz) = Z ag—me™".
m=0

Show, as in Exercise 6.3.15 and 6.3.16, that

1 ee} s—1
L(s):F(S)/O Qe(ﬁfl dz, for Re(s) > 1.

Prove as a result that L(s) is continuable into the complex plane, with the only possible singularity a
q—1
pole at s = 1. In fact, L(s) is regular at s = 1 if and only if Z am = 0. Note the connection with the

m=0

Dirichlet L(s, x) series, taken up in Book I, Chapter 8, and that as a consequence, L(s, x) is regular at
s = 1 if and only if x is a non-trival character.

Proof As in Exercise 6.3.15, for positive integer g and = > 0, we have

o0
et — 1
n=1

Substituting this into the integral and using Fubini’s theorem we get

o 5— [ele] -1 oo
/0 Qe(qxl)li 11 dy — /O ;E571 <(IZ aq_memx> <Z enqz) dz

m=0 n=1
g—1 oo o)
S [T
m=0n=1 0
= Zak/ 2 le Fr dy
k=1 0
=3 %% [ (ka)*te e d(ka)
k=1 0
=T'(s)L(s)
For eachm € {0,1,--- ,¢q — 1}, as what we have done in Exercise 6.3.16, let us consider the integral

1 o emxz.sfl 1 % emwxsfl 1 oo emxmsfl
dx = dx dx.
T'(s) /0 e — 1 I'(s) /0 e — 1 * T'(s) /; e — 1
q
The second integral defines an entire function because of exponential decay near infinity, while

mx

1
5 eme ps—1 1 eq ps—1
/0 e?” —1 /0 ¢*(e* — 1)
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k 1
xn+k+sf2 dz

B,

nl
B .
g n! kl¢¢ n+k+s—1
by Fubini’s theorem. For R > 0 and s € B(0, R) we split the sum into two parts:
k

1 B, mF 1 1 B, m 1
¢ Z F.k'qk.n+k+s—l+7s Z n kKlgF n+k+s—1
n+k<R+2 : n+k>R+2 :

The first sum is the sum of a finite number of meromorphic functions, with simple polesat1,0, -1, -2, - - -
and since I'(s) has simple poles at 0, —1, —2, - - -, it becomes a holomorphic function on B(0, R) \ {1} after
being divided by I'(s). For the second sum, notice that

7

In+k+s—1=2n+k—-1—|s|2n+k—1-R>R+2-1-R=1

when |s| < Rand n + k > R + 2. Therefore,

B, m" 1 B, m"
D b Ay e APD m'k!qk\zm(zm >—e1-

n+k>R+2 ' n+k>R+2 n=0

With these two facts, letting R — +o0o0 we conclude that L(s) is continuable into the complex plane, with
the only possible singularity a pole at s = 1. We refer the last statements to Problem 7.4.4. O

Stein 7.3.5 Consider the following function

2oy 11 e (=t

) =1 == Y U

(1) Prove that the series defining ¢(s) converges for Re(s) > 0 and defines a holomorphic function in
that half-plane.

(2) Show that for s > 1 one has (s) = (1 — 2'7%)((s).

(3) Conclude, since ( is given as an alternating series, that ¢ has no zeros on the segment 0 < s < 1.
Extend this last assertion to s = 0 by using the functional equation.

N
Proof (1) Since the partial sums Z(—l)" are bounded, Exercise 7.3.1 applies.

n=1
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(2) On s > 1, since ((s) and {(s) are absolutely convergent (as series), we have

- =2179¢(s).

(3) Note that at s = 1, the simple pole of {(s) cancels with the zero of 1 — 2!, so both sides of the
identity in (2) are holomorphic functions on Re(s) > 0 that agree on Re(s) > 1. Thus this identity
holds on the whole half-plane Re(s) > 0. Focusing on 0 < s < 1, we have

1 1

- for all .
@n - 1) @n) >0 forallneN

Hence the alternating series ((s) > 0 when 0 < s < 1, and ((s) # 0 on the segment 0 < s < 1 by
the identity in (2). Finally, the functional equation £(s) = £(1 — s) or equivalently,

1—s

wféF(g)C(s) =n 2

L(432)¢(1 = 9),

in Theorem 2.3 of Chapter 6, shows that ¢(0) # 0 since the simple pole of {(1 — s) at s = 0 cancels

with the simple zero of T (lg) This concludes that ((s) # 0 on the segment 0 < s < 1. O
2

Stein 7.3.6 Show that for every ¢ > 0

. 1, ifa>1,
1 c+HiN ds
lim —/ a®*—=4q1 ifqg=1,
N—oo 27 J._in s 2
0, if0<a<l.

This integral is taken over the vertical segment from ¢ —iN to ¢ +iNV.

Proof Let f(s) = % be the integrand.

(1) For 0 < a < 1, choose the rectangular contour v = v, U y2 U y3 U 74 as illustrated below.

Im

c+iN 2 c+ VN +iN

Y2

4!

c—iN M VN -
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Since f(s) is holomorphic on C \ {0}, we have / f(s)ds = 0. For the integral along 72, one has

Y

¢ N—ooo

/f(s)ds <\/]V~GN4>O.
2

By the same argument we have
/f(s)ds é\/ﬁ~aﬁm0
Y4

For the integral along ~y3, we have

actv N N—o0

— = 0.
C—l—\/ﬁ 0<a<1

/f(s)ds < 2N -
73

Therefore, letting N — oo gives

(2) For a > 1, choose the rectangular contour v = 1 U 72 U y3 U 74 as illustrated below.

Im
c— VN +iN 7 c+iN
71
Y3 0 c Re
c— VN —iN iz c—iN

The residue of f(s) at s = 0is 1, hence by the residue formula we have

/f(s) ds = 27wiRes(f,0) = 2ri.
5

For the integral along 2, one has

C

/f(s)ds < VN %A
Y2
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By the same argument we have

é\/ﬁ~%m0.

JECES

For the integral along -3, we have

a®” N N—oc0

/f(S)dS gQNWWO
Y3

Therefore, letting N — oo gives

1 c+HiN d
lim —/ as—szl when a > 1.
c—iN &)

(3) For a =1, we compute directly to get

. 1 HN g 1 . . . T 1
Mo /N 5 = 2m am flarg(e +1N) —argle —iN)] = o7 = 5.
Here we choose the principal branch of the logarithm in the slit plane C \ (—oo0, 0]. O

Stein 7.3.7 Show that the function
§(s) =m20(3)¢(s)
is real when s is real, or when Re(s) = 1.

Proof The case when s is real is clear, since the two holomorphic functions ¢(s) and ¢(5) agrees on
Re(s) > 1, and hence must be identical for all s € R \ {1}. This implies that {(s) is real when s is real,

and so does £(s) by its definition. For Re(s) = 3, we observe that
o I'(5) = I'(s), which is clear from the integral representation of the gamma function.
o ¢(3 —it) = ¢(3 +it), which can be seen by the formula ¢(s) = (1 — 2'~*)¢(s) in Exercise 7.3.5 (2).

With these two facts and the functional equation {(s) = £{(1 — s), one has

G +i) =n 7 T(HY) €T+ u)

— (1 (1+10) = (4 + ).
Therefore we conclude that £(s) is real when Re(s) = 3. O
Stein 7.3.8 The function ¢ has infinitely many zeros in the critical strip. This can be seen as follows.

(1) Let

F(s)=¢&(3+s), where &(s)=m2T(5)((s).



94

Show that F(s) is an even function of s, and as a result, there exists G so that G(s*) = F(s).
(2) Show that the function (s — 1)¢(s) is an entire function of growth order 1, that is
(s = 1)¢(s)] < Al
As a consequence G(s) is of growth order 1.
(3) Deduce from the above that ¢ has infinitely many zeros in the critical strip.
Proof (1) The functional equation &(s) = £(1 — s) implies that £(4 + s) = £(3 — s).

(2) By the proof of Theorem 2.3 in Chapter 6 we have

1 1 > s 1 s
R A IR LR
where
du)—1 2
w(u) _ (u)2 _ Zefﬂn u
n=1

ol +1
ol +1

For s = o +it, take N € N such that N < |o| + 2, then

/A
M8
N
=
|

— mn?

™
=—(N-1)!
<ZV DN

_ T o(N=1)log(N—1)

w

T
< Tellol+Dlog(lol+1)

w

This shows that the growth order of the integral is at most 1. Next, by

(1= 1) = Lo

b

(]
~—|

we see that the simple poles 0 and 1 of £(s) are canceled by the simple pole of I'(£) and the simple
zero of s—1 respectively. Since both 72 and 1/T (%) are of growth order 1 (the latter by Theorem 1.6
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in Chapter 6), we conclude that (s—1)({(s) is an entire function of growth order 1 and consequently
G(s) is of growth order 3.

(3) By (2) and Exercise 5.6.14 we see that G(s), and so F(s) and £(s), have infinitely many zeros. The
7 %andT (%) factors in the defining equation of ¢ are nonvanishing when Re(s) > 1, and ((s) has
no zeros when Re(s) > 1 by Theorem 1.1 in Chapter 7, so £(s) is nonzero in this half-plane. With
this fact and the functional equation £(s) = £(1 — s) we see that £(s) is also nonvanishing when
Re(s) < 0. Therefore the nontrivial zeros of ((s) are the same thing as all zeros of £(s), which

implies that ((s) has infinitely many zeros in the critical strip. O

Stein 7.3.9 Refine the estimates in Proposition 2.7 in Chapter 6 and Proposition 1.6 to show that
(1) ¢t +it)| < Alog i,

(2) I¢'(1+it)] < A(log [t])?,
-
[C(1 +it)]

when [t| > 2 (witha = 7).

3) < A(log [£])*,

Proof (1) See Problem 6.4.1 (2).
(2) See Problem 6.4.1 (3).

(3) One can check that the estimates above are still valid for Re(s) > 1. By Corollary 1.5 in Chapter 7
we have
(<o +i)] > [¢(o)|7H¢(o +21)| 7% > Ai(o — 1) (log )~

foroc >1andt € R. If ¢ — 1 > B(log|t|)® for some appropriate constant B and b (whose value we

choose later), then
3b—1

(o +it)] > A1 B (log [t]) "+ .

If, however, o — 1 < B(log|t|)®, then we first select ¢’ > o with ¢/ — 1 = B(log|t|)’. The mean

value theorem, together with the estimate of (', gives
[C(0" +it) = (0 +it)| < (0" — 0) Az (log [t))* < (o7 — 1) Ax(log [¢])?.
Then

IC(o +it)| > [¢(o" +1it)| — |¢(o” +it) — ((o +it)]
> Ai(0’ — 1) (log [t)) ™% — (o' — 1)Az(log [t])?
A1Bi(log [t)) T — As(log [¢])+2.

Now let 221 = b + 2, then b = —9 and we get

(AlB% - AQ)(logm)”.

Wl

Next choose B = (%) , which gives precisely 4, B 1= Az 41, to get

C(o +it)] = (log [t)~".
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To conclude, we have shown in two separate cases the desired result. O

Stein 7.3.10 In the theory of primes, a better approximation to m(x) (instead of z/log ) turns out to

be Li(x) defined by
odt
5 logt’

. x
Li(z) = logz + O((logm)2> as xr — 0o,

Li(z) =

(1) Prove that

and that as a consequence
m(x) ~ Li(z) asz — oo.

(2) Refine the previous analysis ny showing that for every integer N > 0 one has the following asymp-

totic expansion

i(z) = —~ v v St _r
Li() log = + (log z)? * 2(logas)?’ ook (V=) (log z)N +0 (log z)N+1
as x — oo.

