Seorbr (H) 1R

Mg 2024 &

https://xiaoshuo-1lin.github.io


https://xiaoshuo-lin.github.io




FE1 B fRoRAL fi(@) = f(2), falz) = f(fa1(@)) (0= 2,3, ). FAFAE no, (15 foy () = =,
W f 7 REf(R) B

MEBA & o1, 00 € R f(21) = f(22), W 21 = frg(@1) = fro(2) = 22. W f: R — f(R) 2H5. O
3EE 2 AAEAE R LIESREL f, B R\ Q L@ ——Wujt, i Q LI ——Bif.

TR R L MOMESEA S A R\ Q LB, BKIE [ 4E Q Lk —— B, R = QU R\ Q), 1
Tl f : R — R AU

(f REWGY) FAEAE v < 2o li15 f(21) = fla2), W fHE [0, 20] BARRE AL P IX 0] 1 3% 2% 56 4L
PIVERT, fOATE (21, 22) BHEVETE (11, 2] EREAE, AW xo € (21, 22) R KIEA. HMEE
B, MERE y € R\ Q) N (f(z1), f(wo)), HIEBERDSTHWA LR, HEPEZH 1 TLHEL
T 2 A — AN B BT RS . SR 2R [ JCEREIOH WA [F] 178 FEE, H e R A R
R\ Q) N (f(x1), f(wo)) = QAKX (f(z1), f(wo)) FICHECATTEHOYJE.

(f W) MMEE y e R W yr,y2 € R\ Q 15 y1 <y < yo, WHFHE z1, 22 15 f(21) = y1, f(22) = yo.
HAMEEHE, FA1E o1 5 v 2RI 2o (15 f(z0) =y, FIL f 2 W65 O

I3 [ X -V BWSY ACYRMER BC Y, B f(fU(B)) = B.

MEBR 2 X @S AE, 45C AR Nk X EOSAWANITE.

(=) MMEF y €Y, fFfE v, € X 5 f(wy) =y, T2 |J {z,} € F71(B), AT
yeB

B> f(f_l(B)) > f(U{xy}> = U{f(xy)} =B = f(f_l(B)) =B.

() WMEEyeY, HE{y} CY, MxHEE z € £ ({y}), A fl@) =y. # f: X = Y ZW5 O
WA B XY, ACX,BCY, iR T rng?

1) [ Y\B) = fTHY)\ (B

(2) F(X\A) =FX)\ f(A).

BE (D) BOL Y =BUX\B)#&f(Y)=1B) U \B),HIL T (Y\B)= 1Y)\
fF7H(B).

(2) AR WX =Y =R, A=B={0}, f =0, f(X\A) ={0} # 2 = f(X)\ f(A). 0

@5 % ECRBIESERE, WIEMIHMEREN « € B, fF7E y € B, {lif5 « — y B

WERR AEIE E RATTEE, N EE e e B, & {v —y:y € B} AIEL 456 Q WIBERI, fffEy € E
ffiflge—y¢Q

o F ERNWEEE, F = {z, 102, BiX E NG ATy € EWE v # z1, 56 € (0,1) f#

1)
a1 ¢ By, 01). B yi A E BIBEBR S, 724 yo # 22 W2 y2 € B(y1,01) N E. B 62 € (0, 3), fili

i



B(y2,52) C B(y1,51), H oz ¢ IB3(3/2,52)- HH Y2 h E IR RR 5, TEE;I’E Y3 # T3 1 2 Y3 € B(y2,52) NE.
WNHAREEATE {yn}, {00} W2

671 € (0, %)7 B(ynvén) - B(ynfla 67171)’
Tn € B(Yn,0n)s  Yn+1 €B(Yn,0n) NE,  Yni1 # Tnt1, Vn =2

h PERES T, AEAEME— y € (1) Blya, 0n). 1 E WIS, y = lim y, € B. i Eik3E, y #
n=1
T,V €N, Bl y ¢ E, FJ5. 5 B 2T HOEIE. 0

ST 6 WIE - | 113 J&F Cantor 4.

R
1 2 1 © 9
_—= = — I 2 2
4 9 1-3% ; 32n 0.020 (3),
1 2 1 0o 9
13 27 1_% *23% = 0.002002- - - (3)
n=1
BIAIE 13y JE T Cantor 4. )

SR 7 BEAAIXR] [0, 1], [EE S € € (0,1). Jedz 2 [0, 1] R BE € BT IXIR], B4 Z AR T
AT SR AR R € (9T IXIR], AEgkSE. 10 Ce hy FIRHRAEA T USRI, (Cantor 42 C B € = §
W)

(1) HEF: Ce 7E [0, 1] HRARAMER MK 1T IX 42
(2) HFEUH] m*(Ce) = 0.
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Xt {f(z) — fr(z)} i1 Fatou 5| Fw[ {5

likn_'kinf/[f(x) — fr(x)]dz >0 = /f(x) dz > limsup [ fi(z)dz.

k—o0 e

5N
likrginf/fk(x) de > /f(x) dz > limsup [ fx(z)dz > likrginf/fk(a:) dz,

k—o0 e

AT HEENFS, 1B EKLE.
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W39 #fel(E),N
meeE:U@ﬂ>kD:O<;>(kﬁaﬁ
IEER 1 |f| € £1(B) B

(e € B+ £@)] > 1)) = [ Fperisosn do < [ 1f@)]de <. -

SR A0 B f e LY(B), il By = {z € E:|f(2)] < 3}, iiEW

lim / |f(z)|dx = 0.

k—oo J g

WA i gi (@) = [ f(2)[Lp,, W gi(x) AT, gr(x) — 0, H. |gu(2)] < [f(2)] € £1(E). h Lebesgue il
Sl PRI
lim |f(z)|da = klim / g (z)da = lim gi(z)dx = 0.
. -0 J g

SHE 41 % () 2 0, 1] EMIRE WIS B C 0.1, m(E) =04 [ fe dx</f
Ot

WERR T
[0,t] = ([0,t] \ E) U ([0,{] N E), E=([0,t]nE)u([t,1]NE),

Hofrm([0,4\ B) = m(it, 1] B), H
fla) < f(b), Vae[0,]\E,Vbe[t,1]NE.
It E f(2) 26 [0, 1] Fbsgmris

[ f@de < f0 m(00\E) = 50 - m( )0 E) < [ f)de
[0,\B

t1)NE

[

dz = d dz < d dz = d
/M f(z)da /[o,t]\Ef‘””) + /[Owﬂx) r< /[ PRCLE /[O,t]mEf(w) z /E f(z)da

S 2 1 € 20, 400), Wil o) = [ a0 00) Liest
,+oo

IEBA XL « € (0,+00) 55 h € B(x, 2),

l9(z) —g(z + h)| =

hf(t) |h| - [f(®)]
dt| < — 2 dt
/[0,+oo) (z+t)(xz+h+t) /[0,+oo) T3
2/h

_2A 1F(8)|dt =0, h—0,
1}2 [0,400)

1 g(x) € €((0,+00)). O
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SR 43 % fre LYE) (K=1,2,---), H ful2) £ B F—308T f(2). % m(E) < +oo, ifilF i

kli_)n;O/Efk(z)dx:/Ef(a:)dx

WERR i T fi(2) = f(o), WHER e > O, FFAEIEEL N, 24 k > N I, | fi(z) — f(2)] <&, Vo € E. B

[f k( )] dx

/ | fx(z x)|dz < em(E),
TR BKLE. O
S a4 % f e LYOR), E C R™ 24, i5F  lim |f(z)|dz = 0.

lyl=+oo JE+{y}

WA % d = diam B, WY [y| 5E3 K, B+ {y} C R\ B(0, |y| — d), BLit

/ If(w)ldx</ f@ldr= | 1f@)/Lznsop-a o
E+{y} R™\B(0,|y|—d)

