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01 #ERZT(g

i 1.1.1 (1) #AEF: Q= {H, T}, A= {H}.
(2) #E T Q={1,2,3,4,5,6}, A= {5,6}.
(3) BT Emk: Q={11}, A={1}

EX 1.1.2 #ARAREENR L FHAWEARLER, TF w BRZEEER A LEM RN E
&, 108 Q FHEHEAZEANEANTE, BN A

f5 1.1.3 (Dow Jones $5%4) C([0,T)]) 14 ptf A = Ja].

F 114 Bl 111 FHRENEHAR, W 113 FHERENKLF. TNTF ARG FE
R P — R R K.

AT EEIRIE 5 SR I H AR HE T,
® 11 EERIESHRIBARER

EAARIE BERILARIE
BRI SR w e A A RE
0 WIRF A
@ AT REF A
AC FAF A WA AR RS EAT
AN B(Ef#IE N AB) HAZ (AR AE)
AUB HIIE (A RAED B RE)
ACB A RER B IMEA
ANB=o A5 B HEAME




Ay, Ay PIPIASZ Ay oo A, EAME

BAVRIE, SR Q MTE, BRT Q MITE THEAGZFM?
B 1.1.5 #ETE H WAKRZ, Q={1,2,3,---}, BRZEZTHLF &, RAXCEH
A={2,4,6,---} ZRERFMHEI I3 HH.
EX 1.1.6 FC{0,1}* #A—A o R (Ko &, FHH), &

(1) Qe F.

(2) AeF = A°€F.

(3) A, Ay, € F = [ JAn e F.

n=1

FM T (Q,F) A —A-F = .

Bl 1.1.7 (1) X T Q#&D o REE F={2,0}.
(2) T ACQ M F={2,A 40} 2—14 o &.
(3) AE QT AK”, QFE {0,1}° 42— o B,

S SUMESR f ELARE  MR R s o, BRI N R, B A RV N, BRI,
lim % B — P(A). UL R T

(1) 24 AB = @ B, Nap = N+ N, #ifi P(AU B) = P(A) + P(B).
(2) P(Q) = 1, P(2) = 0.

EX 1.1.8 P: F >R HEA—MEERNE, &

(1) (EFfHE) VA€ F,P(A) > 0.
(2) (MdEt/)3—1) P(Q) = 1.

(3) (FTHI ) 4 {A,} BEAAEZE, P <UA ) => P(A
HH=TCH (Q,F,P) A —MEE=. '
E 1.1.9 WA ke A R Ak,
Bl 1.1.10 #WET, Q= {H, T}, F={0,1}". —MTENBEENEP: F - [0,1] 4
P(@) =0, PH)=p, PT)=1-p PEQ)=1,

£ pe[01]. % p= % AR T2 BT .
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|A|

-

£ 1.1.12 ) 1.1.10 56 1.1.11 HE T “ARET&” BH, oy & HmE.

) 1.1.11 HEHEF, Q={1,2,3,4,5,6}, F = {0,1}", P(A) =

3132 1.1.13 (1) P(A°) +P(A) = 1.
(2) & AcC B, Nl P(B) =P(A) + P(B\ A) > P(A).
(3) P(AUB) =P(A) + P(B\ AB) P(A) + P(B) — P(AB).

(4) (Jordan A=) P (UA) Z 1)kt Z P(A;, - A;).

k=1 i< <ip

513 1.1.14 (P ML) kA BB ESFD] Ay C Ay C Ay C---, 1T
= U = lim A;,
im1 Z%OO

M P(A) = lim P(4;). £WH, BFLBBRESHZ By DB, D B3 D---, N

1—00

B = ﬂB = lim B,

1—00
=1

#JE P(B) = lim P(B;).

1—00

WERR R TR UE U FA P, I De Morgan 2: | 7] 43 B Jk A Z1 15 2.
R A SRRAIF A=A U (A\ AU (A3\ A U---, HEX 1.1.8 13

P(A) =P(A;) + ZP (Aiga \ A)

i=1

J:%OZ 1) = P(A)

= lim P(A,).

n—oo

02 FHHERMIMILE

BEMARE: AR N IR, BIE B KAERIFET A RARRE:

Naip 2 P(AB)

Ny M= P(B)




3 RE¥EL 4

EX 1.2.1 % B,P(B) >0, B X 24 % T A ZEMEAHRE

P(AB)
P(B) -

F 1.2.2 R XBILT %0, %6 & B B, £48E P(- | B) a2 E

P(A| B) =

EE 1.2.3 (FeiEMN) P(AB) = P(B)P(A | B).

ENX 1.2.4 # By,---,B, R UBZ- =Q, B {B;} A, MHEZH Q—NX 4, L
=1
n LA oo, BNV FI L% . #5513, B 5 B Q i—/ X4

2138 1.2.5 (2MAR) £ {B)r, ¥ Q #%4, £ PB(B,) >0, Vi.

ZIP’ P(A | B;)
E 1.2.6 2B AR LUERERMENFCUARELHNEMHHATHAR

5138 1.2.7 (Bayes AR) # {4}, A QWX 4, H P(A;) >0,Vi. W4 P(B) >0 &, &
P(AB) _ P(AP(B|A)
B(B) ZIP’ P(B | A;)

S 1.2.8 Bayes AXTUEM Y “EH%E (B) FREH (A), & “TAH HAR.

P(4; | B) =

EX 1.2.9 HEH A5 Bl &
P(AB) = P(A)P(B).

T, R {Aie MERY, EXMERFRTE JCT HF

P (ﬂ Aj> =[P«

JjeJ jeJ
S 1.2.10 (1) XE R BESEX AN GBI, BAE S R WER
T3 A 4.
2) {Adies AT B HER i jel, A 5 A, HEMT. BES {A)e BEMT
K4 (BRI AW A48, LN A n? B).
(3) 1 BT BEM CHBH EHETEEER L (TELS THRL).
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m P(A) = P(B) = P(C) = ; P(AB) = P(BC) = P(CA) = i, Eit A B,C ## M. E
3

' <1> CEM AB,C AR

I 1.2.12 £ AE B, M A5 B, A5 B, A° 5 B¢ 3441,

P(ABC) =P({1}) =

IERA P(ABS) = —P(AB) + P(A) =P(A) (1 — P(B)) = P(A)P(B®). & F&ighn&. O
F 1.2.13 & {A}, A ESR, U AS, Ay, - A, AR E SRS,
Bl 1.2.14 (EEMOIRE, MEREELRRE) 8 A, = {AEE kR KA}, P(A) =c €
(0,1). M) {A N, A E AT, FIAR N kb A & EHEE N

N N
IP(UAk> :1—P<ﬂA;> —1-(1-¢e¥ =1, N oo
k=1 k=1

03 WERER
B 1.3.1 EHA@E) & A= {nMAFEPERAR—KRAEH}, K P(A).
Al _ __f¥§§
365n — P(A) =1 650"
F 1.3.2 iR, HT ALK n, P(A) B UL+ 4811

iR P(AY) =

n 40 45 20 95

P(A) 087 0.94 097 0.99

Bl 1.3.3 (WHETE) A n MENEFR m A, BHF. RFREGAFELES KT
AT

TEE | TER
HFEF | AT n™
BF | CF | Cligm

ATHF. TERBEVHNUH: A (AML) ETETR, F k8 MVERTE AR, &
IMETRNDIRBE RN Z N R EME BRI AT FADIR (m) FER (n—1) £ n—-14+m 4
MEFHEBERAE (Coli,,,) BT # 2/ NIRAL B, 2 9 2 BLE.
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5 1.3.4 (Z=FGEit) ¥ n NDAEKBEAN o) AEF, BEHFEFETE. 10

A={#I n ~&THE&E&— 1K},

X

P(A).