Proof (1) Integration by parts gives

Li(z) = fdt =2 +/x dt
Y= ), logt  logz log2 ' J, (logt)2’

Therefore it suffices to show that

/j <1oztt>2 - O<<lo§x>2>’

which can be obtained by the estimate

Ve di Toodt T — /T
/ (log 1 */ﬁ log0? < VT log i

(2) Apply again integration by parts to the second integral in (1),

/mdt_ 1‘ _2+2/Idt
o (logt)?  (logz)?  (log2)? o (logt)3

Then repeat this process to decompose the new integral until one finally has

i(2) =— x x e
Li(z) logx i (log x)? M 2(10g33)3 Tt 1)'(logm)N
2 2 2 3 2
_ _ — i — (N =1
log2 (log2)? 2log 2 (V-1 (log2)V

z dt
| -
N / (Tog HN 1"

As in (1), we write

Ve gt T dt z— /T
< I S
/2 (log )V #1 " /ﬁ (logt)¥+1 = Ot (log /z)N+1
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to show that the last term is O ((10g:f)N+1> as x — oo. O
Stein 7.3.11 Let
p(z) = logp
p<z

where the sum is taken over all primes < z. Prove that the following are equivalent as  — oc:
1) w(x) ~a,
(2) () ~ 52,
(3) ¥(z) ~z,
(4) Yale) ~ 5.

Proof “(4)= (3)” and “(3) = (2)” are proved in Proposition 2.2 and 2.1 respectively.

(2) = (1) | Summation by parts gives

L) L]
p(x) = log(n)[x(n) —(n —1)] =log(|z] + )m(x) = Y _ w(n)[log(n + 1) — log(n)].

n=1 n=1

Since nlog(1+ 1) < 1, we have

lz]
S wn)llog(n + 1) ~ log(m)]| < |3 w(m)log(1 + 1)| < 3 "
n=1 n<x n<w
<y T .
n logn log
2<n<V/z Vz<n<z

Therefore p(x) ~ x as © — oo.

(1) = (8) | Assume (1), then for any fixed m € N we have
Z logp = Z logp = @(x#) ~ .

L 1
pr<e <o

Letting m take value in each positive integer leads to

Y(z) = Z 10gp~m+x%+x%+...’
P

which implies (3).
(3) = (4) | Assume (3), then given any ¢ > 0, there exists zy > 0 such that |¢(z) — z| < ez for all

z > zg. Then

i) = 5+ 3 = | [ 1000~ ulaw

g/ |w(u)—u|du—|—€/ udu—>%
1 o

as ¢ — oo. Since € > 0 is arbitrary, we conclude that ¢ (z) ~ % as x — oo. O
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Stein 7.3.12 If p,, denotes the n-th prime, the prime number theorem implies that p, ~ nlogn as
n — oo.

(1) Show that w(x) ~ ogz implies that
log 7(x) + loglog z ~ log .

(2) As a consequence, prove that log 7(x) ~ log =, and take = = p,, to conclude the proof.

Proof (1) M—>1asgc—>ooimpliesw—>1asar:—>oo.
x log
(2) Since
1
w —0 asx — oo,
logx
from (1) we obtain log 7(x) ~ log x as x — oo. Taking x = p,, in 7(x) ~ log gives
x

Pn | Pn _ _Pn
logp, logw(p,) logn’

n= ﬂ'(pn) ~

or equivalently, p, ~ nlogn, asn — oc.

oo

Stein 7.4.1 Let F(s) = Z a—z, where |ay| < M for all n.
n

n=1

(1) Then

. 1 T SN2 > ‘an|2 .
%%ﬁ[T|F(J+1t)\ dt:;n% ifo > 1.
How is this reminiscent of the Parseval-Plancherel theorem? See e.g. Chapter 3 in Book I.

(2) Show as a consequence the uniqueness of the Dirichlet series: If F(s) = Z ann”®, where the

n=1
coefficients are assumed to satisfy |a,| < cn® for some k, and F(s) = 0, then a,, = 0 for all n.

Proof (1) By Fubini’s theorem we have

im L [ PR tim = [ i G
T 2T J_p 0T = 0T notit

Since
1 (T it 1, ifn=m,
i o [ (Y
T—oo 2T J_p\ 1 0, ifn+#m,

oo 2
the left-hand side of the above reduces to Z |Z§l .

n=1

o0 2
(2) By (1) we have g |ag| = 0, hence a,, = 0 for all n € N. Note that the assumption |a,,| < en®
n g

n=1
guarantees the convergence of the defining series of F'(s) when Re(s) is sufficiently large. O



99

Stein 7.4.2 One of the “explicit formulas” in the theory of primes is as follows: if v, is the integrated
Tchebychev function considered in Section 2, then

x? e

Y1(x) = §*ZW*E($)

p

where the sum is taken over all zeros p of the zeta function in the critical strip. The error term is given
by

s xl—Qk,
E(x)=czx+co+ Z W2k 1)’
k=1
where ¢'(0) ¢(-1)
o M T

Proof By Proposition 2.3 in Chapter 7 we have

c+ioco s+1 /
Y1 () ! / a (—C(S))ds forall ¢ > 1.

T2 o s+ D\ ((s)
. . . pstt ¢’'(s)
Now fix ¢ = 2 and consider the integral of f(s) = - along the rectangular contour
s(s+1)\ <¢(s)
v =1 U~ U~z U~y as illustrated below.
Im
V2 : :
~T +iR ———2+iR
3 | |
-7 T (1ot ke
~-T —iR — —2 iR
e |

It is necessary to choose R with a little care, so that the horizontal sides of the rectangle shall avoid, as
far as possible, the zeros of ((s) in the critical strip. Similarly, here T is chosen to be a large odd integer,
so that the left vertical side passes halfway between two of the trival zeros of {(s).

We first calculate the residues of f(s) at 1,0, —1 and all zeros of ¢:

Res(f,1) = —%2 ord(¢,1) = %2,
e d(s) L _¢(0)
Res(f,0) = £1_I>I(1) st 1 (— (s) ) = —ciz Wwherec; = {0)
s+1 / e
Res(/,~1) = lim = (‘(é((j))) = ¢ wherecy = ‘<<<(—11))’
$_2k+1 1—2k
Res(f, —2k) = T T ord(¢, —2k) = “oR@E D) fork=1,2,3,-,
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Pl

plp+1)

Note that in the formula we are going to prove the nontrivial zeros of ¢ are to be counted with multi-

Res(f, p) - -

ord(¢,p) for any nontrivial zero p of .

plicities, i.e., each p appears in the summation as many times as its order, since we actually don’t know
whether they are simple or not.

In Exercise 7.3.8 we have shown that (s — 1)((s) is an entire function of growth order 1, thus by

1
Theorem 2.1 in Chapter 5 we have Z EES < oo for every € > 0. Hence

e

Yl <X <

Also, it is obvious that E(z) = O(z) as x — co. So we are allowed to apply the residue theorem and let
R and T tend to infinity to find

P+l

Z'
wl(x)+2mm15n+oo / fls)ds == - zp: p+1) EB(@),

Y2UysUva

and it remains to show that the integral of f(s) along 72 U 73 U 4 vanishes as R and T tend to infinity.

To achieve this, we need an estimate for |¢’/¢|, and we shall prove that

O(log |2s]), if Re(s) < —1 and all circles of radius % around the trival zeros are excluded,

o(log2 R), if ~1 < Re(s) < 2 and Im(s) = R.

¢'(s)
¢(s)

With this in hand, it is clear that the integral of f(s) along v, U~3U~v4 vanishes as R and T tend to infinity,
thus completing the proof.

Case 1: Re(s) < —1 with “circles” excluded ‘ First recall two functional relations satisfied by I'(s):

o T(s)I(1—s) = ﬁ

o T'(s)['(s+ ) = v/2'7**I'(2s), which has been proved in Exercise 6.3.3.

Combined, one has

()
1-s = _ lis = = - . 2
r(3) =ri1-4) sin(r352)0(22)  cos TI(E2)  cos T 21-sy/xl(s)

Vvl (3)

- 215 cos Z2I(s)’

thus giving

L(3) —191- s
=~ =7 22" "cos —1I'(s).
r(%%) 2

If this is used in the functional equation of ((s), we get

T 2D(5)¢(s
T )

s

L))

(1YY

= 9217571 7% cos

((I—s)=
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Taking the logarithmic derivative of both sides gives

¢((l—-s) ws  I'(s)  ('(s)
T T 2 T )

— log 2.

Since we are interested in the left-hand side under Re(1 — s) < —1, the right-hand side can be
considered only for Re(s) > 2. The first term is bounded if s is not close to any odd integer, or
more specifically, |s — (2m + 1)| > 1 for all m € N. Note that this is equivalent to

[(1—s) = (=2m)| >

i

DO =

which is precisely satisfied by our assumption that all circles of radius § around the trival zeros
are excluded. The third term is bounded since

CE)| S Am| A @) e _
|- ; e gr; ) for Re(s) > 2. (7.4.2-1)

Finally, the digamma function I''(s)/I'(s) is O(log |s|), and so is O(log 2|1 — s|). The asymptotic
behavior we use here can be deduced from Exercise 6.3.13, where we have shown that

d 1 /1 1
I‘((s) :dslogr(s):_,y_s—i—;(n_nst)'

By Euler-Maclaurin summation formula on (z + s)~* we have

N
nz::() n—1|—3 =log(N +s) —log s + 2% + m +O(]s|7?),
then
zN: LI log(N + s) — logs — 1 + _ +O(]s|7?).
—in+ts 2s  2(s+ N)
Hence I(s) ) ,
T(s) — log s — %t O(]s|7?). (7.4.2-2)

Case2: —1 < Re(s) < 2and Im(s) = R ‘ We refer to two results which we shall prove later:

@ For large R (not coinciding with the ordinate of a zero) and —1 < Re(s) < 2,

¢(s) _ > % +O(log R). (7.4.2-3)

IIm(p)— R| <1

@ For any large R, the number of zeros p of ¢ with [Im(p) — R| < 1is O(log R).

As a consequence of @, among the ordinates of these zeros there must be a gap of length at least
C(log R) ™! for some constant C' > 0 independent of R. Hence by varying T by a bounded amount
(say 1) we can ensure that

C/
log R

[Im(p) — R| >
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for all zeros p of (. Now we apply reslut ® with the present choice of R to find

—pl =1 - R[>
39l > limip) = Rl > o

Now we prove the two results @ and @ mentioned above. Define
& 1 S -2 s -2 s
E(s) = zs(s —1)&(s) = 5(3 —Dr 2T(5)¢(s) = (s — L)m 2T (5 + 1)((s), (7.4.2-4)

then by the deduction in Exercise 7.3.8 we see £(s) is an entire function of order 1. Hadamard’s

factorization theorem shows that

&) -
Since by our definition
€ _ 1 1 i+ )
fs) 1 287 aT ) )
we find
RSO N S ISR < L 1) ]
- B 210g7r+2r(%+1) Ep: ) (7.4.2-5)

By the asymptotic behavior (7.4.2-2) of the digamma function we see the I" term above is less than

Alogtift > 2and 1 < o < 2for s = ¢ + it. Hence, in this region,

_Re<€(<:))> < Alogt — ;Re<sip + ;)

In this inequality we take s = 2 + iR, and since |(’ /(| is bounded for such s as shown in (7.4.2-1),

we obtain ) )
ZRe( +> < AlogR.
s—p  p
p
Note that Re ( %) > 0 for each p, and
1 1 2 — Re(p) 1

R = R = 2 Y
e(s = p> e<2 +iR - p> 2 Re(p) + R —Im(p)? ~ 4+ [R —Im(p)P?
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we get

1
Ep: TR -tmp ~ Cles R

As a consequence, we see that

1 1 1
5#{/0 tIm(p) — R <1} < Im(p)X:RKl 1+ [R—Im(p)2 < zp: 1+ [R—Im(p)2 = O(log R),

which implies result @. Also note as a byproduct that

1 1 1 1
3 2 T aES D < = O(log R)
2 2 . 2 5
2 m(y—riz1 M) = RIT  S=p ) 1+ R = Im(p))| ~ 1+ [R~Im(p)]

hence we find

= O(log R). (7.4.2-6)

2
im(p)_R|>1 T0(p) — R

By formula (7.4.2-5), applied at s = ¢ + iR (here —1 < ¢ < 2) and 2 + iR and subtracted,

¢'(s)  ('(2+41iR) 1 1 1r2+4%)  11(s+1) 1 1
((s)  ¢(2+iR) s—1+1+iR+2F(2+i§2")_2r(§2+1)+z< )

B s—p_2+iR—p

1 1
—O(logR)JrZ(S_ TS TiR- >,
p p p

where we have used (7.4.2-1) and (7.4.2-2) to estimate the ¢ and I terms. Now we focus on the
sum. For the terms with |Im(p) — R| > 1, we have

1 1 ’_ 20 _ 3
s—p 2+iR—p| [s—pl2+iR—p| = [Im(p) — R[*’

and their contribution to the sum is O(log R) by (7.4.2-6). As for the terms with [Im(p) — R| < 1,
we have |2+ iR — p| > [(2+iR) — (1 +iR)| = 1, and the number of terms is O(log R) by result @

above. Therefore we have proved result @. O

Stein 7.4.3 Using the previous problem one can show that
m(z) — Li(z) = O(2°*%) asa — o0

for every ¢ > 0, where ais fixed and § < o < 1if and only if {(s) has no zeros in the strip a < Re(s) < 1.
The case a = 1 corresponds to the Riemann hypothesis.