T |ylli>rﬂoo £ (@) TR0,y —a) = 0, [ (@) [Trmpo,ly-a) < [f(2)] € L1(OR™), B Lebesgue il i 87

|y‘1gl+100 |f(2)|Lgn\B(0,|y|—a) dT = / ‘yllijj}m |f(2)|Lgn\B(0,y|—a) dz = 0,
5T AKIE. O
SR 45 i f € LY(R), a > 0, WIEHIHAL Z F(2+n) R FJLTA AR 8, HANEE S () DA
o WIEB, H S € £(0,q]). T

SEBE T £(2 +n) € L1(R), ¥n, i Levi HyICSE,

Jf/ +n|dx—hm/ Z‘f +n}dx_/ Z|f (2 +n)|da.

n=—oo n=—oo

11 i A SR AR R RO 23 6 T AR BRI o- Rl i,

Z /[Oa Z4n)|de=a Z /nn+ xza/R|f(x)|dx,

n=—o0 n=-—oo
/0

LA[l] Z |f (£ +n)| JLTALAEATBR, ED S (o Z F(2 +n) fE R FIUPALALAE XIS HIA a

n=-—oo n=-—00

[t
Z 1f(Z+n |dx—a/|f )| da < 400,

(Lnf

ETES / 2)|da < oo, HIETBUMEH,

n=—oo n n+1

foswef, 5
[0,a] [0,a] ,,=

—|—n dz— Z / +n dx—a Z /f )y gy d
[0,a]

— 00 n—=—oo n—=—oo
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k
=q lim Z /f )y ppyde =a lim [ f(2)1_ pqq) do,
e /R

k—o0 = k—o0 R
i f (@)Lt = F(@), |f (@)D pin| < |f(2)] € L1 (R), H Lebesgue $x il it i e 7,

S(x)dr =a [ lim f(z)l_ppqqde = a/ f(z)dx
R

[0,a] Rk—)oo
i S(x) € £1([0,a)). -
MM A6 ¥ f e LYR),p>0,RiFH

lim n”Pf(nx) =0, ae.xz€R.

n— oo

IEBR 92 S(x Zln P f(na)|, ) ey A B nT 00 pR RS0 IB IR 23 s B,

/H{S(x)dng/Rm_pf(nm)dxzgn_p/RU(nxﬂdxzgn_p_l/Rﬁ(xﬂdx<+oo,

HILTT 51 S(z) € LH(R), M S(x) JLTAbARA IR, [0 f(na)| = 0, BIBTAKIE. O
SR8 AT ot f(x), 2" fx) 7E (0, +o00) FRIE, Hors < t, WIUERHRLS)
/ z*f(z)dz, we(s,t)
[0,+00)

FAEHIE u € (s,t) RTESLRRAL.

IEBA id g(x) = |2°f(z )|11[01 = |2' f(@)|L(1,400), W g(2), h(z) € L'([0,+00)), AT g(x) + h(z) €

L£1([0, +00)). XtF x € [0, +00), 75 |z f(z)| < g(x) + h(z), W |z f(z)| € £([0,400)) B 2" f(x) €

L£1([0, +00)). Xﬂf%‘?%% z € (0,+00), 2" f(x) € €((s,t)), H Ik /[0 )x“f(a?) dz € €((s,1)). O
,+oo

S 48 B f(x) 2 (0,1) bAIE(E T I eRE #FAAAETS R o (75

/ [f@)]"de=c (n=1,2,--),
[0,1]

WA TG B C (0,1), (545 f(2) == Lp(z). FI: 4 f(x) ARAES L7

WEER (1) £ EMEE AT, RFUE m([f > 1]) = m([0 < f < 1]) =0.

@i A= [f>1+21] (k>1), 0

c= /[071] [f(z)]" dz > /Ak [f(z)]" dz > (1 + ;)nm(Ak),

ot lim (14 1) = +oo, HILRAEH m(Ay) = 0, #7i m((f > 1]) (U Ak> = 0.

n—oo
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@ FfE0< f<1] Lk, B I|fI" <1,i5H Lebesgue il it SE HLEP1S

c¢= lim [f(2)]" dz = lim [f(x)]"dx = / lim [f(2)]" daz = m([f = 1]).
ES)lia
c= [ t@dr=m(f=1)+ [ f@)de — f()dz =0,
[0,1] [0<f<1] [0<f<1]

Hi~J 78 37 B m([0 < f < 1]) = 0.

(2) % fz) ARG, BT 2 () ST, e

/ [fz(w)]nda::c (n:]-a?v"')a
[0,1]

a.e.

15 (1) RS AL E C (0,1), (1% £2(0) 2 1p(0). T4
o= [ s (@ =1de = [ fals —1@—%;Hﬂmmm—um:mmv:4m
HE I f(2) = Lp(). =

SIRE 49 i f e £1([0,1]), BLiEW]

2
lim nln(l—l—mi)l) dz = 0.
n

n—oo [071]

(—1)?

HEBR 3% g(z) = ln(l—i—m ) — =, Ehg( a2 <0} g(0) = 0 Fnxf = € [0,1] 4 g(z) < 0 RP
In(1+2%) < Hk nln(l + ) x)| € £1(]0,1]). i Lebesgue 5 il e 34,

2
lim ( ‘f( )| )dx —/ lim nln(l + |f(962)| )dx.
n—00 [0, 1] [0,1] n—oo n

R A% In(1 + ¢) < ¢ Al75

o <uin(14 L) < P

n

iii f e £1([0,1)), f(z) JLPAAA R, FitH b2 n 5
nln ( |f( )| >—>O, z € 0,1].

oML ERUMEN O,

FHITRKIIE. O
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S50 WE DB, D -DE D E= () By feL (B (k=12-), R
k=1

len;o . fl@)dz = /Ef(x) dz

A T (@), (@) 4 f@)e(@), B (f@)p @) = fHe)le @) € £5(B) N L (E), fifE) i
Levi BRI SUETE,

lim/ f(z)dx = lim/ f(@)lg, (z)dx = : f(x)]lE(a:)dx:/Ef(x)d:r

k—oo /g k—oo /g

S S1 i f e £'(E), 1 f(x)> 0 (x € B), Wi lim / [f(2)]F dz = m(E).
-0 J g

IR A f RBCEBRE. 8 g(z) = [f(@)F L p<r), hi(z) = [F(@)] D51, W [f(2)]F = gr(@) + hi(z),
Hoge T Lpcaps e L Lppsay, [ha] < |f] € £1(E), th Levi Bk sf 2 K Lebesgue 5 il UE H,

len;O/ [f(2)]* do = hm gk(x)dx+kllrgo Ehk(m)dm—/ f<1]dx+/ (f>1)de = m(E). 0

S 52 W f(@), fu(2) (n € N) &2 [0,1] FRGFEGATBEEL 25 fo(x) = f(z), A

lim fu(z)de = f(z)da,

n=20 J10,1] [0,1]

BUUERI [0, 1] AE—RTI 74 B,

lim fn de/ f(z)dz

UERR T BGIEYE, BSEEE AL, WIAAAE R T4 £ C [0,1], {fn(2)} T8 {fu (2)} 5 € > O, fiift

| @~ [ r@da

T foy (2) > £ (o), i Riesz 538, 124 790 { fu,, (2) }, 007 Fue, (2) % f(2),

>e, Vk.

lim [ fu (@)de= [ f()da,

= Jo,1] [0,1]

S I FE S PE TG { fo, (2) ) 22 0,1] F BT B WNITIE B b SATBY B SRS

lim /E fur, (@) = /E fx)d

HIX 5 {fo, (2)} BIEROF . SR A EFIE. O
@l 53 % fi(z) 2 E AT ES, B fi(x) £ B _EJUPAISET f(z) = 0. 45F

/Emax{fl(x),fQ(x)7... JJr(@)}de <M (k=1,2,---),
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IR
lim / fr(z)dz =0.
k—oo J B

