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§8.1 Úó9Ä�½Â

I ½Â 8.1.1 ¡ {X (t), t ≥ 0}�ÙK$ÄL§£BMP, Brownian
Motion process¤, eL§÷v±en^µ

(i) X (0) = 0;

(ii) äkÕá²­Oþ5;

(iii) é ∀ t > 0, X (t) ∼ N(0, c2t), Ù¥ c > 0.

5µ

1◦ ÙK$ÄL§�¡�WienerL§

2◦ IOÙK$ÄL§µc = 1 [�¡ob½ c = 1]

3◦ {¤

4◦ ��´»: ??ëY, ??Ø��.

5◦ Markov5�
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§8.1 Úó9Ä�½Â

6◦ é ∀ 0 < t1 < · · · < tn, (X (t1),X (t2), . . . ,X (tn)) ∼ Nn(0,Σ), Ù¥

Σ =


t1 t1 · · · t1

t1 t2 · · · t2

...
...

. . .
...

t1 t2 · · · tn

 .

7◦ é ∀ 0 < s < t,

[X (s)|X (t) = b] ∼ N

(
s

t
b,

s(t − s)

t

)
.

5µ � (Z1,Z2) ∼ N2

((
a
b

)
,

(
σ11 σ12

σ21 σ22

))
, K

[Z2|Z1 = x ] ∼ N(m(x), σ22 − σ21σ
−1
11 σ12),

Ù¥ m(x) = b + σ21σ
−1
11 (x − a).
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§8.1 Úó9Ä�½Â

I ½Â 8.1.2 ¡ {X (t), t ≥ 0}�pdL§, ´�é ∀ t1 < t2 < · · · < tn,

(X (t1),X (t2), . . . ,X (tn))

Ñlõ���©Ù.

I ½Â 8.1.3 {Z (t), 0 ≤ t ≤ 1}¡�ÙKx, eÙ÷v±en^µ

(i) Z (0) = Z (1) = 0;

(ii) {Z (t), 0 < t < 1}�pdL§;

(iii) é ∀ 0 < s < t < 1, EZ (t) = 0,

Cov (Z (s),Z (t)) = s(1− t).
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§8.1 Úó9Ä�½Â

I =~ 1>� {X (t), t ≥ 0}� Brown$Ä, K3�½ X (1) = 0^�e,
{X (t), 0 ≤ t ≤ 1}�ÙKx.

yµ =y

Cov (X (s),X (t)|X (1) = 0) = s(1− t), ∀ 0 < s < t < 1.

¯¢þ,

Cov (X (s),X (t) |X (1) = 0)

= E [X (s)X (t) |X (1) = 0]

= E
{
E [X (s)X (t) |X (t),X (1) = 0]

∣∣X (1) = 0
}

= E
{
E [X (s)X (t) |X (t)]

∣∣X (1) = 0
}

= E
{
X (t) · s

t
X (t)

∣∣∣X (1) = 0
}

= s(1− t).

T. Hu �ÅL§



§8.1 Úó9Ä�½Â

I =~ 2>� {X (t), t ≥ 0}� Brown$Ä, ½Â

Z (t) = X (t)− tX (1),

K {Z (t), 0 ≤ t ≤ 1}�ÙKx.

yµ =y

Cov (Z (s),Z (t)) = s(1− t), ∀ 0 < s < t < 1.
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§8.1 Úó9Ä�½Â

I ²�©Ù�ÙKx � X1,X2, . . . ,Xn iid ∼ U(0, 1), ½Â

Nn(s) = #{i : Xi ≤ s, i = 1, . . . n},
Fn(s) = Nn(s)/n, s ∈ [0, 1] [²�©Ù],

αn(s) =
√
n
(
Fn(s)− s

)
,

Ké s ∈ (0, 1),
Nn(s) ∼ B(n, s),

Fn(s) −→ s (a.s.)

αn(s)
d−→ N(0, s(1− s)).

�±?�Úy²µ

{αn(s), s ∈ [0, 1]} w−→ÙKx {Z (t), t ∈ [0, 1]}.
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§8.1 Úó9Ä�½Â
�yµ

1◦ {αn(s)}4�L§�pdL§. é ∀ 0 < s1 < s2 < · · · < sm < 1,(
Nn(s1),Nn(s2)− Nn(s1), . . . ,Nn(sm)− Nn(sm−1), n − Nn(sm)

)
∼ M(n; s1, s2 − s1, . . . , sm − sm−1, 1− sm),

u´,(
αn(s1), αn(s2)− αn(s1), . . . , αn(sm)− αn(sm−1)

) d−→ Nm(0,Σ∗),

Ù¥ Σ∗ = (σ∗ij )m×m,

σ∗ii = (si − si−1)(1− si + si−1) [�½ s0 = 0]

σ∗ij = −(si − si−1)(sj − sj−1), i 6= j .