Proof Using the explicit formula for t; (z) in Problem 7.4.2 we have

@) =z-Y % +0(1) asz — oo. (7.4.3-1)

Here the termwise differentiation of the series is justified by Fubini’s theorem. Fix o € [1,1), we shall

prove the following statements are equivalent:

(1) m(z) — Li(z) = O(2**%) as z — oo for every £ > 0.
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(2) ¥(z) =2+ O(2*") as & — oo for every ¢ > 0.

(3) ¢(s) has no zeros in the strip o < Re(s) < 1.

(1) = (2) | Consider the first Tchebychev function
= Z log p,

p<T

where the sum extends over all primes p that are less than or equal to . Now write §(z) as a

Riemann-Stieltjes integral and integrate by parts,

e(gg):/[2 ]logtdw(t):W(x)logm—7r(2_)log2_/;ﬂ-(t)dlogt=W(x)logq;_/;77?)dt.

If we assume that 7(z) = Li(z) + Q(z), where Q(z) = O(2*"¢) as « — oo, then

R N N
9 log u 9

(/ )d G O‘+E>logx Li(z) — (x — 2) — 20,z

\

o logu

Hence

< [r(z) — Li(z)]logz + (z — 2) + 202"
< Coz® loga + (v — 2) + 2C 2
<

x -+ Ogl‘aJrQE,
and by replacing 2¢ with € we find 6(z) = z 4+ O(z**%) as  — co. Observe that

9= 0l

n=1

a\H

2)+0(x?) + -+ 0(x gy, (7.4.3-2)

therefore
(@) =2+ 0(2*°) <= 0(z) =z + O0(z*"),

which gives the desired result.

(2) = (1) | To deduce the asymptotic formula for m(x), we first pass to the function

Z

log n

This is expressed in terms of the function ¢ (z) by

roodt dt 1
m(I)ZA(n)</n tlogzt loga:) ZA /ni @nzgwl\(n)

n<x n<x tlog ¢
[ S ) [ eod e
vy tlog t logx 5> tlog®t loga’
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The effect of replacing 1(t) by ¢ is to give

/xi+ T Ti(a) 4+ —
5 log’t logz log2’

on integrating by parts. Thus it remains to consider the estimate for the error term O (z**¢), which
is " 1
< / ctote1de + Ozt < C’(l + )J:‘”E < 3Czxt* asx — oo.
2 a

Finally, since

lo 1 N 1 N
m(x) = Z mlggp=7r($)+§7r(a:2)+§7r($3)+...,

P sT

and 7(27) < 2%, m(25) < 23, -- -, the difference between () and m(z) is O(x%). Thus

m(z) — Li(z) = O(2*"%) asz — oc.

(2) = (3) | For Re(s) > 1, Fubini’s theorem gives

(s > Aln oo oo . o - .
_CC((S)) = Z r(LS) - ZA(n)/ sx dxzs;/l A(n)x Tgysny dz

n=1 n=1 n
—s [ YA e de=s [ 3 A e =s [ v de
1 n=1 1 1<n<Lz 1

If we assume that 1)(z) = = + R(z), where R(z) = O(z°**), then

Cls) _ s
C(s) s-—1

+ 5/ R(x)x—*"'du.
1

The assumption that R(z) = O(2*"®) implies that the integral represents a holomorphic function
in the half-plane Re(s) > a + €. And since ¢ is arbitrary, we have shown that ¢(s) has no zeros in
the strip oo < Re(s) < 1.

(3) = (2) | If we assume that {(s) has no zeros in the strip @ < Re(s) < 1, then in the asymptotic

1
formula (7.4.3-1) we have |z”| < 2%, and it remains to estimate the sum E R Since |p| > |Im(p)|,
p
P

we shall deduce an estimate for the sum

P (7.43-3)

0<Im(p)<T m(p)

when T is large. Let N(T") denote the number of nontrivial zeros p of { with 0 < Im(p) < T'. Recall
the function £(s) defined in (7.4.2-4). Assuming for simplicity that 7' (which we suppose to be

large) does not coincide with the ordinate of a zero, by the argument principle we have

2rN(T) = Ar Arg£(s),
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where R is the rectangle in the s plane with vertices at

2, 24iT, —1+il, —L.

Im

—1+iT ,2+iT

B

Re

O - — - - — = — — = — — — — _—— - =

There is no change in Arg£(s) as s moves along the base of this rectangle, since £(s) is then real
and nonvanishing. Further, the change as s moves from  + i7" to —1 + iT and then to —1 is equal
to the change as s moves from 2 to 2 +i7 and then to % + iT, since

Eo+it) =¢&(1—0o—it) =&(1 — o +it).

Hence
TN(T) = Ap Arg€(s),

where L denotes the line from 2 to 2 +i7T and then to % +iT. To find out Aj, Arg §~ (s), we consider
each term in the defining equation (7.4.2-4):

Ap Arg(s — 1) = arg(—3 +iT) = % +0(T™),

ApArg(r %) =Ag Arg(e*logzws) = _long.

As for the I" term, we have by Stirling’s formula (Theorem 2.3 in Appendix A)
1
logT'(s) = (s — 1) logs — s + 3 log2m +O(|s|™")
as |s| — oo, in the angle —m + § < arg s < m — §, for any fixed § > 0. Hence

ApArgl(5+1) = Im{logf(¥ + 1)} — Im{log(3 + )}

= im{(3+ F)log(3+ )~ § — F + Jlog2r + O(T)}
T T sm
2 2

_T -1
= 5 log +§+O(T )

and

T T T 7 1 .
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Note that

Ap Arg((s) = arg{¢(3 +iT)} = Im{log (% +iT {/(?logg }

- L/Im(ié?) ds = 0(1) - /Z:TT Im(il((j))) ds,

where the O(1) term comes from the variation along Re(s) = 2. Recall formula (7.4.2-3), and note

that the integral of the imaginary part of the summands is bounded by =

2-+iT 1
[ (i)
THT S—=p

2

= [Im{log(2 +iT — p) — log (% +iT — p) }|

= |arg(2 +iT — p) —arg (3 +iT — p)| <

and the number of terms in the sum in (7.4.2-3) is O(log T') by result @ in the proof of Problem
7.4.2. Therefore, we find Aj, Arg((s) = O(logT') and so

T T T
N(T) = —log o~ — o~ + O(logT). (7.4.3-4)

Now the sum (7.4.3-3) can be written as a Riemann-Stieltjes integral and integration by parts gives

> ﬁ:/o t—ldN(t):%N(T)Jr/O t72N(t)dt.

0<Im(p)<T

Since N (t) = O(tlogt) by (7.4.3—4), the sum above is O(log2 T). Hence by taking 7' = = + O(1)
we deduce from (7.4.3-1) that

Y(r) —x = O(m“ log” T) +0(1) = O(m”‘ log? x) = O(a+*)

for every £ > 0. O

Stein 7.4.4 One can combine ideas from the prime number theorem with the proof of Dirichlet’s the-

orem about primes in arithmetic progressions (given in Book I) to prove the following. Let g and ¢ be

relatively prime integers. We consider the primes belonging to the arithmetic progression {gk + ¢}72;,

and let 7w, ¢(z) denote the number of such primes < z. Then one has

(2) _r asx —
Tq,e(T (g log = T — 00,

where ¢(gq) denotes the number of positive integers less than ¢ and relatively prime to g.

Proof Define the quantities

Og.0(x) = Z logp,

1<psz
p=¢{ (mod q)
Yg,e(x) = Z logp= Y An),
m<x 1<n<Le

p™ 72 (mod q) p={ (mod q)
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and the series {a,, } by

A(n), ifn=¢ (mod q),
0, = 4 M, ifn =€ (mod g) (7.4.4-1)
0, otherwise.
Then the Dirichlet L-series (see Exercise 7.3.4) associated to {a,} is given by
> A(n
wo= 3 N
nEZTE;(l)d q)
Let G(q) be the group of characters modulo g. By Fubini’s theorem we have
* gelr) g dz ¢ *de _
. IS+1 d.’l’; 1<;<T A(n)ﬁ = ngl A(n) : F = L(S)
n=~¢ (mod q) n={( (mod q)
Recall the following orthogonality relation for characters:
Z {1, ifa=0,
oy 0, otherwise.
By this relation we can rewrite L(s) as
1 —— X x(n)A(n
L) = oo Y X0y % (7.44-2)
X€G(g) =1

For the inner sum we observe that
>~ Aulhm) _ 5~ X7 logp
n=1 pm
= Zlogp Z <X f)>
P m=1 P
_ Z x(p)p~*logp
- X P Pfs
= Z S log(1—x(p)p™)
ds g];[ 1- X(P)P_S

Note that the infinite product above is similar to the Euler product for {(s) as shown in Section 7.1. We
define the Dirichlet L-function by

L(s,x) = 1;[ Tlmp—s' (7.4.4-3)
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Since x € G(q) is a strongly multiplicative arithmetic function, we have

L(S’ X) = Z X(?)

n

by the fundamental theorem of arithmetic. Combining the above into formula (7.4.4-2) shows

_ 7L N7 L/(‘SaX)
L(s) = =0 xe;(q)X( ) . (7.4.4-4)

When x = xo is the principal character defined by

‘ola) = {1, if (a,q) =1,

0, otherwise,

for all a € Z, applying (7.4.4-3) one has

L(s,x0) = | . _1 =¢s) [ [ L (7.4.4-5)

1 S
piq plg 4

Since the product over p | ¢ is finite, it follows that L(s, xo) is meromorphic in the half-plane Re(s) > 0

with a simple pole at s = 1. If x is not the principal character, by the orthogonality relation

acG 07 le 7é 1;

, ifx =1,
aZx(a)Z{l el

we have

N
for any a € Z. Therefore, the partial sums Z x(n) (for N € N) are bounded by ¢(g), and by Exercise

n=1

7.3.1 we see that Z X(?)

converges absolutely for Re(s) > 0. Hence L(s, x) is holomorphic in the
n

n=1
half-plane Re(s) > 0 when x # xo. In fact, the above two results are direct consequences of Exercise

7.3.4.

Logarithmic differentiation of (7.4.4-5) gives

L'(s,x0) _¢'(s) B logp

L(s, x0) ¢(s) i I

Substituting this into (7.4.4—4) we see the residue of L(s) at s = 1 is

Res(L,1) = — ord(L(s, x),1) = —.

1
v(q) v(q)

To prove the prime number theorem for arithmetic progressions, we need the following lemmas:

(1) O4(x) =O(x) as v — 0.
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(2) Yge(x) = bge(x) + O(V) as z — oc.
(3) Yge(x) =0(x)asz — oc.

Proof of (1) | Recall the function 6(z) defined in the proof of Problem 7.4.3. Since
2 (om 2n
22"7, — 1 1 2n — 2 2
aro =3 ()= ()= I »

k=0 n<p<2n

take n = 2¥~! then

H p < 22" and Z logp < 2Flog 2.

2k—1<p2k 2k—1<pg2k
Hence
1—&-Llog2 zJ 1+|_10g2 wJ
Og.0(x) < O(x) < Z logp = Z Z logp < Z 2F1log 2
p<21+tlog2 x| k=1 2k—1<p 2k k=1 (7.4.4—6)

< 22+l 7] 1062 < (410g 2)a.