R gi(e) = max{fi(x). -+, fu(@)}, W 0 < gi(x) T lim gi(x) = g(x). tt Levi FLsiEM,
/g(x)dx = lim / gr(x)de < M = g(x) € LY(E).
E k—oo E
i fulz) — 0 A |fo(z)] < g(x), i Lebesgue $2 il s i # A 5

klgrolo/Efk(x) dz =0. 0

& 54 B {fu(2)} 2 B AN EERST f(2) fE ST s 8], e

/E f(z) do < lim inf /E fu(z) dz

WERR R m(E) > 0. BV a4t gt TR e > 0, 7746 0 > 0, A HEE I E A C E, ]
7 m(A) <6,§Jt7ﬁ/Af( Yo < &8 By = [|fi — f1 > gy ], t fo > FRUEEN €N, 2% & > N bt
m(Ey) < 6, Jit

/Ef(x)dw: . f(a:)dx—}—/E\Ek f(x)dx<6+/E\Ek (fk(x)—i_nz(gE)) dx
<2€+/Efk(517)d$-

4k — oo FFHUNRFRENTG
/ fz)de < 2¢ —|—liminf/ fr(z)de
k—o0 E

B

i e > 0 AERPE RIS ARIE. O
SR 55 W E C R, f(z) € LT(E). 14 Ex, C E, m(E \ Ey) < % (k= 1,2,---), A3
hm f(z) da 1, B3EW f(z) € LH(E).

k—o0 Ej

IEBR W {EL} 74 {Er, }, i3 m(E\ Ex,) < . H Borel-Cantelli 5|3, limsup(E \ Ey,) %

n—oo

£, B le 1g,, 2= 15. i Fatou 5|3,

/f dx—/ lim 1g, ( x)dz < liminf f(z)dz = hm f(z)dz < +o0,
B

n—00 n—00 En, o
Bl f € LY(E). O

S 56 4L f(x) f2 R _EAYIERT R AL, &
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¥ P e L1(R), Wil / f () da =

i /f Voo (), Jf FOL () — F(B) = ()] € CMR), i 5L HLA 10
Lebesgue #5074, lim F( /f 1) dt. ﬁm/f Hdt £ 0 (B > 0), WFFEN, Yz > N
it Fa /f 1) dt, Wi

/RF(x)dx:/_]:OF(x)dx—i—/IerooF(x)da:}/_J:OF(m)dx—&—M;N/Rf(t)dt, VM > N.

4 M — +oo Bif5 /F )dx = 400, 'ﬁFEL()?’T’}E.fE}I/f(x)dx:O. O
R

&l 57 B fu(z) (k=1,2,---) /&2 R" ERYAEGOTRERED. B0HME—FT 4R B C R, #0H

/Efk(ff)dffé/Eka(x)dx

len;O/Efk(x)dx: Jim fi () da.

k—o0

R IER

WA % Fy = [fr(2) > frra ()], W

. fr(z)de < fr1(z) de

Fy,

A m(Fy) = 0.4 F = | Fi, Wm(F) = 0.48 E\ F L Levi Silesie B

k=1

lim / fr(z)dz = lim fr(2) dx:/ lim fi(z)de = hm Jr(z)dz.
k— o0 k—o0 E\F E\Fkﬂoo g k—oo O

SR 58 % {Ey} 2 R il B IRy AT g5, HA

lim/ g, (x z)|dz =0,

k—o0

WL 4 B, (675 f(2) = 1p(2), ae. z € R™

SEBR 1 Ls, o £ HIA Lg, ™ f, 1 Riesz 00, 1479 1g,, 5 f, A B 0, 1, FoA IR
SR Y SIE 0, 1, BB e M E G, BIAEAETTIAE B, 8 F(z) 2= 1(a). 0

SIRE 59 % f(xz,y) € £1([0,1] x [0,1]), iXiiFHA

[ ([ rema)an= [ ( / )y

WEA 4 FE={(v,y):0<y<a<1}, N flg € L(RQ), Ay Fubini F3#, #/GIE LHS = / flpdady =
Rz
RHS. O
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SR8 60 i A, B2 R" i, iRk
/ m((A—{z}) N B)dz = m(A) - m(B).

JEBA T La_(o) (v)1e(y) € £1(R™ x R™), i Fubini &3,

LHS = - (/Rn Ta—2y(¥)1B(y) dy) dz = /Rn (/n La (1 (¥)1p(y) dﬂ?) dy
-/ ( [ 1w dx)nB@) ay= [ ( JR dx)nB(w dy = m(A) - m(B),

HexbHE TyeA—{z} < z+yceAd < z€A—{y}. O

IR 61 % f(x),g(x) &2 E C R LTI EEE m(E) < 400, % f(z) + gly) € L'(E x E), RIFW
f(x),9(x) € L' (E).

B (1) e m({y € B« |f(y)| = +oo}) = 0. &1, % A= {z € E : |g(x)| < +oo}, M m(A) >0,
L B=Ax{y€b:|fy) = +ook, Mm(B) =m(d) x m{{y € E:|f(y)| = +oc}) > 0, Miifk: B L
£ (@) + 9(y)| = +o0, X5 f(x) +g(y) € L1(E x B) JLTAAA BT E.

(2) v T f(=) + g(y) € LYE x E), i Fubini &M, Xt JLFAALW v € E, f(x) + g(y) € LYE).
M m(E) < +oo, Hit (1) AL [g(y)] < +oo, It gy) X = 75 £ EW AL, AT f(z) =
[f(z) +9(y)] — g(y) € L1 (E). FHEA1G g(z) € L'(E). O

& 62 IH A

/ / dx dy
x>0 Jy>0 1+y +$2)

) /+°° lna:

&% (1) f Fubini &,
/"'OO/""’o dzdy _/+°°</+°° dz ) dy
IT+y)A+22y)  Jo o l4+2%y/1l+y
+o0 N 1 y=t* teo gt 72
_/O m 7arctan(fx)‘ dy = 5/0 (1+y)\/ydy 7'('/0 TTe= 2
(2) i Fubini E3,
A R A = =)
C+y)+a2y)  Jo \Jo Q+y)+a%y)
+oo 2 +oo
:/ 7/ ! ° dydx:/ S ML
o l1—a? J, 1+y 1+a%y o 1—a2 1422

+ooln1 +oo 1
:/ 2 da _2/ " da,
0 1-—2z 0 4 —1

71-2
(1) RFRAS O

Yy=-+o0

dx

y=0
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@63 % ECR m(E) >0, f(x) € LT(R). #ipk%k F(x) = / flz—t)dt € LY(R), IEH] f € L1(R).
E

JEBR  f Fubini EH,

+oo>/RF(;Z;)da::/R(/R]lE(t)f(x—t)d)dx—/]lE </f:c—t dx) /f

m m(E) >0, At / f(z)da < 4oo. I T f(z) € LT(R), WM f(x) € L (R). O
R
S 64 1% f() 15 [0, +00) FAERTTEL E C (0, +00), / F()do = 1. S / F(z)coszda # 1.
E E

SERR IR, 1@%&/ (@) coszda = 1, 1] / F@)(1 — cosz)dz = 0, {2 f(z)(1 - cosz) > 0, FILLE
E E

E F f(z)(1 — cosz) == 0.7 m({z > 0: cosz = 0}) = 0, HItTE E I f(z) = z)dr =1
E

TIE. -

JFM65 ¥ fel'R),fnel(R)(n=1,2,---),H

IEW fo () — f(2).

