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» 2L 8.1.1 A {X(t),t >0} AHBEFHiLA4Z (BMP, Brownian
Motion process) , ZFidAEH L AT =4

(i) X(0)=0;

(i) BAkZ-FAEEH

(i) *Vt>0, X(t) ~ N(0,c%t), £F c>0.

1° 7 iz 3 i AZ AR A Wiener i$42

20 AREABERHTAE: c=1  [EREMEL c=1]
3° A

4° FEAFESR: MRS, AT F.

5° Markov /it

AL A



6° V0 <t < <ty (X(tr), X(t2), ..., X(t)) ~ Nn(0,%), £

t ot t
ty t (%3
Y = .
t7 to th

7° V0 <s<t,

[X(s)[X(£) = b] ~ N <ib st = S)> .

E: i&i(Zl,Zz)NN2<( Z )( Z; ZZ )) ]

[Z2]Z1 = Xx] ~ N(m(x), 022 — 021077' 012),

HF m(x) = b+ ooy (x — a).
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§8.1 31 & A A K= 3L

> 23 8.1.2 A& {X(t),t >0} AdmMdAZ, REHVE <th < - <ty
(X(t1)7X(t2)7 cee 7X(tn))
JRA % L IE 2S5 6.
> £ 8.13 {Z(t),0<t <1} ARAFPEH, FELHLAT =4
(i) Z(0)=Z(1)=0;
(i) {Z(¢),0 <t <1} A&mArdAs,;
(i) ¥V0<s<t<1 EZ(t)=0,

Cov (Z(s), Z(t)) = s(1 — t).




§8.1 5] 5 A A A= X

» [#] 1] 3% {X(t),t >0} # Brown &%), M A%E X(1) =0 &4 T,
{X(t),0 <t <1} A A B

iE:  AXE
Cov (X(s),X()|X(1)=0)=s(1—-1t), VO<s<t<Ll

FRE,

Cov (X(s), X(t) | X(1) = 0)
=E[X(s)X(t) | X(1) = 0]
=E{E[X(s)X(t) | X(t),X(1) = 0] | X(1) = 0}
=E{E[X(s)X(t) | X(t)]| X(1) = 0}

:E{xuyg t‘X :O}:ﬂlfﬂ.




68.1 51 = R A K7 3L

» [ 2] 3% {X(t),t >0} # Brown &3, & X
Z(t) = X(t) — tX(1),

W {Z(1),0 < t <1} H R

iE:  AXGE

Cov(Z(s),Z(t))=s(1—1t), VO<s<t<Ll




§8.1 31 & & A K2 XL

> B 5H B K X, Xa, ..., X, iid ~ U(0,1), & 3L
No(s) = #{i: Xi<s,i=1,...n},
Fa(s) = Ny(s)/n, se[0,1] [&%EnH],
an(s) = V/n(Fa(s) —s),

s e (0,1),
Np(s) ~ B(n,s),

Fn(s) — s (a-s.)
an(s) —L N(O, s(1 — s)).
ST At — e :

{an(s),s € [0,1]} == H B4 {Z(¢), t € [0,1]}.




§8.1 5] 5 A A A= X
B .

1° {an(s)} MRRARAZHEHE. FV0<si<s < - <s,<1,

(Na(s1), Na(s2) = Na(s1), - - -, No(Sm) — No(Sm—1), 1 — Nn(sm))

~ M(n;s1,5 — S1,.++ySm — Sm—1,1 — Sm),
T,
(a,,(sl), an(s) — anp(s1), ..., an(sm) — a,,(sm_l)) LN Ny,(0, %),
by = (O'Z-)mxmv
o = (si—si—1)(1—si+si-1) [AA% s=0]
o = —(si—si-1)(s—s-1), [#J
—

(@n(51), @n(2), - - - n(5m)) —2 Nin(0, E),
}j:—‘:F' Y = (O’,’j)me, gjj = S,'(]. — SJ), Vi S_j
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§8.1 5] 5 A A A= X

IS
2 HFV0<s<t<l,
Cov (an(s), an(t)) — s(1 — t).
1k
Cov (an(s), an(t)) = n Cov (Fu(s), Fn(t)) = %COV(N,,(S), N,(t))

_ %[E{E[N( YNa(8) [ No(s)]} — nst]

- b o -] o
1-—

= 5

lim P <ﬁ sup |Fu(s) —s| > a) =P (max |Z(s)| > a), a> 0.