Note that
bgu(r) = Oge(x) = Z logp< > > logp =(x) - 0(x),

m>=2 p" <L m22pm<Le
m

p™=t (mod q)

and formula (7.4.3-2) shows that

U(e) — () = 0(x) +0(a?) +---+9(x”“°82”>

Proof of (3) | Combine (1) and (2).

Now we are ready to prove the desired result. We shall use the following Tauberian theorem for

Dirichlet series. Let L(s) = E — be a Dirichlet series and set A(z E a,. Suppose L(s) satisfies
ns
n=1 n<x
the following conditions:

(1) an = 0forall n.
(2) There exist C' > 0 and ¢ > 0 such that |A(z)| < Cz? forallz > 1
(3) L(s) converges for s € C with Re(s) > o, where ¢ comes from (2).

(4) There exists an open subset U C C containing {s € C : Re(s) > o} such that L(s) can be continued
analytically to U \ {¢} and for which h_r)n(s —0o)L(s) = a.
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Then
lim =

rz—oo I

A(x) o

Lemma (3), together with the analytic continuation of L(s) mentioned above, implies that {a,, } (defined
by (7.4.4-1)) and the corresponding L(s) satisfy the conditions of the Tauberian theorem, with o = 1

and ¢« = ——. Hence

©(q)
wq,f(x)

1
s s ——  asz — oo,
T ©(q)

and then by Lemma (2),

Og,0(x) _ Yqu(z) — O(V7)
T T v(q)

Write 7, ,(x) as a Riemann-Stieltjes integral and integrate by parts:

] L[ttt | )
Tqe(r) = Z logp logp_/2 = + , dt.

2
5. logt log tlog“t
p={ (mod q)

Since 0,.¢(t) < (4log2)t by (7.4.4-6), we have

0</ 9q,e(;ﬁ) dt<4log2/ Lg:O x2 as T — oo.
2 tlog™t 2 log™t log” x

mg.0(x)logx _ Oq.0(x) 4O 1
x log

Therefore,

1
— ——  as & — OQ.
©(q) O

Stein 9.3.1 Suppose that a meromorphic function f has two periods w; and ws,, with wy/w; € R.

(1) Suppose wy/ws is rational, say equal to p/q, where p and g are relatively prime integers. Prove that
as a result the periodicity assumption is equivalent to the assumption that f is periodic with the
simple period wy = gwi.

(2) If wo/wy is irrational, then f is constant. To prove this, use the fact that {m — nr} is dense in R
whenever 7 is irrational and m, n range over the integers.

Proof (1) Sincepand q are relatively prime, there exist integers m and n such that mp+ng = 1. Then

np 1 —mgq 1
nwy = —wp = W1 = —W1 — Mwy,
q q q
hence
f(z + %wl) f(z + %wl - mwl) = f(z 4+ nwe) = f(z) forall z € C.
This shows that lw is a period of f. And by Hm’ = glwil = |w2| we see that f is periodic with

a simple period. The converse is trivial.

(2) The continuity of f, together with the given fact, implies that f is constant. O
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Stein 9.3.2 Suppose that a1, - ,a, and by, - - , b, are the zeros and poles, respectively, in the funda-
mental parallelogram of an elliptic function f. Show that

a1+ ---+a—by — - — b, = nwy + Mmws

for some integers n and m.

Proof After translating the parallelogram by a small amount if necessary, we may assume that f has
no zeros or poles on the boundary of the fundamental parallelogram P. Since a1, - ,a, and by, - - , b,
/')
fz)

are all simple poles of the function and nonzero by our assumption, we have

Res (z ];’((zz)) , c> = llg}:(z - c)zj;ézz)) = cord(f), 1if cisa zero or pole of f.

Hence by the residue theorem we have

2ri(ay + -+ ap — by — -+ —b,)

[flfﬁgdz+/WﬁM f¥dd +[leZ?é?dz+[ZZ?$?dz
)

)
= . A (Z z ” zZ w f (Z) z ’ zZ w f/(Z) A ’ Zfl(z) z
- f@d+A “*”ﬂad+L(+”ﬂad+Azﬂ@d

PR (e,
QLf@d+lo 7 ¢

‘ 0

=ws Log f(z + w1 Log f(2) :2
=iwy Arg f(z )’ +iwy Arg f(2) |,

=2mi(mws + nwy) for some integers n and m. O

Stein 9.3.3 In contrast with the result in Lemma 1.5, prove that the series

1
Z —— whereT ¢ H

2
n mT
n+mreA* + ‘

does not converge. In fact, show that

1
Z ——— =271logR+0O(1) as R — oc.
n? + m?2
1<n2+m2 < R?
Proof Since )
// dwdy / / Ldodr = 2rlog R
x er
1<z?2+y2<R?

and |z + |y)® < 2 + ¢? in the first quadrant, we have

1 s
Y b SlogR
) : n®+m 2
1<n?+m?<R?
n,m>=0
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< // dz dy // dz dy
B L) + 2f +y?
1<m2+y2<(R+\/§) 1<z +y2 < R?
z,y=>0 z,y>0
1 1 dxd
< 2 2 2 2 dady| + // 2$y2
lz]” + [y]” *°+y lz]” + Ly
1<z +y°<R? R2<a?+°<(R+V2)?
z,y>0 z,y>0
2
acjz) + (y2 — Lyjz) W[(R—f— \/5) - RQ}
// 5 dzdy +
2 2 RZ -2
1<z +y2<R? + [y )
z,y=>0
2v2R + 2
. (@+ =)+ (y+LyJ)dxdy+W(\f +2)
RZ2 -2
1<e® +yP <R2 (I_,’EJ —|—|_ J )
z,y>0
=0(1) as R — oo.
. 1 2 .
With the fact that Z 2= on each axis, we conclude that
n#0
! =2nlogR+ O(1) asR —
T mlog 0.

1<n2+m2< R?

Finally, observe that |[n + m7|> < C(n® +m?), where C = max{1, Im(7)]?, Re

series does not converge.

Stein 9.3.4 By rearranging the series

o+ 3 levor )

weA*

show directly, without differentiation, that p(z + w) = p(z) whenever w € A.

Proof Define

1
-2+ ¥ |err o)
0<|w|<R er) w
Fix p > 1. For |z| < p and |w| > 2p we have
1 1] | 2+ 2w plp+2wl) 3ol
(z+w)? w? w?(z +w)?

Then )
_ B < -
o) =" < X lrop - Z |
lw|>R w|>R
Since
In+m7|* > Ca(|n| + |m|)* > C2(n® + m?)

7)}, hence the given

O

10p
= 2 — )2 2 = 1.3
|w[?(|lw| = p) |w|2(|w| \WI)

jw]
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In+m7[> < Cs(|n| + |m[)? < 4C3 max{n? m*} < 4C3(n* + m?)

for n, m € Z, the last series can be estimated by

C C C
Zﬁ: Z 71%< Z —1%

3
lw|=R In+mt|?2>R? (|n + mT|2) n2+m2>% 022 (TL2 + m2)
3
_s dad _3 [ d
OG0yt / Y 9rCiCy / <
, (B2 +y?) sy V2
2
#2> (5fiv2)
2
:77@102 < ) as R — 0.
2\/07 —V2

Therefore, we have

Next, observe that

1
pR<Z+1)7pR(z):(z—&- +0<|XI:<R[Z+1+M) (z+w)2]

= 2 {<z+11+w>2‘<z+1w>2}

0<|w|<R
1 1
- 5 T T arer
0<|w—1|<R (z+w) 0<|w|<R (z+w)
1 1
- Z (z+w)? Z (z +w)?’

z
w—1|<R<]w] jwl< R<|w—1]

and then

. . 1 1 1
A | D DR e RS DN rorivy D DI vty 2

|w—1]<R<L|w]| |w| <R |w—1| R—1<|w|<R+1
Since for |z| < p and |w| > 2p we have
1 1 1 4

< < <
el S TP = () " P

then

Cy C,C5 1
prErn sl 3. ps 2 P

R—1<|w|<R+1 <11—cl>2 <n24m2< (Rérm?

3 2

4C5 1 C3Cy R+1 1

< -2 - Cs=0(= R — 0.
w-v7 Ve T U\R) P

The same argument shows that

Pz +7) = p"(2) + O<]1%) as R — oo.
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Hence

1

0+ 1) = 96| < [pe-+ 1) = e + D]+ 07+ 1) = 07| +[97) — 0] = O )

and by letting R — oo we obtain p(z + 1) = p(z). The same argument shows that p(z +7) = p(z). Since
p is arbitrary, we conclude that p(z + w) = p(z) forallw € A. O

Stein 9.3.5 Let o(z) be the canonical product
o(z) ==z H E, (%)
j=1

where 7; is an enumeration of the periods {n + m7} with (n,m) # (0,0), and E»(z) = (1 — z)e”é.

(1) Show that o(z) is an entire function of order 2 that has simple zeros at all the periods n + mr, and

vanishes nowhere else.

(2) Show that

—n - 2|
o(z) =z (0 LZ T AT MT 0 +mr  (n+m7)

and that this series converges whenever z is not a lattice point.

(3) Let L(z) = _(:((j))‘ Then

Proof (1) Given z, the set of w € A for which |w| < 2|z] is finite. If w is not in that set, we have
z z  1/z\2 1rz\3 1/72z\*
a2 = os(1-2)+ £33 - B0 1)
|0g 2(‘*’)| 8 w +w+2<w) ‘3 w +4 w +
Lyzp2tef1z|l-e | z|2-¢ liz 12+ (2
(T S B (-
3lw w w 3lw w
1 3
2+ 2 2
gllz‘ TN EA L S
3lw 2 2 3

forany ¢ € (0, 3). So the infinite product converges absolutely and uniformly on bounded subsets

3
2
+)

1
2 z
+ | —
w

2z |2+e

w

of C by Lemma 1.5 in Chapter 9. Accordingly, it defines an entire function and it is clear that its
zeros are at the points of A and are simple. Moreover, since ¢ can be chosen arbitrarily close to 0,

we conclude that o(2) is of order 2.

(2) Logarithmic differentiation of o(z) gives

z— Tj

o' (z 1 >
J((z)) =St

j=1

1 1 z
+—+5
Tj j ’Tj

1 1 z
=27 Z z—n—mr+n+m7+(n—|—m7)2 '
(n,m)#(0,0)
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For |z| < pand |w| > 2p we have

1 1 z |z|? p? 2p?

cmw w0 | WPl S WPl D) S WP

hence the last series converges whenever z is not a lattice point.

(3) Termwise differentiation of the series in (2) gives

1 1 1
ro=Lti % [ . S| =62,
2 00 (z—n—m7) (n+mt) -
Stein 9.3.6 Prove that ©” is a quadratic polynomial in .
Proof We have
(9")? = 49° — 920 — g3
by Corollary 2.3 in Chapter 9. Differentiating both sides gives
200" = 12079 — ga¢/
and then
"o 2 92
P = 00" =5 0

Stein 9.3.7 Setting 7 = 1 in the expression

o0

Y o= T
(m+7)2 " sin®(r7)’

deduce that

1 P 1
> —=3 and ZE_FZCQ)'

m>=1, modd m>1

Similarly, using Z ( 7 deduce that

= m+T)
1 7 1 7
2 it M D =gy =<
m>1, m odd m2>1

These results were already obtained using Fourier series in the exercises at the end of Chapters 2
and 3 in Book I.

Proof Substituting 7 = — 3 shows that
- 1 — 4 1
2= E = E — =38 —
& 2 2 2
m=-—0o0 (m + %) m=—00 (2m T 1) m2>1, modd m



For the second identity, observe that

I 1 1 — 1 1
OB Tl L
m=1 m2=2, m even m=1 m=>=1, m odd
hence
— 1 4 1 2
> m2 3 Y. 5= 6
m=1 m2>1, modd
Similarly, by differentiating the given expression twice we get
i 1 _wt sin®(n7) + 3w cos?(n7)
L (m+T)t 3 sin®(77)
and then
) B s
Hence
> h-r
4 og’
m>1,m odd 96
and by
I o 1 1 1
TP IE D DI i D S DR
m=1 m22,meven m=1 m>1, m odd
we find

Stein 9.3.8 Let )
B0= 2 i

(n,m)#(0,0)
be the Eisenstein series of order 4.