A i S(x Z|fn — [(x)]. IR,

+OO>Z Z/|fn —f(x)|dx:/RS(x)dx

F S(x) € L1(R), Ml S(z) JLTAAAE, 450 | fo(2) — F(2)] —2 0, B folz) — f(z). O
@8 66 5] {an} WL |an| <Inn (n=2,3,---), i{iFH

/2 Zann dx—z

+oo)n 2

IEBR % f(x Zn TInn € L1([2,+00)), 1 Levi BV ST,

n=2

/+00 dx—Z/+Oo TInndx = — Zn_”“ i
2 =

H I f(2) € LY([2, +00)). Hi |an| < Inn A4 Z an,n~® < f(z), i Lebesgue ¥ il Yl £ & B,

n=2

/[2 Zan mdean/+oo ﬂ”dzf l—n

+°O)n 2

el 67 BE AL E x R™ B f(2,y) W2
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(1) X—1y eR", f(z,y) € L(E).
(2) W12 € , f(2,y) € C(R).
Bt g € £1(B), 15 |1(0.0)| < 9(0), a5 € B, WaH F () = [ o) do € R,

JEBR  WHEE S ye — yo € R, T | £, yx)| < g(z) € £L1(E), i Lebesgue il S 3,
fim [ fenyde = [ gim fp)do = [ o) do

T Heine 945 BRI F(y) € C(R™). =

S 68 1% f € L'(R), B of(x) € L'(R), 4 Fl) = /JC (1) dt. ;g/ F()dz = 0, I F € £1(R),
—o0 R

JERA Eh/f(x)dx:oﬂ%u,ﬂ:‘uwoaqb
R

T +oo 400 400
Fla)| = | [ o dt\ _ f(t)dt‘ -|/ f(t)]l[x,+oo)(t)dt‘ < [Tl o0 a
A 1tk
400 400 ptoo +oo  ptoo
/0 F(z)| dz < / / FO ey (1) dt dar = / / £ 0. (x) da dt
+oo gt +oo
:/ / |f(t)|dxdt:/ HF ()] dt < +oc.
0 0 0
M4 z < 0§, .
o) = \ / f(t)dt‘ < [ WO
A 1t
[ |dx</ / |]l( Oow] dtdl‘—/ / |1[t+oo) x)dxdt
/ / If(t \dxdt—/ I£(£)] dt < +oo,
ﬁij(/ |F(x)|dz < o0, Bl F € L'(R). O
R

™

3@ 69 K lim ’ cos zarctan(nz) dz (1.

n—oo 0

fBRE T |cosz| < 1,|arctan(nz)| < g H¥ 2 > 0 i, cosx arctan(nz) — gcosx, i Lebesgue %

Bl 5
WESERH, lim / coszarctan(nz) dz = / gcosx de = g O
n—oo 0

0

35 70 ﬁfeal((o,a)),g(x):/a@dt (0 < 2 < a), IEW g € £1((0,a)), A

/Oag(x)dx = /Oaf(x)dx
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VERA i IE A AR, PRI f(2) > 0. i Fubini g2,

[fawae= [ [ £ wae= [ [ EPno s

:/a/tf(t)dxdt:/af(t)dt<+oo — ge£Y((0,a)). 0
0o Jo 1 0

S 71 / e’$2cos(2xt)dx:ge’t2.
[0,400)

HEBR 90 f(t) = / e cos(2zt) dz, N

[0,400)

ft) = /0 +°°{ ( /p —y sin(2zs)e™® ds) + cos(2px)e® } da

t —+oo 9 +oo 5
:/ / —2zsin(2zs)e™™ dxds+/ cos(2px)e™™ dx
p JO

0

p—r—00 t +oo ) ’ +o0 i
: (e’m sin(?xs)) dz —2s e " cos(2xs)dx p ds
Riemann-Lebesgue 5| oo 0 0

/t —2sf(s)ds,

PR GENE £/(8) = —20/(1), ity £(0) = / e da = VT g £ = Ve 0
IWM72 % fel'RY), fre LLRY) (k=1,2,--), HXTAE—T 4 ECR, 4
/Efk(x)dx < /Efk+1(x)dfv (h=1,2,-),
fim [ f)de = [ f@)da,
WIEW fi(2) = f(2).

SRR R, HAEETILE Z C RY, BHRE R\ Z b {f(2)} S s R g, ¥ fu(2) — g(@).
T/ Levi BRI SICE B,

[ t@rde = tim [ fitwydo = [ g(o)ae

a.e.

9(@). # fi(x) = f(2). O
&8 73 & {fe(x)}, {gr(2)} & E CR” AR, A |fu(2)] < gr(z),z € B 2%

H TR B AEREE, m((f < g]) =m([f > g]) = 0, B f(2)

Jim fi(2) = f(2),  lim gi(z) = g(x),

lim [ gy(z)dz = / g(z)dz < o0,
E

k—oo J g

IR lenQO/Efk(x) dz:/Ef(z) dz.
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WEBA R | (2)] < gr (o) BUARBRERES: [ f(2)] < g(z), AT | fr (@) — f(2)] < |fe(2)|+|f(2)] < gr(z) +g().
iy Fatou 5|JH,

/hmmf[gk( )+ g(z) - \fk(x)ff(w)\]dx<likrninf/[gk(w)+g(w)f | fr(z) — f(2)[] dz,
E - JE

k— o0

el

2/ g(x)dmé?/ g(xz)dz —limsup [ |fr(z) — f(z)|dz = limsup [ |fi(z) — f(z)|dz <0,
E E E E

k—o0 k—o0

U fi(x) > f(z), AT

li x)dz — )d li dz =0,
lzrls;p/fk x /f | < imsup | |fr(x) = f ()| da
R

kILIl;lo/Efk(x)dI:/Ef(I)dz' 0
S8 74 B f(x) 2 [a,b] BREREEL HAEL L D. 2 D JAAWHIMRER S, 5UER] f(x) €
R([a,0]).

it WT D2 F-% (W PPT5), W& D = | J Fy, Hoit B C [a,0] A KIEm(D) = 0, 17
i

W m(By) — 0,k BRI, KPR mF) > 0, iF A ¢ D %TEJ/\#ME'E m(Fl) = 0,
M\ Fl) > 0, [ 5 Fy (09857 40 Fy \ F) T4 . B m(D) = 0, 55 £(x) € [a.b] LA RE
# f(z) € R([a,b]).

TS % f(r) & R EWHRRE N TAEE © € R, IR lim f(x + h) £EE, BUERA S (2) FEAE— X
] [a,b] IJ& Riemann AJFHH).

FEBR AT f(x) R HESE AR D, A D rp i Sk a] W5 5, AT m(D) = 0. 454 f(z) 7E [a, b]
AR f(2) € R([a,b)). -

76 K EC (0.1, KiEW Lp(x) € R([0,1]) <= m(E\ E°) =0.

ERR A U g RS SN OF = E\ E°, 1 1g(z) AR, FIHE5E5E. [
SR 7T 1% f(w) K A [0, 8] RIAESRE & S ¢ £1([a, b)), I f(2) 7 [a,0] A REEOG?
RRE Bk f(x) 75 [a,0) LA EEAF (2), W F' = f ARG F AE (o, 0] L2ATEEERS, h Lebesgue 5E 3,
F e Wh([a, b)) A. /ab |f(x)|dz < F(b) = F(a) < 400, %5 f ¢ £'([a,b]) FJ§. # () 7E [a,b] LI
Epe -

B8 i g(2) 1E [a,b] EAHFEEL G(2), F(z) 1E [a,0] LA, B F'(z) > 0 (a < 2 < b), iiEH]
h(x) = F(x)g(z) 4£ a, b] FAJERREL

O

R 4 () = F@GE) - [ GOF O,

T — H(x T T — F(2)G(x @+h
o) —Hls) _ Fla Gt )= FOIGE) L [ G
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T T -Gz T T — F(x @th
_ Dl O ) - Ol G ) =Pl L (™ G

Glz+h)—Gz) 1 [*

= F(z+h)- o -7 [G(t) = G(2)] - F'(t) dt,
i G(z+h) -G
lim F(x + h) - s })L —C@ _ F(z)g(),

HH G(x) TF [a,b] _F—BEESET A, $HEE e > 0, ££7E 6 > 0, #1824 |h| < 6 B}, |G(t) — G(z)| < &,Vt €
[z, 2 + h), HILE F'(t) > 0 n]15

}IL/:M[G(t) _ G F(nde| < i/:”l eF'(1) dt| < 8’ Flz+ h})L —F@)| 120, priy,
th e > 0 FOREREEENATS b — 0 B E3t — 0. 3 H'(2) = F(2)g(x), 2 € [a, ). O
S 79 i {wa} C [a,b], E [0, b] FROEREL HATESE LA {on).
i () 7 [0, ] B, FLAE o, AAA R 0
S 80 % f(x) 2 [a,b] FHIEEIEEE, E C (a,b). TAHMERE e > 0, 74E (as,b;) C (a,b) (i = 1,2,--+),

75
U ai,b;) D F, Z | <e,

7

RIFW f/(x) =0,ae. x € E.