0<s<1

n—oo




68.2 H W It AT & A R EFEE

& {X(t),t > 0} # Brown &5}, & X &+ 0
T,=inf{t: X(t) =a,t > 0}.




68.2 H W It AT & A R EFEE

B 3,

P(T.<1t)
P(T, < )

2P (X(t) > a) = 2[1 - &(a/ V)],
1.

> T, 8 (a>0)

ET, = / P(T, > t)dt
0
oo 2 /a/\/f 2
= — e /2dy | dt
/0 (\/27‘( 0
232 > _\2/2
= Uy ¢ e

> AV aeR,

.27,




68.2 H W It AT & A R EFEE

> RARMBEMEE: 4V a>0,
p (Jgg;(tX(s) > a) =P (T, <t)=2P(X(t) > a).

> RIEZE: 3 Vxe(0,1), t>0,

P (BMP F ot & (xt, t) Kigl “0”7 ) = %arcsin Vx. (x.1)

T

o(t, t,) = P (BMP FH & (t1,1,) £V iFl “07 —k),

2 t
P(o(t1,t)) =1— —arcsin 4/ t—l, t1 < to. (x.2)
2

™




68.2 H W It AT & A R EFEE

Vx>0,

P(o(t;, )| X(t1) =x) = P(Tx<th—1t1)=2P(X(tr — t1) > x)
_ 2 R B
 V2n(t—t) /X ¢ p{ 2(ta—t1) } v




68.2 H W It AT & A R EFEE

AEIE (%.2):

P(o(t1, t2)) =

1
\/ﬂtl

dy - e /) gy
ti(to—t1) // { tz—tl)} y
2 00 OO y2 7)(2/2
7T\/ﬁ// tlexp{_Q(Q—tl)}dy.e dx
2
dy - e 124
WW// { 2(9 )} y - e x

L[ el e

g(0), 0=t/t.

/ P (o(t1, t)|X(t1) = x) - e*XZ/(2f1)dX

KA AL



68.2 H W It AT & A R EFEE

FEIE (%.2):
it

2 1
h == 1 - i .
(9) arcsin \/;

g(0) = h(0), Vo>1.

VAT ALAE:

ERAT A

@ ¥0— ool g(d) —1, h(h) — 1.




8.3 BMP L #

% {X(t),t > 0} # BMP.
» JUT BMP: Y(t) = X8, t >0
> f— EALHlk ) BMP

Z x>0, 23
20={ O 125
K Z(t) 6 cdf. oA
@ P(Z(t)=x)=P(T <t)=2P(X(t) > x).

@ Xt Vy < x,

P(Z(t)<y) = P (X(t)gy, max X(s)<x>




§8.3 BMP % #

(%) ARBMR R,

P(Z(t)<y) = P (X(t)gy7 max X(s)<x)

0<s<t

= PX(t)<y)-P (X(t) <y, max X(s) > x)

0<s<t

= PX() <)~ P (X() < ] a5 X(9) > )

v

xP (max X(s) > x>

0<s<t

0<s<t

= PO <97 (XO 220 pax X 2 %)

xP (max X(s) > x)

0<s<t




§8.3 BMP % #

» 2% BMP {Z(t),t > 0}:

o {Z(t),t>0} A=Az
e {Z(t),t > 0} 4k Markov i&42; {(Z(t), X(t))} # Markov $A2.
e EZ(t)=0Feth7r £

Cov (Z(s), Z(t)) = &2 (% -3).

o (X(t),Z(t)) ~ No(0, %), £+




68.4 4% BMP

b 2841 AR {X(t),t >0} AIBAEN 4 MR PE TR, LT
HRAT =4

(i) X(0)=0;

(i) A dk 2 -FAR3E = 1

(i) VYt >0, X(t) ~ N(ut, t).