(1) Show that Ey(7) — 7= as Im(7) — ooc.
(2) More precisely,

4

‘E4(T) - 15’ <ce ¥ jfr=z+itandt>1

(3) Deduce that

4

‘E4(7’) - 7_425‘ <ctte ¥ ifr=itand 0 <t < 1.

Proof (1) Thisis a consequence of (2).

(2) By Theorem 2.5 in Chapter 9 we have

oo

Ey(7) = 2¢(4 Z e®™™  for Im(7) > 0.

117
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4

We know that ((4) = I by Exercise 9.3.7, hence for 7 = z + it and ¢t > 1 we have

90
7T4 (27T)4 - 2miTr

Eir) - 2| =5 ;Jg(r)e i
271)4 _

< ( 7;) ;Us(r)e—%nt

< (27;)4 ir4e—2ﬂ'rt
r=1

3

—27t

(2ﬁ)4 —27t = 4 —2m(r—1)t
_ 2 e 5
r=1
< ce

because of exponential decay of the summands.

(3) By Theorem 2.1 (iii) in Chapter 9 we have
E4(7') = T_4E4(—%).

Hence for 7 = it and 0 < t < 1 we have

4

‘E4(7‘) - 7741—5

by (2). O

Stein 9.4.1 Besides the approach in Section 1.2, there are several alternate ways of dealing with the

1
sum Z [Tk where w = n+ mr. For example, one may sum either (1) circularly, (2) first in n then

wEA
in m, (3) or first in m then in n.

(1) Prove thatif z ¢ A, then

1
lim — = 5(z
D TR

exists and S1(z) = p(z) + 1.

(2) Similarly,

1
Z<Z <+n+m>> = 52(2)

m

exists and Sa(z) = p(z) + ¢a, where ¢o = F(7), and F is the forbidden Eisenstein series.

(3) Also

1
Z<Z <+n+m>> = 55(2)

exists with S5(z) = p(z) + ¢s, and ¢3 = F(7), the reverse of F.
Proof (1) Itsuffices to show that the limit

. 1
llm E T 3
R—00 (n+mr)
1<n?2+m2<R?
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exists. We first observe that

2 lz(n+1m7 - n+11+m7>] =0

m#0 Ln€Z

To see this, note that for any m # 0, the inner sum converges absolutely since the summands are
O(-%) as n — oo, hence it can be evaluated by

=1 1 1 1
li - = 1li - =0
Nl—rgonZN<n+mT n+1+m7> NI—I>I<1>O<—N+’I’TLT N+m7)

Thus, we can rewrite the forbidden Eisenstein series F'(7) as

F0 =X (S ) = Ze 2 (X )

m \ n 720" m0 \nez
= g;o +7;)<n§e:z+ m7)2> - Z;o[%:z(n +1m7- 4+ 11+ mT)]
_7%_:0 +%<% n—|—m7‘)2(111—|—1+m7’)>'

The last series converges absolutely by comparison with %: zn: m Since

. 1 1 1
ngr;C Z (n+m)? :Zn—Jrngn Z Z (n+mt)?’

1<n2+m2< R? n#0 —R<mER |n|<VRZ—m?
m#0
we have
1 1 1 1
lim P —— — — lim —
R—o0 Z (n+m7)? Zn2 R—oo Z Z <n—|—m7’ n—l—l—l—mT)
1<n2+m2 < R2 n£0 —Rg;nogR In|<VEE—mZ
m
1 1 1
= 1’ — —
Ao Z Z <(n+m7)2 n+mr n+1+m7>
~R<m<R |n|</RI—m?
m7#0
1
= lim
R Z Z (n+m7)2(n+ 14+ m7)

—R<m<R |n|<VRZ—m?
m#0

5

m#0

1
Z n—l—mT)z(n—i—l—l—mT))’

neZ

where in the last equality we have appealed to absolute convergence to justify rearranging the
series. From the above we see that

1 1 1
lim — ' P+ lim ( _ )
R%oolgn%%:?g}%? (n+mr)? R—o0 Lent e < e n+mr n+1l4+mr
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Now we shall focus on the last series and note that for f(z) = /1 — 22, we have

i ( 1 1 )
lim - T
R—oo <n? e <R n—+mrt n+1+mr

. 1 1
:ngrolo Z Z <n+m7_n+1+m7)

—R<m<R _\/RZ_m2<n<VRZ2—m?
m#0

=Jm > (mT— R ()]  mr v BTG mr v [RF(R)]  mr+ [RF)] 1)

. 2(Rf ()] 1
‘2%w_R<,n<R<m2ﬂ () G RFCR) oo+ [RICR = )

m=#0

=2 lim J 5
Rooe pm<rnm?m2 — |Rf(R)]
m#0
—1 m
gy ]
R—oo R \SmER R—2m272 — R—2 LRf(%)J

Since R™'|Rf(%)| ~ f(%) and R™? U{]"(%)J2 ~ f*(%) as R — oo, the above limit is the same
as the limit of the Riemann sum

Loy /(%) ):4/01““") dg;:z/1 vi-a®

R—oo R i 7-2(%)2 _ f2(% 7222 — f2(x) 1 (1+72)22 -1

N
To evaluate the last integral, we define F'(z) = ﬁ and consider its integral along the
72)22 —

contour vy = y; U2 U3 U4 U~vg as shown below. Note that we can choose a single-valued analytic
branch for F(z) in C\ [-1,1].

TR

Re

I

Ya(€) -1 3

It is obvious that the integrals along 2 and 74 vanish as e — 0. For z € (-1, 1), if we denote xg
the point close to zp in the upper half-plane and = the point close to x in the lower half-plane,
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then

1
Arg F(2)| .=t = Arg F(2)|.—ou + Ac Arg F(z) =0 + §[AC Arg(z +1) + Ac Arg(z — 1))

1
= 5(0 —27) = —m,

and then . .
lim [ F(z)dz = / e "F(r)dr = / F(x)dz.
1 —1

e—0t
V3
Next we consider the integral along vr (the circle with radius R). Since

Arg(1—2%)| _ .0 — Arg(—R%e*’) =20 — m,

the integral of F'(z) along vr as R — oo becomes

20—m

2 i 27 . i(20—Z
T Re'™ = : jel(20-%) 2m

: Rie'? d§ — _df = :
/0 (1+72)R%e%9 —1 e /O (14 72)e20 1+72

Therefore, by the residue theorem we have

! 1— 22 o 1 1
2 d =2ri|Res( F,———— | + Res( F,———— ) |. (94.1-1
/_1 (1+72)z2 —1 x+1+72 771[ es( 7\/1+T2)+ es( ’ \/1+72>} ( )

Im

1472
\ 1
\_1 Re
P 1
V1472

ApArg(l—2*) = ApArg(l+2z) + Ap Arg(l — 2) =27

D9

These two residues at the simple poles of F'(z) add up to

i V1—22 ) V1—22
im : + lim "
Vel (1+72)(z+ HTQ) E T e (1+72)(zf 1+72)
1
it.2
- 1— 22 v
2v/1 + 12 L
T Vike?
1
2 |3,
1 T zeéArgll%(e%ApArg(l—z2) _ 1)
WIT |47
2 .
:_\/%ﬂiz ot A
+7 T
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N

_ 1 72
T i o\1rr2

-
1472

Substituting this into (9.4.1-1) gives

! V1—a2 ) T 2 —2mi
2 ————dx = 27| — — = -
S (I+72)22 -1 1+72 1472  74i

Hence we conclude that

1 2mi
lim —— =F(1) - -
R—o0 1<n2+ZmZ§R2 (n+mr)? T+i

2) Z(Z CEw=r )F(T).

(3) Ss(z

Stein 9.4.2 Show that

oo

9 1
SRR PR e

where c is an appropriate constant. In fact, by part (2) of the previous problem ¢ = —F'(7).

Proof By Problem 9.4.1 and Exercise 4.4.7 we have

p(2) = S2(2) — F(1) = Z <Z W)‘F(T)

m=—o0 \n=—00

oo

Z z—l—mr)ﬂ] - F(r). N

Stein 9.4.3 Suppose (2 is a simply connected domain that excludes the three roots of the polynomial
42% — g9z — g3. For wy € Q and wy fixed, define the function I on Q by

Iw) = dz we Q.

wo \/42% —gaz — g3

Then the function I has an inverse given by (z + a) for some constant ¢; that is,

I(p(z+a)) ==
for appropriate «.

Proof By Corollary 2.3 in Chapter 9 we have

(¢')* = 49° — g2 — s, (9.4.3-1)
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where go = 60E, and g3 = 140E6. Now consider the complex cubic curve C' defined by the equation
y2:4$3—921’—93, x,ye@

By (9.4.3-1), any point (z,y) € C can be written as (p(u), ¢’ (u)) for some u. Recall that p(z) — p(u) has a
single zero of order 2 if u is a half-period, and two distinct zeros at u and —u otherwise, and that ¢’ is an
odd function with zeros at the half-periods. Hence in both cases there is a unique « in the fundamental
parallelogram that corresponds to the given (z,y). Note that

( ) du B °T@) ol (u) du
/wo Jm / 1 (wo) \/4@ —gap(u) — g5 /pl(ww o' (W)]?
hence a suitable substitution # = p(u) such that \/[¢’(u)]* = ¢’ (u) gives
I(p(u) =u -«
for some constant «. Therefore, I(p(z + «)) = 2. O

Stein 9.4.4 Suppose 7 is purely imaginary, say 7 = it with ¢ > 0. Consider the division of the complex
plane into congruent rectangles obtained by considering the lines z = %,y = 2 as n and m range over

the integers. (An example is the rectangle whose vertices are 0, 3, 3 + 7, and .)
(1) Show that g is real-valued on all these lines, and hence on the boundaries of all these rectangles.
(2) Prove that p maps the interior of each rectangle conformally to the upper (or lower) half-plane.

Proof (1) Since A is invariant under both negation and complex conjugation, we have

p(z) = p(=2) = p(2).
Combining this with the doubly-periodicity of o gives the desired result.

(2) Let S =(0,3) x (0,%).

Im
1+7
.
3
S

R

0 1 e
2

Note that p(z) ~ 272 for small z in S, hence

lim p(z) =400 and lim p(iy) = —oc.

z—0t y—0t

And since p(9S) C R by (1), we obtain p(dS) = R. Now we claim that p(z) ¢ R for any 2 € S.
In fact, if a € S satisfies p(a) € R, then p(—a) € R and p(—a+ 137) € R. Hence p(z) = p(a)
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has at least 3 roots in the fundamental parallelogram [0, 1) x [0, 7), which contradicts with the fact
that o is an elliptic function of order 2. Since S is a component of the complement of o~ " (R) and
contains no poles of p, it is mapped conformally to H or —H. In fact, the unshaded rectangles are
mapped to —H since Im p(2) ~ Im z~2 for small z in S, and by p(2) = p(z) we see that the shaded
rectangles are mapped to H. Finally, for any ¢ € H, the equation p(z) = £ has a unique solution in
S, for p(z) — & is an elliptic function of order 2 and all those unshaded rectangles have the same

image under p by p(z) = p(—=2). O

Stein 10.4.1 Prove that

Oz [ T)]? = O(z | 1)O"(2 | 7)
[©(z [ 7))

=pr(z=3-3) ter,

where ¢, can be expressed in terms of the first three derivatives of ©(z | 7), withrespectto z,at z = 3+ 7.

Compare this formula with the result in Exercise 9.3.5.