WERR T f(2) 7E [, b] L PARIENY, i Lebesgue 4B, f/(z) £ [a, b] _LILF-AACAFAE HA R, A
f! a; 0. i1 Lebesgue EFE,

b;
0< /E /() da < /U PRRACLEDY / S @dr < YIS0~ fla)] <=

%

e > 0 BT EPER / Fla)de =0, 8 f(z) 2= 0 O

E
S 8L # /() € AC(a,b)), L

|f(x)| < M, ae.x€la,b],
il
@)~ f@) < Mle—yl. 2y € b,

. Y
R 17 - )= | [ f’(t)dt|< <t>|dt\<M|x—y|. 0

Sl 82 B fulx) (n=1,2,--) 32 [a,b] LIEIAILNSTELL R, £ an [a, b] EHCEL, A
n=1
PREHE [a, b] AR HELSE
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WA R e > 0, i F an [a, b] EASC8K, FRAEIERERL N (75

€

€

3

S h0) <

n=N+1

> fala)] <

n=N+1

w

BT fu(2) € AC([a, b)), FF1E 6, > O, {153 KB [a, b] HEGRSZIKAIF { (s, bi)} WD (b — a;) < 6, Bk

*
Zlf fla)l = 31 00) = flai)] < 5

i

o =min{dy,- -, on}, WIHE [a,b] PRIAAZXIAI] {(ai, b)) W2 Z ) <6, WA
3 SEABED SYATIES 91 SPAIORD P
- Z(Z[fn(bl) - fn(al)] + Z [fn(bz) fn(az)}>
7 n=1 n=N+1
N 00
= Z Z[fn(bz) = fulai)] + Z [fn(bi) = fnlai)]
n=1 1 n=N+1
€ o0
SN-opt+ D fal®) = fulo)
n=N+1
c o0 o0
X 5 n A n b
3+n§+1f() +'rL:;-l-lf()
<e€
ﬁ&an ) € AC([a, D]). O

>l 83 REW] f € BV([a, b]) 4 HACYAFTE [a, 0] LRYIBIGEREL F(2), fiif

@) = f@) < F@'") - F@') (a<a’ <a” <)

R (=) # f € BV([a, b)), WIAFHE [a,b] LRGEIEGEEEL f1(2), f2(2) i f(z) = fi(z) — fo(z). & F(z) =
fi(z) + fo(x), W F(x) H [a,b] LREEIEEEL HXfa <2’ <2’ <b,FH

[f(@) = f@") = [f1(@") = f1(2") = [fo(@') = f2(a")]| < [f1(2") = 1 (@) + [ f2(2") = fa(a”)]
= F(2") — F(2).

(<) MEEDHa=0g<x1 < -<xp=bH

Z|f(x,-) (zi_1)| < Z F(zi_1)] = F(b) — F(a) < +o0 = f € BV([a, b]). -
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b
SIRE 84 % f € BV([a,b]). %4 \/ [ = f(b) — f(a), RUEW f(2) 7 [a,b] L.

R ST ES S a<a <z < b H

f() = f(a)

b
\ 2 110) = () + | f(w2) = f(w1)] + | f (1) — f(a)|

)|
)]

\%

[f(0) = f(z2) + f(21) — fla)] + [ f(z2) — f(21
b) — f(a) +[f(z2) — f(z1)| + [f(z1) — flz2
b) — f(a).

WV

f
f

NN

(
(
3 i S, T

JO) = Fla) + 17w) = )| + [Fe) = f@)) = J0) = fa) <= [(22) = (1) = [[w1) = f(@)],

Bl f(x) 1 [a, b] L3S O

SR 85 i B C [0,1]. #AAAE L € (0,1), fAHRS [0, 1] TEHE—TIXIA] [a, 0], A m(ENa,b]) = 1(b—a),
RIUEH m(E) = 1.

UERR AEH a € (0,1), HIEHRHL XHMERL = € [0,1] \ {a},

1

Tr—a

/ 1p(t)dt > 1.

i h B S, / CLp()dt 2 (o), BEAE LR T o B Lp(n) > 1> 0, ae.
z € E B 1p(z) == 1, % m(E) = 1. O
SIEH 86 1 [0, 1] ) Dirichlet 5%t Lo(z), WiT: [0,1] Py Lebesgue {142

BE T

i lim m([x,z + h]\ Q)

1 :1, xE[O,l]ﬁQ,
%%E ’ ‘]IQ(t)fllQ(IEth: {h_)O m([x,le—h]ﬂ(@)

lim

lim ; =0, z€[0,1]\Q.

B To(z) 76 S W P EE IR N 1, 2 OB S B P R %0 0, AL [0, 1] 11 Lebesgue s -4
R\ Q. O

&R 87 Bt f(z) jEXAE [a,b] b A
|f(y)—f($)|<M|y—lL'|, x,ye[a,b],

)
|f'(x)| < M, ae.xelab].

SEBR  h 40, NABIE £ (2) 76 [a,b] EILTAM L, 375 A Lip((a, b)) © AC((a,b]) € W' ([a,8)). O

SR 88 % f € BV([0,1]). HAHLE e > 0, f(z) € AC([e,1]), A f(z) £ = = 0 kbiEE, M f(z) €
AC([0,1]).
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UERR B e L O, FRBB AN A E B,

/ F(t)dt = lim f()dt:hm[f(x)—f(enn:f(x)—f(o»

n— oo n— oo

Hi f(x) € £1([0,1]), T f(x) € AC([0, 1]).
S)% 89 i f(x) € BV([0,a]), BIERH pR 4L

1 x
:;/0 f(ydt, F(0)=0

72 [0, a] ERYHFAZZ KA

IEBA T f(x) € BV([0,a]), /77 [0, a] FREIEEREL f1(2), f2(2), 15 f(z) = fi(z) —

_i/;fl(t)dt, FQ(x)—i/OIfz(t)dt
/f1 dt+<—;)/f1

> W= Dhie) | wﬁ(ar)@ - ) =0,

nmxfo<z<y<a f

Y

B Fi(x) 52 [0,a] LR k% A BEATHIE Fo(z) 22 [0,a] FAY 1% 34 o6 &L f5 F(2) =

BV([0, a)).

S 90 ¥ {fu(x)} 2 [a,b] FRERASZRES, HA

b

lim fk( )= f(z), =z € [a,b],

k—o0

b
iiFR f € BV([a,0)), Hifiie \/ f < M.

B fEHL [0, b) Rl a =20 <21 < - <20y =, F

b

Z|fk zi) = fulzim)l <\ fi < M,

1E B4k — oo, W52
Z‘f xz xl*l ‘ g M;

b
Hut \/ f < M, f € BV([a,b]).

fa2(2). %

SIRE 91 % f € BV([a,b]), HA 0 € [a,b] 1 f(x) MFESEE, WIEM \/ f 75 2o Ab1ESE



SRR T S () 7 o ALIESE, RHERE € > 0, 74E 0 > 0, (78
(@) = f@o)l < 5. Va € [wo, a0 +9) C [a,b].

H 4 AR 22 5 3L, AFAE [0, w0 + O] I3 o < 21 < -+ <z = 20 + 9, flifF

zo+4d n

VEESIICARSCEIES

T2
T1 zo+0 zo+0 n c n
V=V 1=V £ @) = )|+ 5= D If @) = faia)]
o z0 x1 =1 =2
= |f(@2) = flao)| + 5 <.
A it

x 1
Vf<Vf<€7 o L T < T,
o o

B \/ 76 wo AbFESE, FIBERIIESAE w0 A ZEHESE. 1 \/ £ 705 w0 AbIESE.