E:
1° A EH 169 BMP {X(t),t > 0} TAETH

X(t) = pt + B(t),

H4 {B(t),t > 0} #4r/E BMP.
2° A R A A 69 BMP T AL A A 2 AR 8 R AU 3 i A2 69 PR




68.4 i%4% BMP

20 WA AR 1 &) BMPET AL A AF 3 AR F 3 MALES 5 1 A2 69 BLIR.

FEAe T RMIES: — T Z 0 T42E 0 &, Ml At i1
BEE p fi Ak Ax, ABEE q=1— p it A3 Ax. T

X 1, i F AR Bk
o _17 E\D\]'L

Wt kT2 E A Y(t)=Ax WA X >0
K Ax = (At)Y2, p= (1 + uw/At)/2, A At — 0 4%

EY(t) = Ax [Ait} (2p—1) — pt,

Var (Y(1)) = (A% [ =] [1 - (2p— 17 = ¢

B, {Y(t)} ALAE BMP {X(¢)}, 245 2400 . [B2 A P S hLk
AL, kP AN

AL A



68.4 4% BMP

FAX(t),t >0} AZAHESY 189 BMP
T, = inf{t: X(t) =x,t > 0}.
EA—: K
P(x) =P (Ta< T_g|X(0) =x), —-B<x<A

FlAL = K E[exp{—0T}].

ERA> 0 AN, U
P(TA<hX(0)=x) = P (OTsa<xhX(s) > A-x)

< >A— x —
< P(Orgsa;hB(s)_A x Mh)

— 2P(B(h) > A—x— |ulh) = o(h).

AL A



68.4 4% BMP

fig: 3+ Y = X(h) — X(0) B A&, 17
P(x) = P(h<Ta< T_5|X(0)=x)
+P(TA <h Ta< T_B‘X(O) = x)
= P(h< Ta< T_g|X(0) =x)+o(h)
= EP(x+Y)+o(h)

= E |P(x)+P'(x)Y + %P”(x)Y2 + - | +o(h)

= P(x)+ P'(x)uh + %P”(x)[h + 2% + o(h),

1
pP(x) + 5P() =0,

P(x)=ci+ce 2, o, R




§8.4 i£4% BMP

Wi P(A) =1, P(—B) = 0 /%

e2,uB _ 672,u,x

P(x) = E A —-B<x<A. (*.3)
E: ‘
o # &4/ BMP {B(t)},
~ N2 ~ - d
P4AEAKE d 2T RAF BO)=x) =2, d<x<c
o % x =058,
e?tB _ 1
P(TA<TB)I 5 —-B<0<A

@ ¥ x=0,pu>08, 4B ocoiF

P(TA<OO):17 A> 0.
BB, EAZIZ @ EA T [i2 % 548k BMP 2]




68.4 4% BMP

@ Y u<0i, 4 x=0HB— +oof¥F
P(Ta<o0)=e*4 A>0. (x.4)
stABHL, B > 06,

P(T g<o0)=e B B>0.

(x4) B9fER: B p<On, IARZQALY, 12

max X(t) ~ Exp(2|u|),

>0

P <maxX(t) > A) =P(Ta<oo)=e2MA Ao,

>0




68.4 4% BMP

b [ 8.4(C)] (Be#l4 7it42) R4 FARGRSESETL, RA
BASFS > 089 BMP {X(1)), AR EATAZREN B, TUE x
Fo B, R 0< x< B. 5% BMP 69k A51% 3] Bot, 4242, K
MW RZEAAEELFKRE0, AURTHAARET, KKt Z )G E{20
DECESTL 300

Bk 1 RRBA T HE

ME—AZHEAR, P ENE TFIAEARSLAT 0, TA

R
N i N "i)%’ = .
K u1a] 6934 5 A E[ /I\'f}ﬁ};f:ﬂd‘{(]

it
f(x) = E[T«|X(0)=0], x>0.
Bh>0 &5, Y =X(h) — X(0) = X(h) BRA&MHF
f(x) = h+E[f(x—=Y)]+0o(h)

= h+E f(x)—f’(x)Y+%f"(X)Y2+--~ + o(h)

AL A



68.4 4% BMP

- 1
f(x)=h+f(x)—f'(x)uh+ Ef"(x)h + o(h),
1=puf'(x)— %f”(x)7 x> 0. (x.5)
B —7 &
fix+y)=Ff(x)+f(y), x,y>0.
T

f(x)=cx, x>0.
BN (x5) Fc=1/u, TR




68.4 4% BMP

g 2: BIZ 0<x< B, Y FAKRER L x 0, ZBPsE4T4e15. AL
?axfn M, BERE 0, UBEE 1 — o, A, £ Z12. X
BEHERA c
Mg — A2, BH SR TEARRESER X G, —ANEIR
WP REN F(x). TRAERR2ZT, KIFEEG-FHERNA

c+(1-a)R _ ple + (1 — ax)R]
f(x) % '

B Ldn o, BYEARTS X, TTUALE R 1 5R9E 2 6948 5.