R DERESA 2. ST ARG RITIHE:
. !
&% 1: WO TIRE P(A) = ]\;_
15/ 2: AAT#E. FBRE) FH 1.3.3 FE/F. ATEEHEEA P(A)
_ L
= o
¥ 1.3.5 UL E =MIEH 4 B3 i Maxwell-Boltzmann %t 11 . Bose—Einstein % it . Fermi—Dirac

Gt

44

1

=
CN—H—n

15/ 3: AAIEE. BREES 1 1Bk P(A) O

5 1.3.6 (FCXT ) n & KRB L EKEZNFM, KFEL2IFLELF M. KEDHF
K 43T A E R AR

B 8B = {0 RAWXEY, A, = {3 k frsed SbhmZEFmxmy. 0 B = | A,
k=1

H Jordan A5

n

P(B) =) (1" Y P4 - Ay,

k=1 1< <ig
X
_ (n—k)!
Pl
. —k)!
B(B) = Y (-
(B) = (-1
n (_1)k+1 1
= i —-1—-——=, n— oo
— ! e

U
Bl 1.3.7 (WEGERG™ FE) IMEME A k, EXME A N —k, #8E T, 2 IF & 3 LN It 5 0
B, BRI E— B, RIEUE B H R

B B A, = (PR E N k B8}, B = {3k MIEME I L}, 8 pe = P(Ax). W
B VAW
P(Ax) = P(B)P(Ax | B) + P(B°)P(A; | BY),



Al
1 1
pk=§pk+1+§pk—1a k=1,2,---
k
EEN=Shul 5’?%1¢p0—1p1v—01?pk:1—ﬁ O

Bl 1.3.8 (Polya In 7 #R) =7 E2H b MR » MR, FRANFH—DBHE, FRA
c MEEHK. T B, = {%F n KB E EK}, K P(B,).

R 1 BEHWAE, /£ n KAk ASRERA 0 — & ADNZLERAOEER S P BLR IR
ok, BRI IR 08

bb+c)---(b+(k—1De)yr(r+c¢)---(r+(n—~k—1)c)
b+r)b+r+c)---(b+r+(n—1)c)

i A = {07 n XAEBCEH T & ARERY, W {A} IEEARERE R, et A s

n+1 Z]P) Ak n+1 ‘ Ak)

- k

Dy(b) =

"b—l—r—l—nc
b
:b+Tzk:Dk(b+c)Cn
b
S
ZDk (b4 ¢)CF = 1 0] gy = B [ R A AR AS 23 8] ff O

B 2 10 p, =P(B,). BIEE n — 1 IR 25 S AT HEC R

[b+7r+ (n—2)c|pp—1+c b+7r+ (n—2)c]pn,1‘

n — Pn— L - n—
Pn = Pt b+7r+(n—1)c = pa) b+r+(n—1)c
o / b
WHAIE po = pur. TR po=p1 = ——. -
b+r

E 1.3.9 B n=—1MEIEMEME, XU THE; 4 n=0 K BIH 5 E 5.

04 MEHZEE
EX 1.4.1 EMER=HE (Q,F,P). EEH X: Q>R #HLT
{X <z} ={weQ: X(w) <z} eF, VrekR,

X A (Q,FP) LevkIEE.
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F 142 EX 141 78 (Q,F,P) R &Y (Q,F).

143 Q={H,T}. X(H) =1, X(T)=—1. | X HHEAHEL &

EX 1.44 % X K (O,F,P) LHEARE, & Fla) =P(X <z) & X HBEE 54 R

B 1.4.5 % 1.4.3 F P(H) =p, P(T) = ¢, N X 84FH B A

(
1, z>1,

Flr)=9q, —-1<z<1,

0, =< -—1.

\

EIE 1.4.6 (MEDAME F TER)
(1) 2 BIE 2 <y, U F(z) < F(y).
(2) EEn F(z) =0, Erf F(z)=1
(3) &HEL, B Jim F(x+h) = F(x).
WERR (1) B {X <2} C {X <y} AT4A0L
(2) % A, ={X<n}h,n=1,2---. U F(n) An) HA{A} BT B P BESHE,

lim F(n) = lim P(A IP’(U >

94 (1) NBHTTSI F(0) = 1, oo, F— B
(3) B B, = {X <o+ W (B} WHKE (B, - <x}.lﬂ:F(x+%>:

P(B,) — P (ﬂ Bn> = F(x), n — oo. O

F 147 (1) MEBEHBEEE 146 (1)(2)3) WEBEHK F RAEMESE L EHALE E
MR A 8. B IR X B F AR A
(2) AERFEN Gz) =P(X <z) A X WA R%, XA EHE 1.4.6 (3) ¥ “HFEL” N
(3) A HEHK B THAZE QNEL.
Wl 1.4.8 (1) P(X >z)=1- F(x).
(2) Plz < X <y)=F(y) — F(z).
(3) P(X =y)=F(y) - Fly)
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1, z>¢
B 1.4.9 AHEEHENEE X =c. 1| F(z) =
0, z<ec

E—ffH, & P(X =c) =1, BULFARFERNLEL &, N F(z) ©F L.

5 1.4.10 (Bernoulli B A0 A) L P(X =1) = p, P(X =0) = ¢, EF p+q =11

1, z>1,

F(r)=4q, 0<z<1,

0, =<0.

\

1, weA,
M P(Iy=1)=P(A).

Bl 1.4.11 OR1ERE)  Ae F, EX I4(w) =
0, w¢A.

FEX 1.4.12 (1 4k Borel ) FrA M 4m (a,b] BIX[E £ & H R L&/ o B8 A 1 % Borel #,
LA B(R).
E 1.4.13 “|/AN R BR) £fA AT (a,b) WEEH o B2 K.
EN 1.4.14 (d 4E Borel 1) FiEF 40 (ay,by] x -+ x (aq, ba] WX HAE K R LB o B
# A d % Borel &, 14 B(RY).
1415 0, {0} =) (b— — b} B(R), (a,b) = (a,b] \ {b} € B(R). E#E, [a,b),[a,b] €
B(R). i
EX 1.4.16 Borel £ F % A K Borel £.
EE 1.4.17 B X K (Q,F,P) LENE 2, N ER Borel £ B € BR), A
X' (B)={weQ: X(w) € B} e F.
R 2 A={ACR: X (A) e F}. B#IIWiF: AN o .

«e X 'R)=QeF = Rec A
e HAcA B XA eF, M X (A)=(X1A) eF = A€ A

e EA €A B XA eF, W X! <UAn UX )EF = UA €A

IS, R4 X @ XA (—oo, 7] € A, Vo € R. 31 (a,b] = (—o00,b]\ (—00,a] € A, Va < b.
F i B(R) Wi MEFT B(R) C A. O
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8

E1.4.18 MAEBETEMBAE LY X Q- R TN [(Q,F) = (R,BR)), #£& X Y(B) €
F,VB € B(R).

£~ 81

ARk 1.4.19 £ XY 4 (Q,F,P) LeBEALE &, N X +Y &% (O, F,P) LHHENEL &

R R

{X+Y<x}:m({Xgr}U{Ygx—r}), Vx € R.
reQ
LHS C RHS & &481. Nk RHS € LHS. # w ¢ LHS, B X(w) > —Y(w) + 2, tH Q 1£

R FHZATH r € Q, fif8 X(w) >r > —Y(w) + o, A}
Xw)>r H Yw)>z-—r

# w ¢ RHS. O

O5 RKEHEE
EX 1.5.1 Xy, , X, & (QF,P) FEANEE, WK X = (X, ,X,) A n EHEINEE
(Bn EHEANEE), AR F(ry, - ,2,) =P(Xy <21, , Xy < 1) A X ERA S R EL
RNTRGARIE, FHACHEE 2 gl E (X,Y) AHBE MR F(r,y) = P(X <

z,Y <y).

EH 1.5.2 (1) F 28l 5T 2,y 2%,
(2) F A BI%TF o,y B 5.
(3) Jlim F(z,y)= lim F(z,y)=0, lim F(zy)=1.

(4) HERE 71 < 29,11 < Yo,
P(X € (21, 72),Y € (y1,12)) = P(X <22,V € (y1,50]) —P(X <21, Y € (y1,92))
= [F(22,42) — F(22,51)] — [F(21,92) — Fa1,1)] 2 0.
F 153 EEE 152 %, B (2)(3)(4) MY (1), Ed (1)(2)(3) Tredd (4). RAWT: &
F@y){L Tty >0,
0, z+y<0

Tl (1)(2)(3) B, B oy =gy = —Lay = o = 1, (4) TR, — M, F—DHHL
(2)(3)(4), M2 BRI 5 2 AL BB BB & A .
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EX 1.5.4 X = (Xy,-+,X,) ARR" ¥FEZTH MR, M X y @A BREALE, FIK
flay, ) =P(Xy =21, Xp = x,) A X B (BE) 25 (REAREERK).