3 92 % m(E) < +oo, f(z) € L(E),0 < po < +o0,

pTPo

lim [ |f(@)Fdo = [ |f@) do
E E

IEBR i Levi HURILSE H  Lebesgue il i S 2E,

lim ||f|\§ = lim |/ (z)|? dz + lim |f(z)]P dz
pTPo pTpPo [f (z)>1] pTPo [f (z)<1]
Levi HRik e 3 Lebesgue {5 il S 3

- / @) de + / (@) da = | f]170.
[f(z)>1] [f(z)<1]

SR 93 % f(z),9(z) € L(E), HA
1 1
Sto =, 1<p<too,

BIER (| fgllr < (1l - llgllg-

UERA et £ 5 1 bR h Holder 45K,

r>1

A gl e < M2 Mlgl e = 1fglls < 115 - gl = fgllr < fllp - [lgllq-

27
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S 94 i f e L7(E >oa/ )d = 1, SIEH

tim ([ 17@rute) dx)‘l“ = 1l
([ 1t dx) <([s dm) S

4 p — oo B LHS < RHS. 55 —J51i, fiAME EF S E S SHER € > 0, AN T4 F C B, (15

WP 77,

[f@)] > [[flloc =&, VzeF

s> ([ 11@put) ola:>é > (Iflloo — 2) ( [ v dx); ST

4 p — 00, % ¢ — 07 HIf3 LHS > RHS. H&5B1FiE. O

3@ 95 W E CR", g(x) € L(B). FHXHMEREM f € L2(E), A lgflla < M| fll2, BIEH g(z)] < M, ae.
z e F.

WA AP M > 0.4 F = {zeE:lg@)|>M+ 1} (k2 1), B file) = 1g(2) € LX(BE), #
M(Fy) >0,

lgfill? = /F g(@)Fde > (M + 1)m(Fy) > (M| ful]2)?,
SEE . K m(FL) = 0 (k > 1), Wi

m({r € B |g(x)] > M}) = (UFk>:.

SJRE 96 % f € £%([0,1]), %

-dt, O<x<l,
o |z —tf=

(/0192(93)@); < 2\/§</Olf2(x)dx>é.

i UER

UERA EEE

1 x 1 x 1—x
1 1 1 1 1 *
7dt:/ 7dt+/ —dt = —dt+/ —dt =2(Vr+V1—1z) <2V2,
/o o — t]2 o fe—t]p Lo |zt o Vi Jo Vi (va )

X« A B TR Vo 1Y Jensen %53 1 Cauchy-Schwarz A2,

([ o)« ) o (L) e (L)
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g
/Olg( dx<2\f/( |7x| )d _zf/< |x7|2 >f2()dt< (2v2) /f

SR 97 BIEM] R A AR A5 R AN RE IR AL Y -

O =~

(1) /ﬂm ) —sinaf* dv <

Nl

(2) / —cosz]?dz <

WEBR I RIEYE, IR EaR A A2 s, i Minkowski A&,

VT = (/ (1 —sin 2x) dx) =||sinx — cosz||s < || f(z) —sinz||s + || f(z) — cosz||2 <
0

w| N

X IE. 0O
3RE 98 % f,ge LP(E), BHA

11ls = llglls = /E f@)g(x)dr =1,

RIUER g(z) = |f(x)|, ae. z € E.
JEBR  f Holder R4,

1 */ Fa)gle)dz < fgle < 1215 - lglls = IF15 - glls = 1,

M T BRSS9 S, B Z&E g(2) AILFARAL R 0, BLAFAERAL A > 0, (15

a.e.

[£*(2)] @ B f @) == Ng(@),

== |g(x)|- th T

/f Mg(@)| — g( dx—/f )Ng(x |dsc—/f2 dx_/\f )Pde—1=0,

HA s B B Bk, HIE £22)g(@)] — g(z)] == 0 1 ¢(2)[lg(z)| — g(x)] ==
l9(2)| == g(=), HETi g(x) == |f(z)|. O

SIRE 99 ¥ {¢n) C L2(E) RS IERC R, WIEN £, 9 € L2(E), &

B0 flls = llglls BRI A = 1, dEif | f(2)]

Z fsor)(g: pr)-
k=1

SEB 4 (@) = S0 orden(a), W S (@) > f(x), FERHIRE « > 0, FHEESH N, % n > N B,
k=1
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10— flls < <. 1 (Sn — £.0) < 18w — Fll2+ lgll2 < ellglla %0 tim (S, — f,6) = 0, 1

k=1 k=1 ]

%31 % EcCR™ 204, 0 lim m(E N (h+ E)) = m(E).
WEBA (1) # m(E) < +oo, M 15 € L(R™), MIfii

|m(Eﬂ(h+E)) —m(E)\ = '/ ]lEﬁ(h+E) dm— ]lEdm‘ </ |]1E]lh+E—]lE]lE|dm
R™ R"

R’n
h—0
<|Mhie = Lelle @) Furemman O

(2) # m(E) = +00, & Fy = EOB(0,k), Wl By 1 B, R T/ IESALEIA lim m(Ey) = m(E).
H (1) f
k—o0

liminfm(E N (h+ E)) > iminf m(E, N (h+ Ex)) = m(Ey) —— m(E) = 400,
h—0 h—0

Pt ’llirr})m(Eﬂ (h+ E)) = 400 = m(E). O

/32 RN, = 400, A= {x eR: ILm sin A\, ﬁcﬁﬁﬁlﬁ}. JER: m(A) = 0.

MEBR (> 10 a1 A al . B IR R ALY SEh R FeREL f(x) = nll_{rolo 1 4(x) sin A\, x. WHEEA FA]
Mk E, T |f(2)| < 1p(z) € LY(E), t1 Lebesgue $5 U S E B,

x)dz = nlll;rolo ; 14(z)sin A,z dx 0

/ Riemann-Lebesgue 5 |

H1 Lebesgue & (PPT 25) nf3

h—0 h

MHEREA AN E, FKiZH Lebesgue 5l SiE #L 5 Riemann-Lebesgue 5| #, 4

0= / f*(z)dz = lim sin? A,z dz = % lim [1 —cos(2\,x)]dx = %m(E NnA).
B

m(A) = m(A N U [—n,n]) =0.
n=1

W33 W fi, f e LUE), fu — f, 0 fi L f M EAYS I fellormy = N fllerm)-

R (=) B |Ifellere) = Iflerm)| < e = fllere B
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(<) BT fel(B) WEEe> 0, ACE 56 >0, (i3

m(A) < +oo, /Ac\f(x)|da:<g, /C|f(x)|da:<g,VCCE:m(C)<5.

i Egorov &8, ¥E A I fr —— f, BIEFE Bo C A, fif% m(A\ By) < 6, H7E By I fu = f. T2

3 9
Ju@ias= [ Grwiaes [ Gr@ides [ s@lar< e g [ i@

ZE £~ f, 1 Fatou 5|34,

/E|f(x)da:<s+/30 |f(a:)|dx<6+hkn_1>ior;f/30 | fo(2)| da

=€+1ikrggf</E|fk($)|dx—/E\Bo |fk<x>|dw>

:€+/E\f(x)|dx—hmsup ()| da.

k—oco JE\Bo

H1 LAl

lim sup |fu(z)|dz < €.
k—00 E\Bog

i
1 — Fllere < / i) da + / F@ldz+ [ |ful@) - f@)]de
E\Bo E Bo

- / (o)) da + / (@) dz + / F@ldzt [ fule) - f(o)] da,
E\Bo Ac A\Bo Bo
—_— —

\Bo

<35 <t
T[] B A BRAS: .
hmsup ||f]¢ — f”Ll(E) <et+-+-+0= 26,
B || fi — fller ) — O B fix —— f. O

o0
1 e
BI 4 a,>0,) — < +oo,f€LUR), M lim f(ayz) 22,

n=1 "
IEBA R

S [emidr=3" L [ 1@l < +ox

n=1 "
TR ER, 3 [f ()| € £'(R), ] lim f(ane) 2= 0. o
n=1
%35 & ECR",mE)<+oo, fo € LYE), fn = [, f € LYE) H/ fo@)de / Fe)da £
B E

m(E) = +oo, G582 ALY

EBR T fo = f, AW [f1(2) — f(2)] < 1Yz € B, W |f(2)] < |fi(z)| + 1 € £1(E), i1 Lebesgue
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HCBCEBEA f € LY(E). %HMTE e > 0, fAEIE RN, 4 n > N i, [ fo(z) — f(2)| < 7m(€E) Vo € E,
lig
[f( — fa(z)]dz| < /If z)|dx <e, Vn> N,
lﬂi/ fn(z)de — / f(z)dz. #F m(FE) = +oo, HRA fn(x) = 2%1(0’274(95). m
E E