[ AT AZ



68.4 i%4% BMP
> AL 8.4.2 % {X(t),t >0} HiZAEHR 1> 06 BMP, 1
li 1 X(s) =
tl>ngo t Orgsa%(t S)=

W M R AAL (N(1)}, BAERETF (T,,n> 1), £ T, HK
An®yBEE, 4% To=0, M {T,— T,_1,n>1}iid~ Ty,

1
N(t) < max X(s) < N(t)+1, Eleﬁ.

T 0<s<t
B 3, "
N(t 1
& R M @)
% Fp <O0H,

1
lim = max X(s) =0.

t—o0 t 0<s<t




68.4 4% BMP

A= K E[exp{—0T.}] OCHHEE x, 1)
VAT x>0, 3L
g(x) =E[exp{-0T.}], 6>0.

VY x,y >0,
fix+y) = Elexp{-0T}-exp{—0(Tiry — T)}]
= EBElexp{-0T.}] - E[exp{—0(T\ry — T\)}]
= f(x)f(y)
_—




68.4 4% BMP

Bh>0 "5, Y =X(h) — X(0) = X(h) BRE&MHF
g(x) = E[exp{-0(h+ T_y)}] +o(h)
= e . E [g(x = Y)] + o(h)

= e (g~ uhg () + 28 (x)| +o(h)

= gL~ 0K] — kg (x) + 28" (x) + o(h)

g(x) = g/ (x) + 58" ().

Fg(x)=e ¥ KRAF +2uc—20=0.

c=—pu+Vpr+20>0

(Rik p > 02 p < 0).




68.4 i%4% BMP

> G 8.4.1 X {X(t),t >0} HiZAEEH 46 BMP, )
E [e‘ng} = exp {—x [\/;ﬂ +20 — ,u] } ,

HEd x>0 6>0.

AL A



68.4 4% BMP

AT $e5 47 BMP
> @A 8.4.3 & {B(t),t >0} HARE BMP, W4T &3 AZARZ Bk
(a) Y(t) = B(t);
(b) Y(t)=B*(t)—t;
(c) Y(t) =exp{cB(t)— c2t/2}, Ve.

iE: (a) /. (b) M VO<s<t,

E[B(t)|B(u )0<u<s]
E{(()+[B() BRED O<u§s}
B%(s) +t —s.

B?(t)|B?*(u),0 < u < 5]
:E{E[BZ(r)\B( ),0<u<s]| B(u) 0<u<s} B(s)+t—s.




68.4 4% BMP

E exp{cB(t)} = exp {Cjt} , Ve,
TA&, FV0o<s<t,
E[exp{cB(t)}|B(u),0 < u < 5]
— | exp {cB(s) + c[B(t) ~ B(s)]}|B(u).0 < u < 5|
= exp{cB(s)} - E [exp{c(B(t) — B(5))}]
~ ep(c(s)} o { Sle-9))

=

E[Y(£)|B(u),0 < u <s] = Y(s),
E[Y(£)]Y(1),0 < u < s] = E[Y(t)|B(u),0 < u < s] = Y(s).




68.4 4% BMP

AT $ep 47 BMP
& X(t) = B(t) + pt, B E A 4 BMP, = X
T=min{t: X(t)=A &R X(t)=-B}, —-B<0<A
KXET A&
Pa=P(X(T)=A) [ZA£i7F —B ZATkizF Al

fif: EFEE T 4o T Heohient:
Y(t) =exp{cB(t) — c’t/2} = exp {cX(t) — cut — c*t/2} .
R $RA3 b T2 (LA —HAR) 3
E exp {cX(T) —cuT — 2T /2} =1.
Rc=—2ui%

B _ 1

Pr=————.
AT Q2uB _ g—2uA

[ AT AZ



68.4 4% BMP

A T 844 BMP
FEET: A Ak B(t) = X(t) — put Z¥AF L7213
0 = E[X(T)—nuT]
= APA—B(].—PA)—MET

p_ AP +Be -A-B
- u[eZp,B _ e*zﬂA]

AL A
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1, 4,5 7, 9, 10, 14