¥ 1.5.5 M
F(xy, - ,x,) = Z flug, - uy).

u;<xq, Vi

BT FRREK, XAy ET 4.

EX 1.5.6 EFAEn THEE [R" >R FEARTR, E5 X B a5 T EHK

xla y & / / f Ty, y L dml dxn;

Mk X HESREALEE, 7 f A6 TR B

E1.5.7 £# 156 F f Y HIEHE Lebesgue & X T F A, (EF £ Riemann Ao & X T
.

B 1.5.8 A FXE G CR", £AER |G| < co. HE 27 895 EEHK

EX 1.5.9 & X = (X1,---,X,), 1 <k <n, (X, ,Xp) A X WAZRH, FH
P(X, <ay, , Xp <ap) A Flay, -+, x,) BWAZ AR 258,

P(X; <y, -+, X < ap) = lim F(xy, - ,xy,).
£ 1.5.10 £ 1 #HEH T1EJLAHHA:

. ro+Az
) F<xO+A§; F(x0) :Aia;/ f(u)du. % zy & f o se 20t

P(x € (o, z0 + Azx]) ~ Az - f(x0).

(2) F(z) = fu)du. BT REERH A E—, f EAERNME LR EZBMETEH F

(3) P(X:a):/a fu)du — 0, n— oo, Bl P(X =a)=0.
G HERRA B2 Flz) BELES N F HESR WAL B4
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(5) F(x) i s 5% 4w # 1
(6) H Lebesgue 7 ##: F(z) = 1 F1 + o Fy + 3 F3, o tegtea=1,6¢20F A%
BRMAE BRSO A B, P, YESAMNT BN AR, I, T 5.

B 1.5.11 (BhR4EEH) Q = [0,27), F = {4 C Q: A € BR)}P(A) = %, e || A
Lebesgue M Z. E XHALEE X(w) =w, YV(w) =w?, T4

.

1, T > 2,
Fx(z)=P(X <z)= % [0, 27)
\O, x <0
AT
— 0, 27)
fx(z) =47
0,  HAb.
&) (
1, Yy = 47T2,
Fy(y) =P(Y <y) = \2/—3 y € [0,47?),
0, y < 0.
\
AT
1
-~ ) € [07477-2)7
Fr(y) = ™Y
0, H At
N 1, ze€]l0,1],
f5l 1.5.12 (BRAER B thaRiEs ) MALE & X AR E B f(v) = B
0, HAh

MIFEET, BREFHISE . EHIHMNAY =0, EHI T NA Y =X. 1|
« 4 yel0,1] B,

Fy(y) =PY <y)=PHPY <y |H)+PTPY <y|T)
1 1 1+y
=+ -PX<y|T)=—2.
513 ( y|T) 5
([ 17, 302 A0 H b I F S B XA (a,b) O () B0 IRI0GT i — s SRR A, ELBbBE AR & ]

.
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e %y>1H, Py =1
o % y< 08, Py =0.

B Fy(y) BGETLY BEESRALFEESAHINL £,

06 SHERENTE

TENESBIER  BIRINES FE ~ 6.022 x 102, IR EF7FH ~ 10, 5289 8 H 73
~ 108, FEMA B (294 1.2%)~ 2 x 10'™.

BHAMHNTEENMER PX =) =p k=12--), > pp=1, pp >0,k
p

Bl 1.6.1 (o Ai) & & T n ook, RIETHIKEK.

P(X = k)= ClpFq"™*, k=0,1,---,n, p+q=1
X BRASEK (n,p) =T %, 18K X ~ B(n,p).
Bl 1.6.2 (JLfTorAi) &% HE TR HR A H WS FaE
P(X =k)=pd"", k=1,2---, pec(01).
G, P(X >k)=¢" (k=0,1,---). F8 m K H R B, RHFHEFEE N X, N
P(X =m+k) pg™+! k1

P(X' =k)=P(X = k| X - _ _ =19 ...
(X' = k) = B(X =mot k| X > m) = =g = MO =gt =12

KA X TR EFE LR 24, AR RN & R mER.

@EE 163 % X EREEHENENEE EPX =m+1|X>m)5mF% M X M
ML 2.

WA 2 p=P(X=m+1|X >m),

P(X =m—+ 1) T"m — T'm+1

P="px>m) — .

EHE 7, =PX >m). Xrg =1, AlH r,, = (1 —p)™ M P(X =m) = rpey — 1 =
p(l—p)™ . O
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B 1.6.4 (Poisson 734f) H&: Wb A&, BIELEFRB. BT TR R T4

)\k
(X =Fk)= M@ﬁ k=0,1,2,---

~

eH X ~ P()\).

Bl 165 HIEFA V BHRA N 0 Bl AV = L K

(1) B/ 75s WHEHE 1 a FHBEERN p=pAV (n>0), E 2 MEULE o K
FHIREE A 0.
(2) BN RZEHRE o fr FAEJkaT.

Fl X TR T % A=V, T p = % T

k n—k k
BN 1.6.6 & Xy, Xy 4 (O FP) ALEE, % Ve, 0n € R 4E
P(Xl =T, ,Xn = gjn) = ]P)(Xl = 371) .. I[D(Xn — xn),

5138 1.6.7 Xy, X, MEMIT < F(ry, - ,2,) = Fx, (1) Fx, (zn), V1, -+ 2, €
R.

WERR HFRIE n =2 WBE. W X, Y AMELAR =, N

=> fx(u), fx(x)=Fx(z)— Fx(z7),

ULT

= fy(u), fr(y)=Frly)—Frly).

Uy

=: B SRS

Flr,y)= >, PX =,V =y;)= Y  PX=2)PY =y;) = Fx(z)Fy(y).

T <TLY; <Y T;<T,Y; <Y

< JATH

F(x,y) = Fx(x)Fy(y), (1)
F(z™,y) = Fx(z7)Fy(y), (2)



Flz,y™) = Fx(x)Fy(y™), (3)
Fla™,y7) = Fx(«7)Fy (y7). (4)
B [(1) = (2)] = [(3) — (1)] BT f(2,y) = fx (@) fr(y)- 0

5 1.6.8 # 1 k#EH, P(H) =pec (0,1),ic X,Y X HT HIHMkEk N X 5Y Fhr,

WPX=1Y=1)=0£PX =1)PY =1). BEEREHE N KEFRT, N~PN), N X 5Y
PX=z,Y=y)=PX=z,Y=y|N=x+y)P(N=zx+y)

2\TTY . N ()\p)x e—)\p ()\q>y e—)\q

— T gy X .
=l C ) ! g
AT )
; T A—Ap
P(X =2) = S P(X =2,V = y) e 28 e );
Yy
[ 2,
\q)Y e M
P(Y =) = | )y,

TRHAX Y L.

07 HFHZE
EBX 171 % Y Jalf(x) < +oo, MAEFE D af(x) HHEIEKE X 8 ($¥) HE,
137{7 E[X] z:f(z)>0 z:f(x)>0
A 1.7.2 (1) ExtyRsis & 7 RacEHE G B I A B Ay A AL
() BIX| = mupe. BHE J £k 78 ;= oy, Rl REH.
k=1
WX 2 PHIAER, g : R - R Z— Borel AIMlIKEL. £ Y = g(X), W V(w) =

g(X(w)). & X HHAH f(x). BATE R 5EH,
EH 1.7.3 (1 AKRAGIHERAR) Elg(X)] =) g(e)f(2), & BAhRH T UL

MERR WY = g(X),
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M Fubini & H,

Zy Z fla)y=>" g(x)f(x) =Y glx)f(x).

z:g(x)= z:g(x)=y x

]

EX 1.7.4 k W4 my, = E[X*], 12 p = E[X], 7% Var(X) = E[(X —p)’], FFEZ
Var(X), k W # 04 oy = E [(X - u)’“].