Proof By Corollary 1.5 in Chapter 10, we know that the left-hand side, denoted by L(z), is an elliptic
function of order 2 with periods 1 and 7, and with a double pole at z = z := 3 + %. Also note that the
coefficient of the double pole (z — z5) 2 is 1, for 2 is a simple pole of ©(z | 7) by Proposition 1.2 (iv) in
Chapter 10. Hence L(z) — p. (2 — 20) is an entire elliptic function, thus being a constant. This establishes
the desired equality. To get c,, we take the derivative of both sides with respect to z, and then square
both sides. By Theorem 1.7 in Chapter 9 we get

&
—
N
=

no

I
S
—~

I8

I

N
(=)
=

|

4pr (2 — 20) — e1]pr (2 — 20) — e2][pr (2 — 20) — €3]
=4[L(z) — ¢ — e1][L(2) — ¢r — e2][L(2) — 7 — c3],

where
e =9r(3): e2=pr(3), e =pr(57)

Setting z = z, all ©(z | 7) vanish, thus giving an equation of ¢, and the first three derivatives of ©(z | T)
at z = zp, which completes the proof. O

Stein 10.4.2 Consider the Fibonacci numbers {F}, },>,, defined by the two initial values Fy = 0, F; =1
and the recursion relation
Fn = Fn—l + Fn—2 forn > 2.

(1) Consider the generating function F'(z) = Z F,z" associated to {F}, }, and prove that

n=0

F(x) = 2°F(x) + 2F(z) +x

for all  in a neighborhood of 0.

(2) Show that the polynomial g(z) = 1 — 2 — 2” can be factored as

q(z) = (1 - az)(1 - pz),

2

where « and $ are the roots of the polynomial p(z) = 2 — 2z — 1.
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(3) Expand the expression for F in partial fractions and obtain

x x A B
F(JT):1_33_552:(1_ax)(1_ﬁx):1—ax+l—ﬁ$7

where A = ﬁandB: L
(4) Conclude that F,, = Aa™ + BS" for n > 0. The two roots of p are actually

L+v5 and 6:1_2\/5,

and B = — L.

sothat A = 7

1
75 A
V-

The number = =

>—, which is known as the golden mean, satisfies the following property: given a
line segment [AC] of unit length (Figure 1), there exists a unique point B on this segment so that the

following proportion holds
AC  AB

AB ~ BC
If ¢ = AB, this reduces to the equation ¢* + ¢ — 1 = 0, whose only positive solution is the golden mean.
This ratio arises also in the construction of the regular pentagon. It has played a role in architecture and
art, going back to the time of ancient Greece.

Figure 1: Appearance of the golden mean

Proof (1) Basicinductionshows that F,, < 2", hence the defining series of F(z) converges for |z| < 3,
and then

22 F () + 2 F (x ZFn 2T +ZFn " Z(Fn 1+ Fuls) ZF&: — .

n=2
(2) Justnotethataf = —land o+ § = 1.
(3) Already done.

(4) By (3) we have for all z in a neighborhood of 0

AZ (ax ”—i—BZ Bx)" i Aa™ + BS™)z"

n=0 O

Stein 10.4.3 More generally, consider the difference equation given by the initial values u and u4,

and the recurrence relation Up, = QUp_1 + bup_o for n > 2. Define the generating function associated to

{un}oroby Uz Z u,z". The recurrence relation implies that U (z) (1 — az — ba®) = ug+(u1 —aug)z

2

in a neighborhood of the origin. If & and 8 denote the roots of the polynomial p(z) = ©° — ax — b, then
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we may write

_uO+(U1—GUQ) _ A B n_..n nn
U(x)_(l—ax)(l—ﬂx) 1—ax+1—ﬁm_AZax +an%5

where it is an easy matter to solve for A and B. Finally, this gives u, = Aa™ + BS". Note that this
approach yields a solution to our problem if the roots of p are distinct, namely « # 8. A variant of the
formula holds if o = .

Proof For o = 3 we have

_ug + (u1 — aug)x >
U(z) = (1= an)? = [uo + (u1 — aup)x ;nJrl
= Za [(n + Duga + n(u; — aug)]z™. O

Stein 10.4.4 Using the generating formula for p(n), prove the recurrence formula

p(n) =pn—1)+pn—2) —p(n->5)—pn-7) -

72 1)kt ( w}

k0

where the right-hand side is the finite sum taken over those k € Z, k # 0, with k 3k+1) < n. Use this
formula to calculate p(5), p(6), p(7),p(8),p(9), and p(10); check that p(10) = 42.

Proof By Theorem 2.1 and Proposition 2.2 in Chapter 10 we have

n=0 k=—o0 n=1 k=—o0

Therefore, the desired formula follows by comparing the coefficients of =™ on both sides. With this
formula and the first five values of p(n), we calculate

p(5) = —p(0) +p(3) +p(4) = -1 +3+5="71,
p(6) = —p(1) +p(4) + p(5) = =1+ 5+ 7 =11,
p(7) = —p(0) — p(2) + p(5) + p(6) = =1 =2+ 7+ 11 = 15,
(8) = —p(1) = p(3) + p(6) +p(7) = =1 =3+ 11 + 15 =22,
p(9) = —p(2) — p(4) +p(7) + p(8) = —2 — 5+ 15 + 22 = 30,
p(10) = —p(3) — p(5) + p(8) + p(9) = —3 — 7+ 22 + 30 = 42. O

p

The next two exercises give elementary results related to the assymptotics of the partition function.

More refined statements can be found in Appendix A.

Stein 10.4.5 Let
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be the generating function for the partitions. Show that

2

log F'(x) ~ ﬁ asx — 1,with0 <z < 1.

Proof Taking the logarithm of the product formula for F'(z) gives

log F'(x Zlog1 :ZZ%x Z% o

n=1m=1

By the intermediate value theorem we have

1m — pm
- T m&™ ' € [ma™ ', m] for0 <z <1andsome¢ € (z,1),
hence
mz™ (1 —2) <1—2™ <m(l —x).
Then
=1 2™ =1 =z
mz:lmQI—x 0g F(x) mzzlmQI—:E
thus giving
72
logF(x)Nm asx — 1. 0
Stein 10.4.6 Show as a consequence of Exercise 10.4.5 that
1
ec1n2 < p( ) eC2n2
for two positive constants ¢; and cs.
Proof Use Exercise 10.4.5 and take x = e™¥ to get
7T2 71'2
logFe™) ~ ——— ~ — 0.
ogF(e™) 60—~ 6y asy —
Then -
(€)=Y p(n)e™ < Cre7 (10.4.6-1)
and -
) =3 pln)e ™ > Cyes (10.4.6-2)

n=0

for some positive constants Cy, Cs, C3, and Cy4. Using (10.4.6-1) we get

and taking y = n"z yields
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For the opposite direction, (10.4.6-2) gives

m c o0 c o0 1

— =y _ Y on2  —
E p(n)e™™ > Czev — E p(n)e™™ > Czev — E e e,
n=0 n=m+1 n=m+1

Taking y = Am~? and using the fact that the sequence p(m) is increasing,

m oo
—_Nn—== m 1 _
(m+ 1)p(m) > E:p(n)e n > Cgeo%f _ Z eean o n—\;‘#
n=0 n=m-+1

and then by choosing A to be sufficiently large we get

for some positive constant c;.

Stein 10.4.7 Use the product formula for © to prove:

(1) The “triangular number” identity

o oo
[[0+am(1—a?t2) = 3 25,
n=0 n——oo

which holds for |z| < 1.

(2) The “septagonal number” identity

H (1 - x5n+1) (1 - $5n+4) (]. — 1,571-&-5) = Z (—]_)nxw7
n=0 n=—oo

which holds for |z| < 1.

Proof The product formula for © is

Oz | 1) = i emin’Te2ming ﬁ (1= ) (14 ¢ &%) (1 4 ¢** e 272),
n=—o0 n=1
where ¢ = e™".
(1) Take z = 7, then
i ertlren)r = i ¢ = ﬁ (1=¢) (1 +¢") (1+¢"2).
n=-00 n=—oo el

Replace ¢° by = to get

oo

3 e [[a-2ma+am)(@+2") = J[Ja+am) (1 -a>"2).

n=-—oo n=1 n=0
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(2) Take z = 37 + 1, then

Z e7rin+7rir(n2+%) _ Z (71)nqn2+‘% _ H(]‘ N q2n) (1 N q2n7%) (1 B q2n7%>'
n=-—oo n=-—00 n=1

Replace g by z to get

o)

5 (o

n=—oo

(1 — x5") (1 — x‘:’”_l) (1 — x5”_4)

[
2

3
Il
-

I
8

(1 _ l,5n+1) (1 _ x5n+4) (1 _ m5n+5)' O

3
I
<

Stein 10.4.8 Consider Pythagorean triples (a,b,c) with a* + b* = ¢?, and with a,b,c € Z. Suppose

moreover that a and b have no common factors.
(1) Show that either a or b must be odd, and the other even.

(2) Show in this case (assuming a is odd and b even) that there are integers m, n so that a = m* — n?,

b =2mn,and ¢ = m? + n?.

(3) Conversely, show that whenever c is a sum of two-squares, then there exist integers a and b such
that a® + b = 2.

Proof (1) If both a and b are even, then c is even, and then a and b have a common factor 2. If both a
and b are odd, then 4 t ¢, which is impossible since ¢ must be even.

(2) From (1) we have 2t a + b, and then 2 1 @ and 2 1 ¢ since b is even. Therefore, we can write

b\ 2 c+a c—a
(2> =5 5 (10.4.8-1)

c+a c—a c+a c—a
gcd( 5 3 >|a, gcd( 5 3 >|c7

this fact, together with our assumption that ged(a, c) = 1, gives

gcd<c+a C_a) — 1. (10.4.8-2)

Also note that

2 72
Without loss of generality, assume a, b, ¢ > 0. With (10.4.8-1) and (10.4.8-2) we conclude that

c _
+a:mQ and € a:n2
2 2

for some positive integers m and n with m > n. This leads to the desired result.

2 2

(3) If ¢ = m? + n? for some integers m and n, then a = m? — n? and b = 2mn satisfy a*> + b*> = ¢*>. O

Stein 10.4.9 Use the formula for r(n) to prove the following:

(1) If n = p, where p is a prime of the form 4k + 1, then r2(n) = 8. This implies that n can be written
in a unique way as n = n} + n3, except for the signs and reordering of n; and n.
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(2) If n = ¢, where g is a prime of the form 4k + 3 and « is a positive integer, then ro(n) > 0 if and

only if a is even.

(3) In general, n can be represented as the sum of two squares if and only if all the primes of the form

4k + 3 that arise in the prime decomposition of n occur with even exponents.

Proof The formula for ro(n) is
ra(n) = 4[di(n) — ds(n)]

by Theorem 3.1 in Chapter 10.
(1) r2(p) = 4[di(p) — ds(p)] =4 x (2—0) =8.

(2) Observe that

Hence

n(e) >0 = al)> ale) = [3]> |5 = 2la

(3) Note that for positive integers a and b that are coprime, we have

dl (Cbb) = d1 (a)d1 (b) + dg (a)dg(b) and d3 (ab) = dl(a)dg(b) + dg(a)dl (b)

Hence the function d; (n) — d3(n) is a multiplicative function:
dy(ab) — ds(ab) = [di(a) — d3(a)][d:(b) — d3(b)].

Since
dq (Zt) —ds (Qt) =1 forallt>1

and
di(p’) —ds(p’) =di(p°) =b+1>0 forallb>1

where p is a prime of the form 4k + 1, we conclude that r(n) > 0 if and only if

di(q") —ds(q") >0

(10.4.9-1)

for any prime factor ¢ of n of the form 4k + 3 and a the exponent of ¢ in the prime decomposition

of n. Therefore, with (2) we see that this is equivalent to 2 | a, which completes the proof. O

Stein 10.4.10 Observe the following irregularities of the functions r3(n) and r4(n) as n becomes large:

(1) r2(n) = 0 for infinitely many n, while lim sup r3(n) = cc.
n— oo
(2) r4(n) = 24 for infinitely many n, while lim sup ra(n) =00
n—oo

Proof (1) With Exercise 10.4.9, we know that r2(¢) = 0 whenever ¢ is a prime of the form 4% + 3.

Then recall that there are infinitely many primes of the form 4k + 3, which is a direct consequence
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of Problem 7.4.4. With (10.4.9-1) we have r3(p”) = 4(b+ 1) for any prime p of the form 4k + 1 and
b > 1, which tends to infinity as b — oo.