=⇒ (
αn(s1), αn(s2), . . . , αn(sm)

) d−→ Nm(0,Σ),

Ù¥ Σ = (σij)m×m, σij = si (1− sj), ∀ i ≤ j .
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§8.1 Úó9Ä�½Â

�yµ

2◦ é ∀ 0 < s < t < 1,

Cov (αn(s), αn(t)) −→ s(1− t).

,yµ

Cov (αn(s), αn(t)) = n Cov (Fn(s),Fn(t)) =
1

n
Cov (Nn(s),Nn(t))

=
1

n

[
E {E [Nn(s)Nn(t)|Nn(s)]} − n2st

]
=

1

n

{
E

[
Nn(s)

(
Nn(s) + (n − Nn(s))

t − s

1− s

)]
− n2st

}
= s(1− t).

lim
n→∞

P

(√
n sup

0<s<1
|Fn(s)− s| > a

)
= P

(
max

0<s<1
|Z (s)| > a

)
, a > 0.
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§8.2 Â¥�, ����ÅCþ9��uÆ

� {X (t), t ≥ 0}� Brown$Ä, ½ÂÂ¥�

Ta = inf{t : X (t) = a, t ≥ 0}.

I Ta �5� (a > 0)

P (X (t) ≥ a) = P (X (t) ≥ a|Ta ≤ t) · P (Ta ≤ t)

+P (X (t) ≥ a|Ta > t) · P (Ta > t)

=
1

2
P (Ta ≤ t).
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§8.2 Â¥�, ����ÅCþ9��uÆ

Ïd,

P (Ta ≤ t) = 2 P (X (t) ≥ a) = 2[1− Φ(a/
√
t)],

P (Ta <∞) = 1.

I Ta �5� (a > 0)

ETa =

∫ ∞
0

P (Ta > t)dt

=

∫ ∞
0

(
2√
2π

∫ a/
√
t

0

e−y
2/2dy

)
dt

=
2a2

√
2π

∫ ∞
0

1

y2
e−y

2/2dy = +∞.

I é ∀ a ∈ <,

Ta
d
= T−a.
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§8.2 Â¥�, ����ÅCþ9��uÆ

I ����ÅCþµé ∀ a > 0,

P

(
max

0≤s≤t
X (s) ≥ a

)
= P (Ta ≤ t) = 2P (X (t) ≥ a).

I ��uÆµé ∀ x ∈ (0, 1), t > 0,

P
(
BMPu�mã (xt, t)��¯/00

)
=

2

π
arcsin

√
x . (∗.1)

P

o(t1, t2) = P
(
BMPu�mã (t1, t2)���¯/00�g

)
,

K (∗.1)�du

P (o(t1, t2)) = 1− 2

π
arcsin

√
t1

t2
, t1 < t2. (∗.2)
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§8.2 Â¥�, ����ÅCþ9��uÆ

é ∀ x > 0,

P (o(t1, t2)|X (t1) = x) = P (Tx ≤ t2 − t1) = 2P (X (t2 − t1) > x)

=
2√

2π(t2−t1)

∫ ∞
x

exp

{
− y2

2(t2−t1)

}
dy
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§8.2 Â¥�, ����ÅCþ9��uÆ

 y (∗.2):

P (o(t1, t2)) =
1√

2π t1

∫ ∞
−∞

P (o(t1, t2)|X (t1) = x) · e−x
2/(2t1)dx

=
2

π
√
t1(t2−t1)

∫ ∞
0

∫ ∞
x

exp

{
− y2

2(t2−t1)

}
dy · e−x

2/(2t1)dx

=
2

π
√
t2−t1

∫ ∞
0

∫ ∞
x
√
t1

exp

{
− y2

2(t2−t1)

}
dy · e−x

2/2dx

=
2

π
√
θ − 1

∫ ∞
0

∫ ∞
x

exp

{
− y2

2(θ − 1)

}
dy · e−x

2/2dx

=
2

π

∫ ∞
0

∫ ∞
x√
θ−1

exp

{
−y2

2

}
dy · e−x

2/2dx

def
= g(θ), θ = t2/t1.
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§8.2 Â¥�, ����ÅCþ9��uÆ

 y (∗.2):

2P

h(θ) = 1− 2

π
arcsin

√
1

θ
.

±e=y:
g(θ) = h(θ), ∀ θ > 1.