E 175 FEFTLUE R “ZWAERE—MEHF 7

Var(X) =Y (v — p)’f(z) = E[X?] - 2uE[X] + ¢ = E [X°] - (E[X])’ <E [X7].

T

ISR LA AR

5l 1.7.6 (ZTi5Ai) # X ~ B(n,p), it g=1—p, WA

n

n | n-l n!
_ Ok pk n—Fk n: k on—k koktl : k1 n—1—k
Z nb 4 Z(k—l)!(n—k)!pq kzzok!(n—l—k)!p 1

k=1

n— 57 5 sk 1
_npzcn 1pkq ke = np,

PLR
n n '
X 1) = k(k — 1)Clphgnr = n k_n—k
k=1 k=2
n—2 2)‘
n(n—1)p*» k, - ),p’“q"_Q_k =n(n —1)p?
k=0

T Vi SN

LLB 75 #
Var(X) = E [X*] - (E[X])* = np(1 - p) = npg.
EI 1.7.7 (E \THEL IR T)
(1) (k) X >0 = E[X] > 0.
(2) (F—MH) E[1] = 1.
(3) (&MEMH) XHEE a,b € R, ElaX +bY] = aR[X] + bE[Y].
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WERR B S 0 — MR BARE, TS TEZENE (A ).
4 A, ={X =2} B, ={Y =y}, WHRHRHHE X =) 21,V =) yls,
x Y

aX +0Y = aZxIA —i—beIB —CLZ.Z‘]ATIBy —i—beIA Ip,

T,y T,y

—aZa:[A B, +beIA B, = Z aa:—l—by)fAsz,

z,y
X BT R YR B a5, = 4,15, K ZIA = ZIBy =Io =1 WRIFMR (A.B,
FoRA ). I K BENLA B S R P R B 2k WEAE’JRER AT T R AR 1

E[X] =) aP(A,).
=N SN |
ElaX +bY] = (az +by)P(A,B,) =ay_ aP(A,B,) +bY yP(A,B,) = aE[X] + bE[Y],
.,y x,y z,y
KHEE—NEGEN ar + by FTREHILERBUE, (BRI 1.7.2 (2), IAEWER; &5 —
NS R NS WL A Je Xt v, x SRAAF R O

TR 178 X X 5 Y RHEMIWANENET E, H E[|X]|] < +oo,E[|Y]] < +o0, M

ERR VAR L7 WIS, FATE XY =) ayla,s,, Bk

x?y

nyIP’ A,B,) 2= 3" ayP(A,)P(B,) = E[X]E[Y].

EIE 1.7.9 (1) Var(aX +b) = a* Var(X), Va,b € R.
(2) Var(X +Y) = Var(X) + Var(Y) + 2 (E[XY] — E[X|E[Y]). #5#, ¥ X 5 Y #E
M1 B, Var(X +Y) = Var(X) + Var(Y).
MERR (1) BATH
Var(aX +b) =E [(aX +b—E[aX +b))°] =E [(aX + b — aE[X] — b)’]
= o’E [(X — E[X])?] = a* Var(X).
120 g, BTSSR T o h (BDREARAS ]) HEAT A0 RIS y b (RIS B O AT 201,
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(2) BAE
Var(X +Y)=E[(X +Y - E[X] — E[Y])ﬂ = Var(X) + Var(Y) 4+ 2E [(X — pux)(Y — uy)]
= Var(X) + Var(Y) + 2 (E[XY] — uxpy)

]

L2k 1

M1Jmu$ﬁE%%%%m§%y&m:LJy?Pw:xw:ﬁ(

[o¢] (o] . k o0 (o]
Sre=3 T = 2 8 Y el = 3 ¢ = +oo. X HHETHE
k=1 k=1 k=1

k=1,2,---). X6

k

08 MWXRFZE

AHNESHEBH:
The Probabilistic Method, Noga Alon, Joel H. Spencer, John Wiley & Sons, Inc, 2016.

] 1.8.1 (R SHIRIEER) E[Ly] = P(A).
] 1.8.2 (BHLEH) M n WEHRE S, FHTHENER A Bt o, ¥ N(o) HEH o 8
FHhEA%. K BN = 1),

iR A A ={o()=1i},ic I = I,,. N

X= > LiL,(1-1.,)(1-1)

<<ty
1< <ln

NN = r} ERPERREC RG] 1.8.1 sh s 55 100 I A

P(N =r) = E[X]
= C;E [Il te Ir(l - [r+1) e (1 - [n)]

n—r

=C,, Z<_1)SC7S1—T]E FERERY S SIERERY SN
s=0
T'n_r S8 (n—T—S>!
- C” Z<_1) CnﬂﬂT
s=0

1 n—r (_1)3
- FZO sl
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5] 1.8.3 k% 1.8.2 FHAEE N WL fu 7 =,

R W N:ZIk CIEE

k=1

E[N] = nE[1] = n- " — DAY
LA &
E[N’]=E|> I ij] = E[II}] = nE [I}] + n(n — DE[L 1]
g tam— ;!2)! — 2.
34

]

5l 1.8.4 (Erdss #E%J73%) E++HuUW 1T AMTAFEHF 5 MELEH. IEAFE 7 M4l
TR, KFED 3 PHIE,

X ‘ 1, iALfm,
WERR Q = {1,--- 17} BENLH 1 ANTA 8 o = N FENE R X, X (k) =
0, HAt.

Qe + -+ appr (RO 17 JR75AE Q THR%L).

1

7
1
E[X] = 21—7(%+1+"'+ak+7) =
k=1

BAIWT S P(X >2) >0 Fl, P(X <2) =1, #mdERdEAMES BX] <2, FE. XE
W {X > 2} 4R=, BIEAE k, 15 X (k) > 2, JRRD X (k) > 3. O

5% 7
17

> 2.

L, q|n,
(n € QN) I)_I\IJ

5 1.8.5 (BEXREL) Qn = {1,2,--- , N}, HAME. 4 X, (n) = {
0, qfn,

NEFWTANEK p,q,

Cov(X,, X,) = E[X,X,] — E[X,|E[X,] = S LNJ _ L LEJ L LEJ ~ 0.
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Q9 WMRESFHHE

EX 1.9.1 th 7= Cov(X,Y) = E[XY] — E[X|E[Y]. % Var(X) Var(Y) # 0 &, 1% Z#
(X.Y) = Cov(X,Y)
P VVar(X) Var(Y)

F1.9.2 (1) XA EAD A ZHAEMALE (0 X kg HEMLT Y M m A EA).

(2) B, M X = (X1, , Xy), XM ZEME S = (03)),, 00 2 F 055 = Cov(X;, Xj).
EMNA L >0FER), REAAEZNHRFFOFEELFR, KLTUHUTERSEL. X
teR(G=1,---n),

Zttaw ZttE 1) (X = )]

4,j=1 1]1

| ) )

5 (Zt )] 20

XA E R AEES N EZ R KR,
(3) % Cov(X,Y)=08,#% X HY T H8X ZH, “ML” BT “THX"

SI38 1.9.3 2 fR LRI HFKAN) % (X,Y) ABALHF| f, g: R* - R &— Borel ¥
VUEE el
= Zg(x,y)f(w,y)-

E 1.94 BB 2 B R UTFRLK, ERMENEALKL &5 W7, w7 DR AE.

5138 1.9.5 (Cauchy-Schwarz A% R) |E[XY]| < VE[X2|E[Y?], &5 R4 HRX L FAET
2NEW a,beR, 7 P(aX =0Y) = 1.

EBR @ % E[X?] = 0, 81 ) 2?f(x) = 0, WAHER 2, 2”f(2) = 0. Y = # 0 K
fx(z) =0, T fx(0) =1 EDI]P(X =0)=1. X fx(z Zf z,y), B o # 0 K’ s
flz,y) = 0. #hi 2 BRLHHFR ARG E nyf z,y) =0,

@ % E[X? #0, i

E[Y -tX)’] =’E[X?] - 2#E[XY]+E[Y?] >0, VteR
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AAHHR A = 4(E[XY))* —4E [X?]E [Y?] < 0. %5804 HACAAFETE ¢ € R, #4
E[Y - tX)*] =0, HH © MXEHT PY =t,X) = 1. O

EE 1.9.6 (1) [p(X,Y)| < 1.