(2) Note that r4(2") = 857 (2") = 8 x (1 +2) = 24 for k > 1, by Theorem 3.6 in Chapter 10, where
o7 (n) equals the sum of divisors of n that are not divisible by 4. Let a,, = (2n — 1)!!, then

n

ra(an)  8c*(ay) 1 1 1 1
= >14+ 4=+ =N —
an a, +3+5+ +2n—1 ;Wf—l
which tends to infinity as n — oo. O

Stein 10.4.11 Recall from Problem 2 in Chapter 2, that

Y dm) =Y 1i7z 2] < 1

where d(n) denotes the number of divisors of n.

More generally, show that

n

Zag(n)z” = Z T lz] <1
n=1 n=1

where o4(n) is the sum of the ¢-th powers of divisors of n.

Proof The fisrt identity is a special case of the second one, since oy(n) = d(n). For |z| < 1,

n oo

o0 TLZZ o 00 [eS) [e%S)
DR o) DIETAED 9D DRI SETORY
-z n=1m=0 n=1

n=1 n=1m=1

O

Stein 10.4.12 Here we give another identity involving 6*, which is equivalent to the four-squares the-

orem.

(1) Show that for |¢| < 1

oo n o0 n
ZlTi]qn:Z :

— -
n=1 n=1 (]‘ - qn)

(2) Show as a result that

0 n e Anagn & n s 4n e
Zlnj _Zlﬁqzlnzz ! 421(1_(17)2220T(n)qn

5 —
n=1 qn n=1 q n=1 (1 - q’ﬂ)

where o] (n) is the sum of the divisors of n that are not divisible by 4.

(3) Show that the four-squares theorem is equivalent to the identity

0 4 _ 1 qn _ Tri‘r.
(T) +8Z [1_|_ (_1)nqn}2’ q €

n=1
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Proof (1) Using ﬁ = Z maz™ ! for |z| < 1 we get
m=1
o0 q" o) S ) o0 00 ) mq™
n n\m-— nm
R PHE DL PP M
(2) Using 6*(n) = o1(n) — 401 (%) we have

PIADIED LD IAED SELD I AED Dt P s
n=1 m=1 k=1 m=1 k=1 L4 o b

(3) Since

e () (B ) (£ () o

n—=—oo n—=—oo n—=—oo n=—oo n=0

the four-squares theorem, namely r4(n) = 807 (n) for all n > 1, is equivalent to
o) =148 ot(n)g"
n=1

By (2) this can be reduced to showing

0 n 0 an
4q q
o(r)*=1+8 — 4y —— .
<nz—:1 (1-q")’ n; (1—q4”)2>
Then from
0 q" o q4n 0 q" 0 q2n q2n
B _t 4 _
7;1 (1-q)? ; (1 - g*n)? nz::l (1—qm)? ;((1 —)? (14 ¢2n)°
> n
el Rl G O
we prove the desired equivalence. O

Stein 10.5.1 Suppose n is of the form n = 4(8k + 7), where a and k are positive integers. Show that
n cannot be written as the sum of three-squares. The converse, that every n that is not of that form can

be written as the sum of three-squares, is a difficult theorem of Legendre and Gauss.

Proof If 4%(8k +7) = p? 4+ ¢* + 2, then p, ¢ and r must be all even, and then by dividing by 4

ot CP\? (02, (T2
! (8k+7)_(2) +(2> +(2) '
Repeating this finally reduces the problem to the case n = 8k + 7. Note that every square is congruent

to 0, 1, or 4 modulo 8, therefore the sum of three squares cannot be congruent to 7 modulo 8, which
completes the proof. O
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Stein 10.5.2 Let SL(Z) denote the set of 2 x 2 matrices with integer entries and determinant 1, that is,

a b
SLe(Z)=<g= ca,b,e,d € Zandad —bec =1
c d
This group acts on the upper half-plane by the fractional linear transformation g(7) = % Together

with this action comes the so-called fundamental domain F; in the complex plane defined by
Fi= {T eC: 7| =21, |Re(1)| < %and Im(7) > 0},

It is illustrated in Figure 2.

Fi

-1 0 1

Figure 2: The fundamental domain F;

Consider the two elements in SL;(Z) defined by S(7) = —% and T (1) = 7 + 1. These correspond
(for example) to the matrices

respectively. Let g be the subgroup of SL,(Z) generated by S and T3.
(1) Show that for every 7 € H there exists g € g such that g(7) € F.

(2) We say that two points 7 and 7’ are congruent if there exists g € SL2(Z) such that g(7) = 7. Prove

1
=

thatif 7,7" € F; are congruent, then either Re(7) =+ and 7' =7 F lor|r|=1land 7' = —
(3) Prove that S and 7’ generate the modular group in the sense that every fractional linear trans-
formation corresponding to g € SLy(Z) is a composition of finitely many S’s and T3’s, and their
inverses. Strictly speaking, the matrices associated to S and T} generate the projective special linear

group PSLy(Z), which equals SL»(Z) modulo +1.

Proof (1) For7 € Hand g(r) = 255 € g we have

_ Im(7)
e +df?

Im(g(7)) (10.5.2-1)

Since ¢ and d are integers, we may choose a go € g such that Im(go(7)) is maximal. Since the

translations 7 and their inverses do not change imaginary parts, we may apply finitely many of
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them to see that there exists g1 € G with [Re(g1(7))| < 1 and Im(g (7)) is maximal. It now suffices

to prove that |g;(7)| > 1 to conclude that g, (7) € F;. If this were not true, that is, [g1(7)| < 1, then

R G B

and this contradicts the maximality of Im(g1(7)).

(2) Say 7’ = g(7) for 7,7" € Hand g(7) = %ﬂ; € SLy(Z). We may assume that Im(7’) > Im(7), for

otherwise we can relabel 7 and 7’. Hence by (10.5.2-1) we have |c7 + d| < 1, and since 7 € Fj, this

implies that |c| < 1.

oIfec=0,thenad = 1and g(r) = 7+ b. Since 7,7 € F;, we get g(7) = 7 £ 1, and then
Re(r)=+4fand 7 =7 F L.

o Ifc==1,then et +d| = |7 £d| < L

- Ifd =0, then b= F1and g(r) = —% + a. Hence 7 must be at one of the cusps.

- Ifd #0, then |7 + 1| < lor|r — 1| <1, and again 7 must be at one of the cusps.

(3) For any g € SLo(Z), since 2i € F; C H, by (10.5.2-1) we have ¢(2i) € H. Then by (1), there exists
h € gsuch that h(g(2i)) € F;. Now both 2i and h(g(2i)) are in the interior of Fj.

o If h(g(2i)) # 2i, by (2) there exists ¢ € g such that £ o h o g(2i) = 2i. Note that if
b ) .
d:21 for a,b,c,d € Z with ad — bec = 1

thena = d = +1 and b = ¢ = 0, which means that £o ho g is the identity. Hence g = h ™o ¢™".

o If h(g(2i)) = 2i, then by the same argument g = h™*. O

a b
Stein 10.5.3 In this problem, consider the group G of matrices with integer entries, deter-

c d
minant 1, and such that a and d have the same parity, b and ¢ have the same parity, and c and d have
opposite parity. This group also acts on the upper half-plane by fractional linear transformations. To
the group G corresponds the fundamental domain F defined by |7| > 1, |Re(7)| < 1, and Im(7) > 0 (see
Figure 3). Also, let

1 0 -1 12
S(1)=—= ¢ and To(7) =742+
1 0 0 1

Prove that every fractional linear transformation corresponding to g € G is a composition of finitely

many S, T; and their inverses, in analogy with the previous problem.
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-1 0 1

Figure 3: The fundamental domain F

Proof (1) By Lemma 3.5 in Chapter 10, every point in the upper half-plane can be mapped into F

using repeatedly .S, T» and their inverses.

2) Suppose 7’ = g(7) for 7, 7' € F, g(1) = Lt € G and Im(7’) > Im(7). Then by (10.5.2-1) we have
pp ct+d y
ler +d| < 1, and since 7 € F, this implies that |¢| < 1.

o If c =0, then ad — bc = ad = 1 and ¢g(7) = 7+ b. Note that b and d have opposite parity, hence
b
bis even and g :T2i2.
o If ¢ =1, then by |er + d| < 1 we find |d| < 2. Also note that ¢ and d have opposite parity,
hence d = —2,0, 2.

- Ifd = -2, thenad — bc = —2a — b = 1, and ¢(7) = a — —L5. Note that a and d have the
same parity, hence g = TQ% 0SoTyt.
- Ifd = 0, thenad —bc = —b = 1,and g(7) = a — 1. Note that a and d have the same parity,
hence g = Tf oS.
- Ifd=2,thenad —bc=2a—-b=1,and g(7) = a — %4’2 Note that a and d have the same
parity, hence g = T’ o0 S o Tb.
o If ¢ = —1, then by |er + d| < 1 we find |d| < 2. Also note that ¢ and d have opposite parity,

hence d = —2,0, 2.

- Ifd=-2,thenad —bc=—-2a+b=1,and g(7) = —a — %ﬁ Note that @ and d have the
same parity, hence g =T, ?> o S o Tb.

- Ifd=0,thenad—bc=b=1,and g(7) = —a— % Note that a and d have the same parity,
hence g = T;% oS.

- Ifd=2,thenad—bc=2a+b=1,and g(7) = —a— T—i2 Note that ¢ and d have the same

parity, hence g =T, > 0 S o Ty .
(3) Forany g € G, since 2i € F C H, by (10.5.2-1) we have g(2i) € H. Then by (1), there exists
h € (S,T5) such that h(g(2i)) € F. Now both 2i and h(g(2i)) are in the interior of F. Observe that
0 -1 a b —c —d 1 2)[a b a+2c b+2d

1 0 c d a b 0 1 c d c d

which implies that o g € G. Therefore by (2) there exists ¢ € (S,T5) such that h o g = ¢, and then
g=h"tolec (S T). O
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Stein 10.5.4 Let G denote the group of matrices given in the previous problem. Here we give an alter-
nate proof of Theorem 3.4, that states that a function in H which is holomorphic, bounded, and invariant
under G must be constant.

(1) Suppose that f : H — C is holomorphic, bounded, and that there exists a sequence of complex
numbers 7, = x; + iy, such that

oo
Zyk:oq O0<yr <1, and J|zg| <1

Then f = 0.

(2) Given two relatively prime integers ¢ and d with different parity, show that there exist integers a

a b
and b such that ed.

1
(3) Prove that Z arE =™ where the sum is taken over all ¢ and d that are relatively prime and
C
of opposite parity.

(4) Prove thatif F': H — C is holomorphic, bounded, and invariant under G, then F' is constant.
Proof (1) Recall from Theorem 1.2 of Chapter 8 the conformal map

i—7
i+7

F(r)=

which maps H onto the unit disk. Let z;, = F(73), then

oo oo T s
> (1= |z Z(l— .
k=1

— i+ xp + iy

)-S5t o) 2

k=1

Here the inequality follows since for |z| < 1 and 0 < y < 1 we have

P4+ (1+y)?<s = 1 +;>1 = 4 —é>_$

s 25/ T2+ (1+y2° 5 25 57 22+ (1+y)?
2

2 4 24 (1—y)? 24 (1—y)? _ 2

(12 s @t [ee0-w2 2

5 2+ (1+y) 2+ (1+y) 2+ (1+y) 5

Applying the result in Problem 5.7.1 to the function fo F~ ! which is holomorphic in the unit disk,
bounded and with zeros at {2;,}32 ;, we conclude that f o /'~ must be identically zero, and hence

f=0.
(2) Since cand d are relatively prime, there exist integers xo and yo such that dzo — cyo = 1. Moreover,
all the solutions of dxz — cy = 1 take the form zy + ct and yo + dt with ¢ € Z.
o If cis odd and d is even, then yy must be odd, for otherwise dzg — cyg would be even.

— If 2y is even, then let a = 2o and b = .

— If zgis odd, thenleta = x¢g + cand b = yg + d.

o If cis even and d is odd, then z¢y must be odd, for otherwise dxy — cyg would be even.
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— If yg is even, then let a = ¢ and b = .
— Ifypis odd, thenlet a = z¢g + cand b = yy + d.

a b
Therefore, in all cases there exist integers a and b such that cG.