5¿±eü:µ

� θ →∞�, g(θ)→ 1, h(θ)→ 1.

g ′(θ) = h′(θ) =
1

πθ
√
θ − 1

.
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§8.3 BMPC/

� {X (t), t ≥ 0}� BMP.

I AÛ BMP: Y (t) = eX (t), t ≥ 0

I 3�:�áÂ� BMP

�½ x > 0, ½Â

Z (t) =

{
X (t), Tx > t,
x , Tx ≤ t.

¦ Z (t)� cdf. [·Ü.]

P (Z (t) = x) = P (Tx ≤ t) = 2P (X (t) ≥ x).

é ∀y < x ,

P (Z (t) ≤ y) = P

(
X (t) ≤ y , max

0≤s≤t
X (s) < x

)
= ?
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§8.3 BMPC/

(Y) |^º��n§

P (Z (t) ≤ y) = P

(
X (t) ≤ y , max

0≤s≤t
X (s) < x

)
= P (X (t) ≤ y)− P

(
X (t) ≤ y , max

0≤s≤t
X (s) ≥ x

)
= P (X (t) ≤ y)− P

(
X (t) ≤ y

∣∣ max
0≤s≤t

X (s) ≥ x

)
×P

(
max

0≤s≤t
X (s) ≥ x

)
∗
= P (X (t) ≤ y)− P

(
X (t) ≥ 2x − y

∣∣ max
0≤s≤t

X (s) ≥ x

)
×P

(
max

0≤s≤t
X (s) ≥ x

)
= P (X (t) ≤ y)− P (X (t) ≥ 2x − y).
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§8.3 BMPC/

I È© BMP {Z (t), t ≥ 0}:

Z (t) =

∫ t

0

X (s) ds.

{Z (t), t ≥ 0}�pdL§.

{Z (t), t ≥ 0}�MarkovL§; {(Z (t),X (t))}�MarkovL§.

EZ (t) = 0Ú���

Cov (Z (s),Z (t)) = s2
( t

2
− s

6

)
.

(X (t),Z (t)) ∼ N2(0,Σ), Ù¥

Σ =

 t t2

2

t2

2
t3

3

 .
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§8.4 ¤£ BMP

I ½Â 8.4.1 ¡ {X (t), t ≥ 0}�¤£Ç� µ�ÙK$ÄL§, eL§
÷v±en^µ

(i) X (0) = 0;

(ii) äkÕá²­Oþ5;

(iii) é ∀ t > 0, X (t) ∼ N(µt, t).

5µ

1◦ Ù¤£Ç� µ� BMP {X (t), t ≥ 0}�±L«�

X (t) = µt + B(t),

Ù¥ {B(t), t ≥ 0}�IO BMP.

2◦ ¤£Xê� µ� BMP�À��é¡{ü�ÅiÄL§�4�.
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§8.4 ¤£ BMP

2◦ ¤£Xê� µ� BMP�À��é¡{ü�ÅiÄL§�4�.

�ÄXe�ÅiÄµ�âf�� 0u � 0:§zm�∆t �m
±VÇ p ma ∆x , ±VÇ q = 1− p �a∆x . P

Xi =

{
1, 1 i Ú ma;
−1, ÄK,

K�� t âf �� Y (t) = ∆x
∑[t/∆t]

i=1 Xi , t > 0.

�∆x = (∆t)1/2, p = (1 + µ
√

∆t)/2, -∆t → 0�

EY (t) = ∆x
[ t

∆t

]
(2p − 1)→ µt,

Var (Y (t)) = (∆x)2
[ t

∆t

]
[1− (2p − 1)2]→ t,

Ïd, {Y (t)}Âñ� BMP {X (t)}, ¤£Xê� µ. [A^¥%4�
½n!Õá²­Oþ5]
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§8.4 ¤£ BMP

� {X (t), t ≥ 0}�¤£Ç� µ� BMP

PÒµ
Tx = inf{t : X (t) = x , t ≥ 0}.

¯K�µ¦

P(x) := P (TA < T−B |X (0) = x), −B < x < A.

¯K�µ¦ E [exp{−θTx}].