%536 % felt(E),¢:[0,+00) — R BN H N4 442, ©(0) = 0, N
“+oo
/ o(f(x)) da = / m({z € B: f(z) > 1))/ (t) dt.
E 0
SEBB 2] RES BT Rt m((f(x) > ) KT £ MR, A RASEREG o(t) LN

B, MR AR AR R iﬂ(TSObolev 23], B m([f () > )¢’ (t) € LT (B), HRAG0
(FJHEA +00).

HI T () 7E [0, +o00) AP EELE, d AR s HAS i B,

it

Fh AE 7 n] 0 R 4 Fubind 2 B,

[Eso(f(m)) = /RIlE(@ (/R+ Ljo,p(a) ()¢ (t) dt) da = /R+ ¢'(t) (/R 1g(2) ()= dx> dt

+o0o
:/0 m({z € B : f(z) > 1)) (1) dt. O

%37 RECab, f:lab —>RIEE LAY, |f(z) < MVeeE Mm*(f(E) < Mm*(E).
PR [EE € > 0, HIRES
E,={z € E:|f(y) - f(2)] < (M +e)ly — z|,Yy € [, N B(x, )},

W B, B, U lim m* (B,) = m* (B). FIUHAK S0 RIGFFAEARE QMU (PPT 6), i

By \{a,b} € |J Ink, FFXIA Lk C (a,b),

k=1

=

s 1
Zm([nyk) <m*(Ep)+¢e, mInr) < . Vk e N.
k=1

X‘jb'ff%r: 57t S En N In,k/ ﬁ

[f(s) = FO)] < (M +e)[s —t] < (M + e)m(Ink)-
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it

2 n — oo A%

4 e — 07 BISERCIER. O
%38 % fecl(ab]),ECab A, f7E E_EAIS, W m*(f(E)) < [Elf’(:v)l da.
MEBA [EE € > 0, BIRES
E,={z€E:(n—1e<|f(z)] <ne},
W E, ZrgE, heh> 7 458 (PR hgR),

m*(f(En)) < nem*(E,) = (n — Dem™(Ey,) +em™(E,) < /E |f'(z)| dz + em* (E,,).

i
f(E) = f<|_| En) = U f(En)
n=1 n=1
or! )
nmmm<zmwwm=@ﬂMM+mwx
n=1
HERE m(E) < |b—a| < +o0, % e — 07 HISEMIEN]. O

%39 it feC(a, b)) NWh ([, b)), BT —AEZ RS [ AEHE AR, W f € AC([a, b]). #ALER
P S L

WA 4 A = {2 € a,0]: f'(x) NAFAE}, W) A S ZEZTEEE. SHMER (o, B) C [a,b], HIHESE KB PRIEE
P (AMEERE) k%] 8 45iE,

A BZH

[£(B) = f@)] < m(f([ev, B])) = m(f((a; B))) m(f((e, )\ A))

< ()| da = ()| dx.
<A;WAfw>x A;Afuﬂw

HT f e Whi([a, b)), BB AR IELSENE, XHER € > 0, F74E 6 > 0, H3E m<|_|(% bi)) <0, WA
i=1

/n P @)de < e = S If(b) — fas)] < e
f o)

XU f € AC([a,b]). #FALER A ZEIAL, Cantor s EHI N S B, €2 FIRE GRS AL (A 24
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Xt FELE PR (PR A SRR 3 B AR S BN BST). O

%3 10 % f A5 [a,b] BT, f1 € L ([a, b)), MIBOR A A E BN ST -

+/j () dt

UERR YERCE W 9 P, B f € AC([a, b)), BB AR HEA E BAL O

%311 % f, g € AC([a,b]), MGG A ARAL :

b b
/ f(@)d (@) dz = f(@)g(@)] — / /' (2)g(x) de

R T f,9 € AC([a, b)) C C([a, b]), AT | f (@), [9(x)| < M,V € [a,b]. HIAMER =,y € [a,0], &
If(2)g(x) — fF(W)gW)| < [f(@)]g(x) — g + lg(v)[f(z) — FW)Il < M(lg(x) — g(y)| + | f(x) = fF(Y)])

i f, g € AC([a,b]) W4l fg € AC([a,b])). X f € AC([a,b]) € WH'([a, b)), I f € £'([a,b]), Gt g
TE [a,b] AR g € L' ([a,b]). FBL fg' € £1([a,b]). F K ALEXES R MBS B4R, O

%312 B f e C((a,b]), g € L1([a.b]) N LF([a, b]), WHFHE € € [a,b], 415

/ " fa)g(x) da = £(6) / " g(w) da.

WERR % f AE [a, 0] BRI M, oM m, i g(x) > 0 7] 15

mg(z) < f(x)g(z) < Mg(x), Va € la,b],

2)de < | fa)g(z)de < M ng)dac
n [owars [ /

b
o / o(x) dr = 0, WI_E2 R S BB A, G5B T 25 / 2 dz > 0, 1]

b
/ f(@)g(z) da
<de <M

g(x)dx

a

HET

LR BN EE R, 7F1E € € [a, 0], (7%

/f — / f 5>/bg<x)dx.
[ o “ -

%313 % f € AC([a, b)), MIXHMLEZEME Z C [a,b], H m(f(2)) = 0.



35

R T Z C [a, b] HEWEE, WML 0 > 0, fRAAEIFEE G, 15

Z\{a,b} C G C (a,b), m(G) <é.

BTG RER, TE G = | J(aub) A4 6, 1 1 € ©(lanbi), 4EE cods € [anb], Hei
Pasbl) = [fleo, @) TR
n*(£(2)) = m* (f(Z )\ {a,b})) < m" <f<|j i) )) < Zm (fae.bi]
—Zm Z\f fle |—
<Z/ 7 \dx<2/ 7@ \dfc—/\f )| da.

MR AR TESEE, WL € > 0, 24 6 Fe70/NEf, T m(G) <6, A

7)< [IF@lde<e.

i e > 0 BUEETEENG m(f(2)) = 0. O
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PPT 2
o Zorn 5|,

o AT

PPT 3
o Cantor-Bernstein .
o JoiR K I EH.
o JINHisRighe.
o (a,b) ERMRER 2 — AT B S T ik
o FRAEAHTLE.
o AERIEM AL AN I T4,

PPT 4
o =%/ Cantor 4.
¢ Cantor pR%YL.

o ) H) Cantor 4E.

PPT 5
o Baire 447 #.
o Borel o-ft A%
o Lebesgue o-fHlr#.
o 4xfk Lebesgue 7~ M4k 4.
o BREUELE SIS,
o JELERRB U E .
o HBAUEANRE Gs-2E.
o TFARELRBHERA AT LA EA

PPT 5|



PPT 6
o Lebesgue FMIll A 5 L.
o HlIGIMINEER) E L.
o HlGM B E X
o Carathéodory il i 4" 5 & .
o H Ko SR 35 1) SN L.
o BEBIAMINEE.
o Lindelof n] 47 55 & #H.

o Borel 4£ /2 Lebesgue [l 4E.

PPT 7
o FMGMEEHIHER (B IL).
¢ Borel-Cantelli 5|3.
o Lebesgue il (1L M.
o SEMBAGME (54 AL ET).
o WHEZ 5 A5 1.

o Lebesgue ] |4 [y HE— 2 ).