Suppose to the contrary that

1
2 ayp AT

ged(c,d)=1
2f(c—d)

1

ged(a,b)=1

then we claim that

To see this, note that if @ and b are both odd and relatively prime, then the two numbers c and d

defined by

C:a+b and d:aib
2 2

are relatively prime and of opposite parity. Moreover, since

02 + d2 = M
2 )
we see that
1 1 A
> aEs X b+ > g Aty
ged(a,b)=1 ged(a,b)= 1 ged(a,b)=1

2t(a—b) 2|(a—b)
However, this would lead to
1 =1 1
Z 2+2 Z Z () + Zf Z 2 %
(k,£)#£(0,0) n=1gecd(a,b)= n=1 ged(a,b)=1
which is a contradiction.

Without loss of generality, we may assume that F'(i) = 0 and prove F' = 0, for otherwise we can
replace F'(7) by F'(1) — F(i). For each relatively prime ¢ and d with opposite parity, by (2) there

. a b at+b . .
exist integers a and b such that € G. Then g(7) = T satisfies
c d
(i)_ai—i—b_ac+bd+iad—bc_ac+bd+ i
W=drd- 2+ '@ " 2+ At d

and since

1 2)Y[a b a+2c b+2d

0 1 c d c d

by composing g with finitely many 75’s or T}, '’s we see that there exists g. 4 € G such that g, 4(i) =
Te,d + ﬁ with |z, 4| < 1. Using the fact that F is invariant under G, the conclusion in Problem
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10.5.3 and what we proved in (3), we see that

F(ge.a(i) ZIm gea(i)) =00, 0<Im(g.q(i)) <1, and [Re(g.qa(i))] <1

for integers c and d that are relatively prime and of opposite parity. Then by (1) we conclude that
F=0. O

Stein 10.5.5 In Chapter 9 we proved that the Weierstrass o function satisfies the cubic equation
()" = 49" = g2 — g3,

where go = 60FEy, g3 = 140Eg, with E}, is the Eisenstein series of order k. The discriminant of the cubic
y* = 42° — gox — g3 is defined by A = g5 — 27g3. Prove that

A(T) = (2m) 20 (1) forall T € H.

Proof We begin with determining the Fourier expansions of g2(7) and g3(7). Recall that

g =60 S L gm-10 Y .

4 bl 6 .
(mmz00) T ™T) (00 T ™T)

By (4) in Chapter 5 we have

Inl<N n=1
1 Z( 1 1)
T 0 T+n n
Let z = e*™7. If 7 € H then |z| < 1 and we find
ot CosSTT e?™T 11 ks 1 (= 1
TeotnT =T = =7 =7
sinmr e2mT—1 z—1 l—-2z 1-=2

= Wi(iﬂ + er> = 7ri<1 + Qi:ﬂ>.
r=1 r=0 r=1

In other words, if 7 € H we have

e

r=1

Differentiating repeatedly we find

1 1 s
27717‘7'
_§_§7(7+ﬂ) —(2ri) Z:

[ee]

—3! Z (T—:n 27“ Z 3 27r1r'r

n——oo



> 1
—5 ) e

n—=——oo

Replacing T by mt we obtain

oo

n=—oo

oo

n=—oo

Therefore,

92(7) = 60 Z W#

(n,m)#(0,0)

1
Z (n 4+ mt)*
1
2 Grmp

27T1 E 5 27r1'rT

E 3 271'17‘m7'
7'( .
[ 05 E T56271'1rm7-.
r=1

2774 167(4 — . TirmT
= 60{ 5 T3 Z > rie? }

m=

and similarly

1r=1

27rik7‘ }

g3(7’) = 140 Z m

(n,m)#(0,0)

140{Z+Z Z (n+m7 +(n—mT)G

n#0 m=1n=—00

+2Z Z Rk }

m=1n=—o0

m=1r=1

2% 167° O~ O~ 5 2mirmr
:140{915 Y > e }

k=1
Let
oo
n=1
Then

71'4 3 7r6
A(r) = g3(7) — 27g35(7) = [43(1 + 240,4)} — 27 {827(1 - 5043)}

64712

(k)e2ﬂ‘ik}7' } )

- [(1+2404)% — (1 - 504B)7].

27
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(10.5.5-1)
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Now A and B have integer coefficients, and

(14 240A4)% — (1 — 504B)* = 1 + 720 A + 3(240)% A? + (240)> A% — 1 4 1008 B — (504)*B?
=12°(5A 4 7B) + 12°(100A% — 147B% + 8000A°).

But -
5A+ 7B = 2[503 (n) 4+ 7o5(n)ja"
n=1
and
Bd® +7d5 = d3 (5 + 7d?) = {d‘g(dQ ~=0 (mod3),
d*(1-d*)=0 (mod 4),
SO

5d° +7d° =0 (mod 12).

Hence 123 is a factor of each coefficient in the power series expansion of (1 4 2404)% — (1 — 504B)?, so

A(T) _ 6427'; {123 Z T(n)e27rinr} — (27_‘,)12 Z T(n)e27rin'r (1055_2)
n=1

where the 7(n) are integers. Also note that the coefficient if = is 12%(5 4 7), so 7(1) = 1 and then
A7) = (2m) 221 + L (2)] (10.5.5-3)

2miT

where I (z) denotes a power series in z = e“"" with integer coefficients. From (10.5.5-2) we see that
A(1 4+ 1) = A(7), and by Theorem 2.1 (iii) in Chapter 9, we have

Bi(-3) =B, Bo(-1) = Bo(r),

then

=

L)y =71%g2(7), g3(—1) =70g3(7)

and so
A1) = (1) - 21 (1) = A

Now recall the Dedekind eta function defined by
77(7) — e’%" H (1 _ e27TiTLT)
n=1

A7)
n?4(7)

fr+1)=f(r) and f(-1)=f(7),

, then

and note that n never vanishes in H. Let f(7) =

so f is invariant under the group g = (5, T1) described in Problem 10.5.2. Also, f is analytic and nonzero
in H because A is analytic and nonzero and 7 never vanishes in H. (To see A(7) # 0 for all 7 € H, one

just needs to note that ey, es, e3 are distinct, which follows since % is a double zero of p(z) —e1, 5 isa

double zero of p(z) — e and +ET is a double zero of p(z) — e3, then use Theorem 1.7 and Corollary 2.3
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of Chapter 9 to see that the polynomial 42® — gz — g3 has distinct roots.)

Next we examine the behavior of f atico. We have

oo

7724(7_) _ e27ri-r H (1 27r1n7 IO_O[ 1 — " _ 1,[1 + Ig(x)],

n=1

2miT

where I»(x) denotes a power series in x = ™" with integer coefficients. Thus, n**(7) has a simple zero
at x = 0, which corresponds to Im(7) — co. This observation, together with (10.5.5-3), gives the Fourier

expansion of f as Im(7) — oo:

A(T) _ 2m) 221 + I (x))
n?4(7) z[1+ Ix(z)]

flr) = = (2m)"[1 + I(2)], (10.5.5-4)
so f is analytic and nonzero at ico. Now f satisfies all three conditions in Theorem 3.4 of Chapter 10,
so f must be constant. Moreover, (10.5.5-4) shows that this constant is (27)'2. This proves the desired
result. O

Stein 10.5.6 Here we will deduce the formula for rg(n), which counts the number of representations
of n as a sum of eight squares. The method is parallel to that of r4(n), but the details are less delicate.
Theorem: rg(n) = 160}‘( ).

Here o3 (n) = o3(n Z d®, when n is odd. Also, when n is even
d|n

d|n
where o§(n) = E d® and o§(n E d3.
d|n, d even d|n, d odd

Consider the appropriate Eisenstein series

B =Y e

where the sum is over integers n and m with opposite parity. Recall the standard Eisenstein series

1
Ey(r) = Z it mr)t

(n,m)#(0,0)

Notice that the series defining E is absolutely convergent, in distinction to E3(7), which arose when
considering r4(n). This makes some of the considerations below quite a bit simpler.

(1) Prove that rg(n) = 1607 (n) is equivalent to the identity 0(7)® = 487~ *Ej (7).
(2) Note that Ej (1) = E4(7) — 27 E4(T52).

(3) Ej(r+2) = Bj(r).

(4) Ei(1)=17"E;(-7).

(5) 487 *Ej(T) — las T — oo.

©) |Ei(1 = 4)] = Irl*le),

(1) = o0.
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Since 6(7)® satisfies properties similar to (3), (4), (5) and (6) above, it follows that the invariant function

487~ *Ej(1)/0()® is bounded and hence a constant, which must be 1. This gives the desired result.

Proof (2) E4(7)—Ej(r) = Z o Z ! = 274E4(T771)'

2| (n—m) (n+m7)? [(2n —m) + mT]4

(n,m)#(0,0)

(n,m)#(0,0)

(1) We first relate the sequence {rg(n)} via its generating function to 6:

o0 8 oo
0(r)° = ( > q”2> = rs(n)q", (105.6-1)

n=-—oo n=0

where ¢ = ™7 with 7 € H. Then it suffices to prove that
481 Ej (1) =14 Y _ 1603 (k)q". (10.5.6-2)
k=1

Asin (10.5.5-1), one has
(2m)*
3

4 (%)
_r 2mikT

Ey(r) = 5 + g_lU?)(k)e . (10.5.6-3)

Combining this with (2) gives

487 1B (1) = 487 [Ey(1) — 27 B4 (T5)]

4 4 4 4
_ —4) T 167 orikr T T Kk mikT
— 487 {45 +—3 ;gg(k)e 5 3 ;( *os(k)e }
e A o ) 10.5.6-4
= 14256 o3(k)e®™ —16 Y (—1)*o5(k)e™" ( )
k=1 k=1
=1+ 16{2 1603 (k)g>* — Z(—l)kag(k)qk}.
k=1 k=1
Now we shall express o3 in terms of 3. For n even, we have
o5(n) —o3(n) = o3(n),
o5(n) +o3(n) = o3(n)
Adding these two equations gives
o3(n) + os(n) =205(n) =2 x 2303(%) = 1603(%)
and then
o3(n) = 1603(%) — o3(n). (10.5.6-5)

Therefore, from (10.5.6—4) and (10.5.6-5) we obtain (10.5.6-2).

(3) By the definition of Ej, we have

Ei(r+2) = 2){(;771) [+ m(r + 2)* ZJ((;m) [(n+ 2m) + mr]* Ei(7)
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(4) By the definition of £}, we have

B(D= Y s Y e =T

4
2t(n—m) (TL - 7) 2f(n—m)

(5) Since ¢ — 0as Im(7) — oo, by (10.5.6-2) we get the desired result.

(6) Note that n + m is odd if and only if n — m is odd, hence

1 1 1
Z [-m+ (n+m)T]* Z (n+mr)* Z (n+2mr)4

2t(n—m) (n,m)#(0,0) (n,m)#(0,0)
Then
1 T4
Ej (1 - %) = 1= Z 4
(e (M= D] gD,y [t (e m)T]
S D— >
B (n+mr)4 (1 - 29mr)4
mmzoo " TN e (1 2mT)
= 74[E4(1) — E4(27)].
By (10.5.6-3) we get
(27‘-)4 — 2mikT = ArikT (27T)4 2miT
Ey(1) — Ey(27) = 5 ; os(k)e - ; os(k)e ~oge as Im(7) — oo,

which gives the desired result.
Finally, we shall show that 6(7)® satisfies similar properties.

(3) By (10.5.6-1) one can verify that (7 + 2)® = (7)®, since ¢ = e™" is invariant when 7 is replaced
by 7 + 2.

(4) By Corollary 1.7 in Chapter 10 we have 6(7)® = 7'*40(—%)8.
(5) 0(1)® — 1as T — oo, which is obvious from its definition.

(6) By Corollary 1.8 in Chapter 10 we have 6(1 — 1)8 ~ 287%e?™7 a5 Im(7) — o0o. Recall the notation

T

x ~ y means both z < y and y < x hold. O
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