(2) 4 X 5Y s EAE, p(X,Y)=0.

(3) pX,Y)==%1 <= HFEaeR FHFPX+b=Y)=1 R X 5Y JL¥FL&L
BEALMEXRR).

WEER KE51EE 1.9.5 R XY Sl B X — ux, Y — py Sk O

n!

ﬁu 1.9.7 (%Iﬁ/\ﬁ) X = (X17"' 7X )7 ]P)(Xl = klv"' 7Xr = kr) - k"—.k'plfln.pfr?
ek

r

Zpl L3k > 0.V LR HIB R 0 K, SR 7 R, KRS A

p17"' 3]’ Vf'jéi COV(XMX) p(Xzan) (Z 7&])

iR AR F AR X, ~ B(n,p)¥, LEST i #5H Xi + X; ~ B(n,pi +p;)P. FIH
ZI AR 5T 2= A (B 1.7.6) TS

E3 179 (2) 1

Cov(X;, X;) 3 [Var(X; + X;) — Var(X;) — Var(X;)]
%[@ﬁzﬂﬂ—m—m%ﬂ%ﬂ—m%ﬂwﬂ—mﬂ
= —npip;,
PAA
XX = s = VT

]

EX 198 & (X\)V) TEHAMAEE. & fx(x) >0 8, &8 X =2 T Y WAL A5)
frixlz) =PY =y | X =x), 552 FEK Frx(y|z) =PY <y| X =z) (THIEH
M XH Fyix(y | o) %y Zohetim 2 £38 1.4.6 78 3 56K, BREBRESAEK). B E

T
X fyix(y | x) = {zy(y;
Bl 2 s R
?’l' k k n
1._.$Tr :(l' ++$T) .
k1+'§:k7‘:nk er! 1

MR MEREHR r— 1 MER (REHEWE— ).
Pl pRsh i BRabRANGE § M RIS S A r — 2 BREEE
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199 % fo(X) =08, f,y) = 0. HATUIE fy(y | o) AIEH BT,

EN1.9.10 4% X =2 T,V %F X WEAHHNE () =E[Y | X =a] = nym y|2),
HHY(X) A Y *F X s95up20 28 EY | X].

F 1.9.11 (1) BAE ¢(x) FEAXE « RAEEZ A, HANH ¢ L4 R - R B9 E 4L
(2) WM EENAHHAERE - AKX E THHEE 1.9.12 33T L RHAE.

EI 1.9.12 E[E[Y | X]] = E[Y].

JERR
LHS = E [¢(X)]

= ;w(f)fx(x)
:Zyﬂ@zﬁhme)
= Zy: Zm: yf(@,y)

=Y yh)

= E[Y].

SEFE 1.9.12 AT LLE R )4 1 A 2
EE 1.9.13 (2HIEAR) E 2:& E[Y | X =a].
D Hh, AT A A AT W R HE
EIE 1.9.14 & (X)) =E[Y | X], Mt <457 TEH g : R - R TN, &

Elg(X)9(X)] = E[Y g(X)].

61p(X) F24 o W A AT RR MG () BOFFAT I
(71t ke T3S0 R B B B0 5 2 i 0 BT A 2 5L
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LHS = E [g(X)¢(X)]

=3 gyl fx @)
= fo(:):)g(:v) nywx(y | )
=> > uflz.y))

= E[Yg(X)].

E 1.9.15 HEMEL FRMEEXE X F LR L

1 1.9.16 5T N #&, N~ P\, FREMIMUBEE p XERANG, E K AN EH T
¥ E[K | N|, E[K], E[N | K].

fidg=1—p B frn(k|n) = Chp*¢"* WB E[K | N =n] =np, ¥ E[K | N] = pN.
HEH 1.9.12 , E[K] = E[E[K | N]] = E[pN] = pA (FHEI 7 HRMLL X A Poisson 434
FIBENLAS S RHEE N N).

THER fyx(n] k).
P(N =n,K = k)

P(K = k)
P(K =k | N =n)P(N = n)

- iP(K:mN:m)P(N:m)

m=k

I (n| k) =

Chphqnhate”

Zcmpqm ki\n'ek

ko k n—kA"
m—m+k Cnp q nl e

klzpq Ak g—A
m=0
k. k. n—kA"
ChpFqnFas e

Ap)k A
w7

_ (e
(n—k)!




FREN | K] =M+ K. 0

Q10 PFEHLIFFE

A drunk man will find his way home but a drunk bird may get lost forever.

—Shizuo Kakutani
{Su}. S = a € 28, = Suy + Xy = a+ Y X {Xo} BOLIFIA. 2 d = 1 B,
k=1

P(Xy=1)=p MXMD4%wp+q—1%ﬁﬁ%i%ﬁ%%ﬂ%%oﬁp:éwﬁﬁﬁ
T 187 B BE AL AE
EIE 1.10.1 ¥ {S,} & Z LW ERALKE £, NAH

(1) (BFHE)P(S,=7+b|So=a+b) =P (S, =35 =a).

(2) (BEFFHE) P(Spym =7 | Sm=0a) =P(S, =7 | So = a).

(3) (Markov ) P (S =71 So = Jos -+ Sm = Jim) =P (Snim =7 | S = jm), X E
& X V% EF T E & SLE R,

WEBR (1) W { X} Mo7,

ZXk:j—a,Soza—i—b)

P(Sn:]+b,30:a+b)_ (k,’:l
P(Sy = a +b) B P(Sy = a +b)

BIS7 R IE, Kk 55t %369%
OV Sy S A 2R B3R 40 FEAE R, RHS A & BT LHS R H % X.

LHS =
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(2) W {Xy} [F5A,

m-+n
P ZXk:j—a,Sm:a>
P (Sn+m = ja Sm - a) (k::m—l—l

WS =—G =0 (S, = a)
m—+n n
:IP’( > Xk:j—a> :P(ZXk:j—a> = RHS.
k=m+1 k=1
(3) BAE

]P)(Sner:j:SO:jO?'“ 7Sm:.7m>
P(So = jo,"** , Sm = Jjm)

m—+n
IED( Z Xk:.j_jmas():j()a"' 7Sm:]m)
k=m+1
P(So = jo, =+ Sm = jm)

m+n
:IP’< > Xk:j—jm>:RHS.

k=m+1

LHS =

—ANEBEE Sy =0, W] P (S, = 0) = Chp"q".

HUBTH CFIEEs: {(n,S,) :n=0,1,---}. 5IANI2%5:

Nn(a’v b) = Ij{(()? a) — (n’ b)},
NY(a,b) = #{(0,a) — (n,b) H5 = FhEZ A}

B3 1.10.2 N, (a,b) = C2"F7%)

3132 1.10.3 (JHTEEE) #& a,b> 0, U] N°(a,b) = N,(—a,b).

WEBR &2 (0,a) — (n,b) S o BT SRl K EAR AR T OB M R RI5E — IS o
HARSSHIES 73 R T o BifE AT S (0, —a) — (n,b) BIBRAREESL 1-1 XA O

EIE 1.10.4 (REEH) & 0> 0, U £{(0,0) —» (n,0) E A FHL o %1} = %Nn(O,b).
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WERR ZE—B Heemt, 218 (1,1), FikprkA
£{(1,1) = (n,b) HARKE 2 i} = £{(0,1) — (n — 1, b) AARE o %}

= n71(17b> _Nr?fl(l?b)
S R

N,—1(1,0) — Np,_1(—1,b)

n—1 n—1
T Vnto—2] | ntd
2 2

#11.10.5 (FEL ) A RARE o, BREAFFE b, a>b K ABERLLT B %,

B ALK (0,0) — (a+b,a—b) FIBUETAE o BPUERLS T, Sia &Rt E

Hl
abN (O,G—b) a—2b

a+b _
Naip(0,a — 1) a+b

L]
EHE 1.10.6 & Sp =0, Mxtn>1, &
(1) P(Si-+Su 40,5 = b) = (s, = b).
(2) P(S1+ S0 £0) = ~E[IS, ]
WEBR (1) W b > 0, I EE R,
Pwy~&¢nﬁg=ngauumﬂ?f?:%M&fwy
(2) FIF (1) B4
Pwrn&ﬁun:E}M&,w%¢05g:m:§:%%wg:m:%Emmy
T b )
011 TRH

A generating function is a clothesline on which we hang up a sequence of numbers for

display.