5: � h > 0¿©�, K

P(TA ≤ h|X (0) = x) = P
(

max
0≤s≤h

X (s) ≥ A− x
)

≤ P
(

max
0≤s≤h

B(s) ≥ A− x − |µ|h
)

= 2P (B(h) ≥ A− x − |µ|h) = ◦(h).
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§8.4 ¤£ BMP

): é Y = X (h)− X (0)�^�, �

P(x) = P (h < TA < T−B |X (0) = x)

+P (TA ≤ h,TA < T−B |X (0) = x)

= P (h < TA < T−B |X (0) = x) + ◦(h)

= EP(x + Y ) + ◦(h)

= E

[
P(x) + P ′(x)Y +

1

2
P ′′(x)Y 2 + · · ·

]
+ ◦(h)

= P(x) + P ′(x)µh +
1

2
P ′′(x)[h + µ2h2] + ◦(h),

=⇒
µP ′(x) +

1

2
P ′′(x) = 0,

u´,
P(x) = c1 + c2e

−2µx , c1, c2 �½

T. Hu �ÅL§



§8.4 ¤£ BMP

dÐ� P(A) = 1, P(−B) = 0�

P(x) =
e2µB − e−2µx

e2µB − e−2µA
, −B ≤ x ≤ A. (∗.3)

5:
�ÄIO BMP {B(t)},

P (L§3�� d �ck�� c |B(0) = x) =
x − d

c − d
, d < x < c .

� x = 0�,

P (TA < TB) =
e2µB − 1

e2µB − e−2µA
, −B ≤ 0 ≤ A.

� x = 0, µ > 0�, - B →∞�

P (TA <∞) = 1, A > 0.

d�, L§¤��Ã¡ [5¿�IO BMPé'].
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§8.4 ¤£ BMP

� µ < 0�, - x = 0� B → +∞�

P (TA <∞) = e2µA, A ≥ 0. (∗.4)

éó/§� µ > 0�,

P (T−B <∞) = e−2µB , B ≥ 0.

(∗.4)�)º: � µ < 0�, L§¤�KÃ¡, �

max
t≥0

X (t) ∼ Exp(2|µ|),

P

(
max
t≥0

X (t) ≥ A

)
= P (TA <∞) = e−2|µ|A, A > 0.
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§8.4 ¤£ BMP

I =~ 8.4(C)> (��)�L§) �)�L§�G�ëYCz§Ñl
¤£Xê µ > 0� BMP {X (t)}, G���L«)�G���z. �½ x
Ú B, ÷v 0 < x < B. z� BMP�G��� B �§)�Êî, GÑ�
d R ��L§£E�G� 0, 3±eü«üÑe§¦��m��ü �
m�²þ¤^.

üÑ 1µØæ�Ù§��
�E���#L§, �#:éAuL§G�?u“0”, u´

��m�²þ¤^ =
R

E [��Ì���]
.

P
f (x) = E [Tx |X (0) = 0], x > 0.

� h > 0¿©�, é Y = X (h)− X (0) = X (h)�^��

f (x) = h + E [f (x − Y )] + ◦(h)

= h + E

[
f (x)− f ′(x)Y +

1

2
f ′′(x)Y 2 + · · ·

]
+ ◦(h)
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§8.4 ¤£ BMP

=⇒
f (x) = h + f (x)− f ′(x)µh +

1

2
f ′′(x)h + ◦(h),

1 = µf ′(x)− 1

2
f ′′(x), x > 0. (∗.5)

,��¡,
f (x + y) = f (x) + f (y), x , y > 0.

u´,
f (x) = c x , x > 0.

�\ (∗.5)� c = 1/µ, u´

f (x) =
x

µ
, x ≥ 0.

3üÑ 1�e, ��m�²þ¤^� R/f (B) = Rµ/B.
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§8.4 ¤£ BMP

üÑ 2µ�½ 0 < x < B, z�L§G��� x �, á=?1�?. ±V
Ç αx ?E¤õ, £�G� 0; ±VÇ 1− αx ?n�}, )�Êî. zg
?n¤^� c .

�E���#L§, �#:éAuL§G���“x”���, ��Ì�
�Ï"�Ý� f (x). u´3üÑ 2�e, ��m�²þ¤^�

c + (1− αx)R

f (x)
=
µ[c + (1− αx)R]

x
.

e®� αx �äN/ª, �±'�üÑ 1�üÑ 2�`�.
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§8.4 ¤£ BMP

I ·K 8.4.2 � {X (t), t ≥ 0}�¤£Ç� µ ≥ 0� BMP, K

lim
t→∞

1

t
max

0≤s≤t
X (s) = µ.

yµ �E�#L§ {N(t)}, �#:éAu {Tn, n ≥ 1}, Ù¥ Tn �G
� n�Ä��, �½ T0 = 0, K {Tn − Tn−1, n ≥ 1} iid ∼ T1,

N(t) ≤ max
0≤s≤t

X (s) ≤ N(t) + 1, ET1 =
1

µ
.

Ïd,
N(t)

t
−→ 1

ET1
= µ (a.s.)