PPT 8
o Lebesgue [ 5IT4E . PR KA.
o MBI TR AALNE.
o AN EESE I AL
o AN BERPET (Hy A0 8 S0 A 1Y ).
o W E .
o Steinhaus ¢ F.

o C—C=][-1,1].
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PPT 9
o [0, 1] ] FRAERT WA A S QAN R T .
o Z N AE Borel ££.
o PRECTIMME R TR PRIz H .
o J7 SCIAE T P R B KT L AR AL ST A
o AT PR e SR PO
o ZEt Al P {EAS L.
o AT I BRI TN W] BB B AN
o ] R KR AL A AN T,

PPT 10
o ARG AT R AUE .
o AT bR A G
o (AT BB — BOELAE TG STl s 4
o =PSB R FL A 2ol .
o Egorov 53l
¢ Riesz EF.
o MR BN S BACHAEAE 191 LP—Bulst.
o MR EEWSIUEAR S LT Ak A i 3.
PPT 11
o MK Cauchy &R EEYEL.
o Lusin @3 (IU45E).
o T[N BREL = HELERETE L AR AL B SC R AR BR.



PPT 12
o BN RLEE.
o BUNIARE X

PPT 13
o BMEALWBAAENE, nIAE. BUMA.
AR R U L AL A AT R
o Levi HUFMCSE R (1R IA).
o Fatou 5|3

o Lebesgue il it SE #l.

PPT 14
o BB,
o KT BN o- AT IEE.
o BBARBUMELIL
o FBARBUIT R
o IELEIUA I Lebesgue fi i AT
Borel-Cantelli 5| B L.
PPT 15
o H7 "ty Levi MBMCSUER (M) fi € £ (E) N.L1(E) GEWIBTENT £ R TR STE).
o H 1 Levi MRMCIER (i) ¢ £ € £¥(B) N £(B).
o HlE7Hy Fatou 5158 (FH) < (inffa) € £7(B)N LN (B) (BUTEHEN 9 Levi S ).

o H Fatou 3138 (LAY (supfu) € £7(B)0 £4(E),

o (—EAMFF) L OS2 HBUR R RIS () Fatou 5] B R A4 450,
o HfE7 I Lebesgue $#HILSUER: fr — f.

o FeA I T IRIERLCSE A L' Moo (RAESE, 454 Riesz 2815 DCT).

o FIH B HIG Lebesgue S (HpeHIHIE).
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PPT 16
o Tt 0o HIFEI/ NI R ME TR TE T/
o TEFAr/INUBELE ERUMETR 7853/ (16 I e-0 157) (JUilk¥ + Borel-Cantelli 5[ #).
o Chebyshev 4.
o —EnI R E AR E SC CBAEAT BRI EESR EiRi).
o P AT ARz A — BT AR,
o HA B BULAFHET /Y Fatou 5] B,

o 1 Lebesgue # ik S B LY sy LA I BRI HL— BRI AL (Jl Chebyshev A%t
HER] LY ISl S i BB

o Vitali YL S B

PPT 17
o Radon | & /1E | Borel il JE.
o Lusin E# 5 Egorov E#{.

o Dirac MBS / fdo, = f(x),Yf € £(X).
X

PPT 18
o W FE A A0 RS I ) 2 S5 H .
o Radon-Nikodym 5ZF{.

o TR .
o RS> 2l 5 Jensen AN GER

“+o0o
FMER T f(2) — / Ly osooy dt AL SR BRI R
0

(o

&

AEGUATI eR R R KRR BRI R R AR (SR ) A TR AR L.
PRRCE R BRI (R AR A E AR . PR R BRIETE (Fubini SEBE) . HEEPAIEIE

bod



PPT 19
o HBY Hahn-Jordan /).

T

fod
A
¥

oé@%ﬂﬁwmwﬁww{zwﬂme:ij}
k=1 k=1

o vARAFSMEE, m 2 IEMEE, W v < m — |v] < m.
o LML, SN EER) IS

o A, lF: Lebesgue il L Dirac JlJi.

o MBEE v X FMEE m ) Radon-Nikodym F4§ h = j—;
o Lebesgue 4)fi# & FH.

o oA R EE 4 .
PPT 20
o BIEHEMAE £} (RY) i < # [ € L' (RY), WHFEEOLRBE] fi o /.
o L' WIRLEELH “UF + /N S
o BUMIPTHIHESNE: & f € L1R™), W lim [If (2 +h) = f(@)llern) = O (KT “4F + /17 S08).
o BXMBRECE L1 (R™) HhH,
o Riemann-Lebesgue 5[ (FI R E + “/N ).
o Lebesgue F14}J& Riemann F/ ).
o HXTULSHI) X Riemann B4 7T 94 Lebesgue A5 # f € R((0,0]),¥b > 0, Y

f e R([0,+00)),

feL(0,+00)) <= |f] € R(]0,+0)) =
|f] € R([0, +00))

o J7 X Riemann A[BUYH AR Lebesgue AIBHI T (4SRRI S50) -

41
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PPT 21
o Fubini-Tonelli E 3.

o Tonelli & BLEGIEA] B4, Fubini & B A

PPT 22
o FZFA 41 Fubini-Tonelli 5 #H.
o FRMPERM]: Txxy & Tx x Ty AR oL
o HHGA 2 E YEN L.

o Vitali 75 35 F .

PPT 23

o STERBINEUS BT £.(t) = /E Lup) (o, ) dee, Foh U(f) 275 | f| PTG F .

+oo
o I BUiEReR: [ f@Pdr= [ a0
B 0
o Lebesgue 7@ FRE KB LA AL AT 5.
o Lebesgue 5& Bl (TR HEAS E BAE A5 5X).

PPT 24
o Fubini BIMANEFE: 4 fo EHEHEEL
o U HAE A ELS SRR LA AL O BT
o A AL
o AC([a,b]) € BV([a,b]) € W ([a, b]) MUER K il
o BATH IR B A 2.

b c b
o\ f=\r+\/ fVvee (ab)

o A5 FAE 2= MBI Jordan )i L.
b b

o B fee(at), M\ f=\/I7l

o Stieltjes il .

o LT RUINALI A AL 22 BT EE - €((0,1])" = BVo([a, b]).



PPT 25

o Lebesgue B HELE T A s FEAE B (s 0 = O 5 TEAYIERT).

x+h
o LIRS UL IS % f € £1(a b)), M f( (/ 1t dt> —pim L ) an

h—0

o Lebesgue 5 EH (freezing $717).
o ¥ f € LY([a,b]) SILHLTALR, W f == 0.
PPT 26
b b
o B f € W ([a,b]), W £ € AC([a,b]) M EAL \/ f = / /()] dt.

o £2(a, b]) HESL T AR SE A E B (VLR Lip([a, 0]) € AC([a, b]) € W' ([a, b])).
o 2°sin — %ﬁﬂ

o “ULRTIESE IR o MESETT MR B £ AT ESE AL W T

o Lipscitz Bi%} o 2%} S B AK = HaXTIESE AL

o TEI 4y Fuibini G (3 N 4A4%).

PPT 27

o Fr>JiH.

PPT 28

o L™ ZE[a) e Ak B 5

Ifllewce = inf | sup |f()] =inf{ 31 >0 |7(0)] < 2

z€EE\Z

=sup{M >0:m{z € E:|f(z)|> M} > 0}.
o Holder A45L.
o Minkowski ANZEZL.
o Chebyshev 43t
o PUFPIEL.
o LP 75 (p € [1, 00]) 2 ZE #IRIE L 25 10] (Banach %5 [i]).
o H—> Minikowski ANEEZ.

o JUMAEEA B

43
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PPT 29
o LP =5[A] (p € [1,00)) BRI (F W] B2 T48).
o L 2SR5},
o IRFZETE) (R([a,0), || - |2) R5Ede, HoE A £2([a, b]).
o ¥ E C R™ A, Wl £2(E) & Hilbert %3]
o Fourier 447

o XAz