Herbert Wilf
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HIWIBERE  {a,.}22, G :Zans"
n=0

B 1.11.1 ap =CF bk =0,1,--+,n,Gu(s) = (1 +5)".

Bl 1.11.2 {a,} 5 {b.} ®ER {c,} XK o = > by, BH axb FAE Go(s) =
i+j=n

Ga(s)Gh(s).
) 1.11.3 *AFEAE A {S,}, 5 =0. KP(Sy=2955,=0,8>0,i=1,---,2n—1).

2n
B 90 o, AT A PEIOBE S, MR A ( ) o BWELE £ = 2k (k> 0) BT 5 =

BURAAE, 5 1B 55 2k BATAN 0 — 2k MHUEECN ar, TR ¢ =) aicas =
k=1
1+1T—4s

2s

chcn 1k Lo =1.%2G(s ch ", ) L G(s)G(s). 13 G(s) =

k=0

IR Gs) 1 s — 1 ORI RRR G(s) = — Y22 f Tuylor BIF,

2s
_ 1 2ol Gontl) - n—l w5
G(s)—% 1—1—; o % ns" _§n+18'
[i44 Cn:nl b, BN Catalan 4. O

FEREERENETE
EX 1.11.4 Gx(s) =E[¢"] HRAHANLE X 8 (HE) FHEH

E 1115 BRLRTERARK, Gx(s }:P FEGx()=) P(X=k=1%
k:*O

Gx(s) BWBRSHFE R > 1; X Gx(s) %%&ﬁh\\ KAk 1L ZRMERTEZE T & BHH
T

5 1.11.6 (H7570)

(1) (ZB4H) X ~ B(n,p), G(s) = > _ Cpp*q"*s* = (ps +q)".
k=0

k1 _ _ k=1 .k _ _ PS
(2) JLEAA) P(X =k) = ¢"'p,k=1,2,---, G(s) ;pq =
— sFA -\ —AAs

(3) (Poisson 4-%7) X ~ P()\), G(s) =
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B R AV B

EIE 1.11.7 (1) E[X] =G'(1).
2) EX(X —1)--- (X —k+1)] =GW(1).
(3) Var(X) = G"(1) + G'(1)[1 — G'(1)].
F 1.11.8 X2 GW(1) = lim G™(s), Abel % = & BRI € H 2 F 1R BT & B E Y.
EXN 1119 S5 X 5Y I, R Z=X+Y h X 5Y WHEHR, fxivy H [x 5 fr %

EIE 1.11.10 % Xy, , X, MER, M Gy, ( HGXk , X B S, —ZXk
WEER FRATHBICL R HEL: AR E X 5 Y M7, W g(X) 5 w(Y) 7857, ik,

Gs,(s) =E[s""] =E [s¥ - s%] = HIE [s%%] = H Gx,(s)

0
EIE 1.11.11 % { X} MEMHLE A, H N 5 {X,} fhar, M S = iXk H
k=1
Gs(s) = Gn (Gx,(s)) -
MERR FEEE 1.9.12 (BE#EHAE AN,
Gs(s) =E[*] =E[E[* | V] sz [+ | N =n)
=3 P @) = G (G 4)
_ 0

F 11112 EE 11111, RNE— R R TERAENEZHERT THER X
ENX 1.11.13 B HE (X,Y) WEAHEH G(X,Y)=E [s*t"].
11114 X 5Y BT < Gyy(s,t) = Gx(s)Gy(t).

WERR PiifE Taylor @7, BIAE

Z P(X =i,V = j)s't) = ZIP(X = )5’ ZIP(Y =

1,7=0
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L st T AR RIIE

XA X 5 Y oL O
Bl 1.11.15 # k=3 RATRT, KRk A 9 BIBEE.

k
BT X, N MBI, 4 S =) X,
=1

k
i 1s(1-s%1"
Gsy(9) = (G, (5))" = (Z %) - "=
Xt Gg,(s) 1E Taylor EEFT,
Gs,(s) = % (1 — 359 4+ 3512 — 818) i (_3> (—s)",
DRIE TSR AR BD s 7 R 5L

L[(2)-o] -1 [saenacnn g 2

EX 1.11.16 & EHH Mx(t) = E [].

11117 =& ﬁ\%%ﬁimmx,%ﬁi%%ﬁ$XﬁE%ﬁwtgﬁE5>oﬁﬁ
Yt e (—0,0) B Mx(t) B, W LUERHF £ 24 F &

God doesn’t play dice.

——Albert Einstein

B f R o R AEFEBE [ fe)de =1
SR / Flu
P(X € B) = | f(z)dz, X5 B € B(R).
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5 1.12.1 B2 40) X ~ Ula,b], f(z) = z € la,b]. [FF: BEMXEKERER.]

1
b—a’

il 1.12.2 (FeE M) X ~ Exp(\), f(x) = Ae™ 2 > 0. F#, F(z) =1 —e ™z > 0.
[F%: BAMALNHEERR, REXNFEITOREER, 87~ al54%. #5006
1.12.3 .]

Bl 1.12.3 X/ R EA ¢ B E G, £ At B Bl RBEBER A AAt+o(At). e AFaH X, N
P(X <t+ At | X >t) = Mt + o(At), BF

F(t+ At) — F(t)
1— F(t)

= At(A+o0(1)).

A At — 0, H
F'(t) = A1 - F(t)),

X F0)=0, @57 Ft)=1—e .

ef)\(tJrs)

P(X>t+S|X>t>:7:ei)\s.

L4447 (11 1.6.2) AL, FATHRE “TIERE” K “KRTFR”.

Bl 1.12.5 (IE&EA) X ~ N (1,0°), f(z) = \/21_2(3 2@ Yy = 0,0 = 1 HARAAT
™
WEADH. AUTEL: Oov=p ANKH, RAELE @Qr=pto HFHL. [*‘2 =
ou 10%u

ERGE . NBIRE o) EAN. FE. Kb, UETHREE, plothye { 0t 202
u(0,2) = g(x)

+oo
A it 2% (y—x)?
AR 7 u(t, x) \/ﬁ/ dy.]

5 1.12.6 (Wigner F[FH) f(z) =

1
= Vido? — 22, |z| < 20.

x o sin i 2
/ Vido? — z?dx [2 % 40? /00829d9 = 20?2 /[1 + cos(26)] df = 20? {9 + sm; 9)} +C
B .
20 sin(20)]1° 1 /3
P(X € (0,0)) = 502 0+ 5 H _6+E‘

0

(% AHENESEEEEMEFNELALTAE.]
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EX 1.12.7 % Xy, X, #WEEZE (Q,F,P) FHANTE. & Xy, , X, HEM, &
F(zy, - ,x,) = Fx,(z1) -+ Fx, (x,), Va1, -2, € R

EIE 1.12.8 Xy, -, X, HEM T 4 A Y

n

P(X,€By,-+ . X, €B,) =[[P(X:i€B), VB, B, €BR).

i=1
IFRR <. R,
= ANER, ZILEEMRR. O

EIE 1.12.9 % & *5( g R = R (i = 1,---,n)Borel FM. & X;,--- X, #EHMkr, N

P(Y; 6( &8 yz] Z_]-?"' 7”):]})) X’L egl_l((—oo,yz}),zzl, y
—_———
B;cB(R)
ALt H]P)(Xi € B;) = HP(Y; < Yi)-
=1 =1

]

EE 11210 ¥ Xy, X, 2REFEEH frooo Lo W Xy X, AR L ALY
BRe®EEK f(x1,- ,20) =

WER 1.12.11 & (V1,Ys) = T(X1, Xo), (X1, Xo) HHAEEBE f(v,10). YBE
T:D—T(D), (x1,75) (y1,92)

A 1-1 SRR, KRB v = G1(y1,Y2), T2 = G2(Y1,Y2)- KX 91,9 HE S w4, N
(Y1,Ys) 9B & 5 E R Y

f(91(y1,92), 92(y1,92)) - [J] - Iy

991 99

Oy O0ys b=l gk 4T \
g 09, A T' # Jacobi 1T 7| =..