> � µ ≤ 0�,

lim
t→∞

1

t
max

0≤s≤t
X (s) = 0.
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§8.4 ¤£ BMP

¯K�: ¦ E [exp{−θTx}] (é?¿ x , µ)

±e� x > 0, P

g(x) = E [exp{−θTx}], θ > 0.

é ∀ x , y > 0,

f (x + y) = E [exp{−θTx} · exp{−θ(Tx+y − Tx)}]
= E [exp{−θTx}] · E [exp{−θ(Tx+y − Tx)}]
= f (x)f (y)

=⇒
g(x) = e−cx , x ≥ 0, c �½.
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§8.4 ¤£ BMP

� h > 0¿©�, é Y = X (h)− X (0) = X (h)�^��

g(x) = E
[

exp{−θ(h + Tx−Y )}
]

+ ◦(h)

= e−θh · E
[
g(x − Y )

]
+ ◦(h)

= e−θh ·
[
g(x)− µhg ′(x) +

h

2
g ′′(x)

]
+ ◦(h)

= g(x)[1− θh]− µhg ′(x) +
h

2
g ′′(x) + ◦(h)

=⇒
θg(x) = −µg ′(x) +

1

2
g ′′(x).

ò g(x) = e−cx �\� c2 + 2µc − 2θ = 0. �

c = −µ+
√
µ2 + 2θ > 0

(ÃØ µ ≥ 0�´ µ ≤ 0).
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§8.4 ¤£ BMP

I ·K 8.4.1 � {X (t), t ≥ 0}�¤£Ç� µ� BMP, K

E
[
e−θTx

]
= exp

{
−x
[√

µ2 + 2θ − µ
]}

,

Ù¥ x ≥ 0, θ ≥ 0.

T. Hu �ÅL§



§8.4 ¤£ BMP

Äu�©Û BMP

I ·K 8.4.3 � {B(t), t ≥ 0}�IO BMP, KXe�L§Ñ´�µ

(a) Y (t) = B(t);

(b) Y (t) = B2(t)− t;

(c) Y (t) = exp
{
cB(t)− c2t/2

}
, ∀c .

yµ (a)
√

. (b) é ∀ 0 < s < t,

E [B2(t)|B(u), 0 ≤ u ≤ s]

= E
{(

B(s) + [B(t)− B(s)]
)2∣∣B(u), 0 ≤ u ≤ s

}
= B2(s) + t − s.

u´,

E [B2(t)|B2(u), 0 ≤ u ≤ s]

= E
{
E
[
B2(t)|B(u), 0≤u≤s

] ∣∣B2(u), 0≤u≤s
}

= B2(s)+t−s.

T. Hu �ÅL§



§8.4 ¤£ BMP

(Y) (c) |^

E exp{cB(t)} = exp

{
c2

2
t

}
, ∀c ,

u´, é ∀ 0 < s < t,

E [exp{cB(t)}|B(u), 0 ≤ u ≤ s]

= E
[

exp
{
cB(s) + c[B(t)− B(s)]

}∣∣B(u), 0 ≤ u ≤ s
]

= exp{cB(s)} · E
[

exp{c(B(t)− B(s))}
]

= exp{cB(s)} · exp

{
c2

2
(t − s)

}
=⇒

E [Y (t)|B(u), 0 ≤ u ≤ s] = Y (s),

E [Y (t)|Y (u), 0 ≤ u ≤ s] = E [Y (t)|B(u), 0 ≤ u ≤ s] = Y (s).
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§8.4 ¤£ BMP

Äu�©Û BMP

� X (t) = B(t) + µt, =¤£Ç� µ� BMP, ½Â

T = min{t : X (t) = A ½ X (t) = −B}, −B < 0 < A.

¦ ET 9

PA = P (X (T ) = A) [L§�¯ −B �ck�¯ A]

): 5¿� T Xe��Ê�µ

Y (t) = exp
{
cB(t)− c2t/2

}
= exp

{
cX (t)− cµt − c2t/2

}
.

|^�Ê�½n (Ê�L§��k.)�

E exp
{
cX (T )− cµT − c2T/2

}
= 1.

� c = −2µ�

PA =
e2µB − 1

e2µB − e−2µA
.

T. Hu �ÅL§



§8.4 ¤£ BMP

Äu�©Û BMP

2¦ ET : d�|^� B(t) = X (t)− µt 9�Ê�½n, �

0 = E [X (T )− µT ]

= APA − B(1− PA)− µET

=⇒
ET =

Ae2µB + Be−2µA − A− B

µ[e2µB − e−2µA]
.

T. Hu �ÅL§
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