Oy Oy

)
-
<
I
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WEER WAREH T: A — B=T(A), W (Y1,Y,) € B < (X1, X,) € A. ik
P((Y1,Y2) € B) =P ((X1,X2) € A) = /Af($17$2)d$1 da,
= [ £ @), 171 i
B B = (—o00,y1] X (=00, 5] NT(D) RIH]. O

F 11212 (FMEARHRSER) & Dy C D,P(X1,Xs) € Dg) =1, T # Dy £5Z 1-1
BT (T AERE D £& 1-1 BEST), WAL 1.12.11 477 & oL

N N 1 1 2 2
5 1.12.13 % X,Y ~ N(0,1) 20, M f(z,y) = — e 2@ +) A X = Rcos®,Y = Rsin©,
2
T
NN
W (R,0) W E BH N ore 27,

013 HFHIESLMHHIE

EX 1.13.1 ZESAMINLTE X AXEEHE f, 4 /|a:\f(:c) dz < 400 B, #F /:cf(:c) dx
R R
A X WEAZE, 1A E[X].

EX 1.13.2 k -4 my, =E [X*], 7% Var(X) =E [(X — ux)?], FHEZE 0 = \/Var(X),
7z Cov(X,Y) = E[(X — px) (Y — py)] = E[XY] - E[X]E[Y ], 4 Var(X) Var(Y) # 0 &,

vz R Cov(X,Y)
BAREK (X, Y) = V/Var(X) Var(Y)

G138 1.13.3 XESAMILEE X Ao W A% F, 1

0

E[X] = /O+OO(1 — F(z))da — /_OO F(z)dz.
WERR BATAE
]E[X]:/;Ooxf(a:)der/_:xf(a:)dx
(L ) ([
ubini ER / T fz)dzdt — / / f(x)dz dt

:/0 (1— F(t))di — /OOF(t)dt
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EIE 1134 % g: R —> R Z—4 Borel FJMlE#H, X 1 g(X) hEEZAMNEELHERF
=, N
Blo(X)] = [ ala)fx(o) do
MERA H5IH 1.13.3
+o0 0
Bo(0] = [ PG>0 - [ PO <0 @
“+oo
/ / fx(z)dzdt — / / x)dxdt
{z|g(x)>t} {zlg(z
Fubini &3 9() 0
:/ / 1dt | fx(x )dx—/ / 1dt ) fx(z)dx
{z|g(z)>0} \ /O {zlg(z)<0} \Jg(z)
~ [ s@rpe(a) s
R
O
1135 & (X,)Y) 2EZAMNEE, g: R — R & Borel 7/ &4k, HEEZAEN 7 E
g(X,Y) EIE 7 12, M|
oY) = [ o)) dedy,
7 1.13.6 4F 713, AR RSB &, & ElaX +bY] = aE[X] + bE[Y].
EIHE 1.13.7 (Cauchy-Schwarz A% |E[XY]| < /E[X2E[Y?2].
E 1138 K X HY #E X —pux §Y —py BIRF p(X,Y)[ < 1.
B 1.13.9 (EAMERHFHRHE) & X ~ N (u,0?).
E[X] = . /(w—u+u)e_2§2(””_“)2 dy 2oL /fﬂe =" dr+ = .
V2mo? Jr Vora? Jr
Var(X) = ! (x —p)? e 307 Qg ZEDT /x e 277 dz
\/27r02 \/27TO’2
b /u e —gu? u—h\%ﬁ%\ o </ e_%“Q du—ue_% ’ +oo>
\/ﬂ Vor \Ur —0
— _ 2
= \/ﬂ (\/ﬁ_’_ 0) =0".
A 1.13.10 (Cauchy 4M4i1) #% % B f(2) = ~— m/ g [
o Y T 1+ " g 1+a2 1+ 22

+oo, WA ZE A7 £. Cauchy 7 THIME X ER B ELF AR REE LIS

g
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1.1: Cauchy 741 FIME2R 25 BE pR AL

EX 1.13.11 REZAMANLE (X,)Y) AFEREK f(r,y). 4 fx(@) >0, 27 X =2

Ty MASEERE frxly | o) — J;i(j; FEATER Foxly|0)= [ J}fgg v, %

HEIE (z) =E[Y | X = 1] :/yfy|X(y | z)dy, AW H(X) A Y AT X WEHHEZ, i©
R
H E[Y | X].

S 1.13.12 AW EF,

]P’(Y<y,x<X<a;+A3:)
P(zr < X <2+ Ax)

x+Az
/ / f(u,v) dudv

r+Ax
/ fx(u)du

/y Az - f(x,v)dv

Az - fx(x)
' g,
@) dv.

FIHE 1.13.13 EE[Y | X]| =E[Y]. T ¥ HEE R T 282 A=K

PY<y|lz<X<zx+Az) =

~

WERR BATUEM S — A (B A R):

RS = [ fx(a) yjff(( ))dydx [ ot@aazdy = [ uvwyay=E
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BB =R TE AR, B — B U7 B8 g: R — R, KoL
E[g(X)¥(X)] =E[Yg(X)],

A (X)) EXRY KT X AR

— ek TE A _ 1 79622—(21;?;;2-31/2 B
5 1.13.14 (ZJhrifEIESTAN) f(z,y) T me oy R -1 < p<1.
KAV RBBENAT AR “AFE” . @ f(r,y) A RAEEE B
_l 2_ (y—px)?
t/fﬁydy—vqt—- =% d(y — px)
2(1 02 dy = 1 efémQ
e Vo ’

Bl X ~ N(0,1). I, Y ~ N(0,1).
BARRK X 5Y with 7 £.

CovX.¥) = [[ (e =0y =0 dedy = [[ [oty=pa)+ pa?] sl dray
R2
= / ”%1/( Je 5 d( 4—// )dad
=—F———— [ x€ 2 x Yy — pxr)e 20-s° y p;z: P :cy T dy
2m\/1 —p? Jr R R2

0

_ ) S S
—QW\/W/Rxe d:z:/Re< )y d(y — pz) = p.
BT Var(X) = Var(Y) =1, wit p I X A% Hp=0 < X 5Y ¥ (“=" &
f(z,y) = fx(2)fy(y) %‘E'U
1 _(y*pw)2

1 1.13.15 1 1.13.14 ¢1ijxullz)::__i_ff___Eje 2000 | HATH
m(1—p

_(w—pz)?

1
— — pxr + pr)e 20-" d T) = px,
@Ecﬁﬁéw pT + p (y—px)=0p

EY | X =1]=

F I EY | X] = pX.

Q14 ZRIESTM

EX 1.14.1 HENEE X = (X, -+, X,) RAZ TESS W, ECHIKET EEEK

f(x) = 1 e_%(X—N)Zfl(X—M)T

(2m)" det (%)
He ¥ e RV BIEERMHERE. T X~ N(p,X).
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1 P
o2 010 ) -
1142 S =28, TEH Y = 1 102p ’271:1 1 i alp 010
olo9p O3 A = —
0102 0'2
I 1.14.3 EX] = p.E [(X - p) (X — )] = S, #4 BE E[X] = . Cov(X;, X;) = 0.

AR BT S RSHFRERE, WIS = BTAB, Hf B RIERSFE, A = diag (A, -+, \n). 2
y=(x— )BT, B x = p+ yB. S f(x) AR AL

n

‘det< )| _,yAflyT 1 / ,Ly2
— dv = DYk d
) = et Ja Y (27?)”det(2)]£[1 - U
\2m )\, = 1.
w/ (2m)" det (X H o
PR AT 2.

_7yA71yT
i+ i dy = -
/n : Zy] i enrdany O

2
B
I
T
2
=
I

_7yA 1 T

e 2
Co Xl,X = i — s i — dX = b i d
v( i) /n(x pi) (@ — 1) f( /]R Z Yrbritib 2y det(M) y

" k=1

2

2)‘k Nt n
- Z / ykbk,‘zbk‘] d Yy ———— iz Zb/ﬂ)\k‘bk] = (BTAB)U = (Z>U

k=1

]

EIE 1.14.4 (KMERHRTHALNE) % X ~ N(p,X), D € R 5, I Y = XD ~
N (pD,DTED).

WA iC B = {x| =; € (a;, b, Vi} , A = {x|xD € B},

P(Y € B) 2Z£ P(XeA):/f(x)dxﬂ/Bf(yD—l) |det (D71)| dy

/ e 3 (0 tn)s (w0 m) gy
|det(D)] 1/(2m)" det(X)
_ / o3 y=nD)(DTED) " (r-uD)T 4o
B /(2m)" det (DTED)
WY ~ N(uD,D"ED). O
" ¥y O e .
g3 1.14.5 % X ~ N(p,X), 2 = o ,E Y, Y AT K X R op ARG
E22

BHhX= (X(l),X(2)) 5 (M(l) M(Q)), n xX® ~ N (M(i)’zii) i=1,2.
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\ D) \ ‘
B3 1.14.6 ¥ X~ N(pu, %), N = [ "7 Hd Dy, oy HAFE H X K p 4
E21 E22

BH X = (X(l),X(Q)) 5 (M(l),M(Q)), XY~ N (M(l),Zn)-

UERR BEAT 73 BAT S5 AR R

I O\ (1 2w\ (I —-23'%, ¥ O
—Eglzil I 221 222 O I O * ‘

DT

T4

LY =XD, MY~ N(MD,DTED), H

—TyT
Y=XD= (X(l),X(2)) (I —211 z21) _ (X(l), « )7
I =y,
pD = (), p@) (O 1; 21) = (b0, * ),
H51E 1.14.5 , XU ~ N (p®,5). O

EE 1.14.7 % X ~ N(u,X), A € R FiFE#H% (BF rank(4) = m), MY = X4 ~
N (pA,ATSA).

W @ & m=n, W A 2[R, XEIRZEH 1.14.4 .

AT
® #m <n, BB D = (A, B) Wi, 1 XD = (XA, XB), ADTSD = E@zﬂz
B
ATSA ATSB N N
CHIEHE 1.14.4 K513 1146 , XA~ N (pd, ATSA). O
B'SA BB

E 1.14.8 FAlH, 7 X WA ER MBI ERELSL) A, X ~ N0, 1,). WHAEE n
MERFE Q, B XQ ~ N(0,1,), ZAEILE —F AR (et A ).

EIE 1.14.9 X X~ N, X), W X B4 8MIL — ¥ ZX A 7%

015 BixHE

All epistemologic value of the theory of probability is based on this: that large scale

random phenomena in their collective action create strict, non random regularity.
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——Andrey Nikolaevich Kolmogorov
ATAXRZEHH:

o A Course in Probability Theory, Kai Lai Chung, Academic Press, 2001.
o SEARRREUR, A RGR, dbRURSHRAL, 2016.

XTTRENARE X HSHAMRE F. % E R f, FATRIE
Za:f(a:), X B H LA &,
t/ﬁ@MLf%X AT &
R

E R
{F@) _P(a), ¥ X RN R
dF(z) =

f(z)dz, i X eIEa AL A .

Mk g1t K ARWI UG — N
HmXﬂzém@dﬂ@-

—.\ R[S
AR 0T — R ] (Q, F,P) KFALEE X 2 RE F, infe SUHE E[X]?
E—4: WEARENTE (IR BCE RAME)
AE X =Y ala, HoP {AYL, A Q AR, W ELX Za: P(A
=1
FZH: MIEAPEHEE
H X >0, fFERPENIZEY] {X,}, X, >0, 15 X, + X (HiH EFUsh®) X). i,

n2™ . 1 .
—n[A +Zj [Anjvﬁi“qun:{X>n}7An]:{.]2—n<x<2j_n}7]:177n2n
ﬁ%EXE[y_g&MxJ&%ﬁ%ﬁﬁiﬁﬁL@yﬁﬂﬁﬁ%@ﬁ%XwﬂﬁnTX,

M lim E[X,] = lim E[Y,].

n—oo n—oo
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E=$: W—REEINEE
PN R X BHTIEASSM: X = XT - X, HF XT = max{X,0}, X =
max{—X,0}. 4 E [X*] < 400 B E [X~| < +oo(Al ZFHAFN +oo) B, AIE X E[X] =
E[X*] -E[X7]. #&AMEHI FH L5

E[X] = /Q X(w)dP B E[X]= /Q X (w)P(dw).

KERIH, M EX] =E[X'] -E[X7] < +oo I, # X KRB

= EETHIMR

EIE 1.15.1 (MIEFE T REAM: )
(1) () X > 025 E[X] > 0.
(2) (AEH) E[1] =1.
(3) (&MMH) ElaX +bY] = aE[X] + BE[Y], Va,b € R.

E 1.15.2 UEEWAARE, 2 MEAAETEFARENEAEZE LWETHEIU L= &
MR, o3 BT R — R =

EE 1.15.3 (BEETHRESM) REAEEF (X} Z2ARST X X,(v) — X(w),
Vw e Q. EUT ZMER TRIRAEE 7 # 7

(1) BRERESEEE: £ X,n(w) > Xa(w) >0, Yn,w, M E[X,] = E[X],n — co.

(2) EH sk EE: £ |X,| <Y, Vn, E[Y] < 400, U E[X,] — E[X],n — occ.

(3) HRKSMEE: EHFAL c>0HEE |X,| <c Vo, N E[X,] = E[X],n — oco.

1154 (1) BEEETFHAEE, (2) A% (3).
(2) EAEZZ B, Bl X, (w) = X(w), Vw € Qo, 18 P(Q) =1, EARLERAT AL,

EIE 1.15.5 (Fatou 5/ 8) #HALEEF (X} 2 X, > 0, val, N E [limiann] <
n—oo
lim inf E[X,].

n—o0

o

.S.

F 1156 5 X, > —c, EF >0, W LR ERRT, HATH X, +c A A EHE.
[10]5.s. Bl almost sure. 7B IL SR AR MER 1y 1.
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. Lebesgue-Stieltjes 14y

SEENLARE X S5HAMEE F, 51N (R, B(R)) ERIREZRIEN 4 ((a,b]) = F(b) —

F(a). B, up (I_l a;, Z) = Z[F(bz) F(a;)], BvI¥ R 2 B(R) b ((HiL TR, M
AbBE 22 AR, itk (R, B(R), pr) WEW‘E}EK S1a), K ERIBENIZE g : R — R Hi& Borel Al
(£ — Borel Z£IMJE R 2 Borel %) R4, fﬂﬂ%*‘j/\/gd,up 513 /ng XN Lebesgue-Stieltjes
oy ATE 45w
Elg(X)| = dF.
9= [ g

G ARIEEAN R RS, AHEIRME R R R

S

gdF ::/IBng.
R

Y)] // (z,y)dF (z,y).
R2

EAEERE, XERSHES B 2GS “UR R AR MR EENFE (L
Riemann FR77). F1 0SS BEAL A G2 I “BRER =07, B 500 500 B ARR 2L

X2, EATHAE
E[g(X

B MREEEZ R

EIE 1157 RENEE X 5 Y BrHEHEHFE, N E|XY|] < 400 H E[XY] =
E[X|E[Y].

ERA 4 MEE SCEERT ) « =258 B0iE:
@ X i S BEAL AR B, FRATIAE B AL BE AL AR B LR E.
@ XEBENLAR R, FTHEEREENLASES] X, 1+ X, Y, 1Y H X, 5 Y, ML, 1
E[XY] = lim E[X,Y,] = lim E[X,JE[Y,] = E[X]E[Y].
@ X—MMEHLEE, AEIEfEOM: X=X"-X",Y =YY" Nl
XY =(X"YT+X V" )- (XY +X7YY).
MmmA—sodl { X+, X7} 5 {y*, vy} Moz, gt

EIXY] = (E[X*Y*] + E[X"Y]) - (B[X*Y] + E[X"V*))

3 R 5 Lebesgue S IARIEE A BEER, W pp(R) =
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016 JLApULEgL

Mathematics consists in proving the most obvious thing in the least obvious way.
—George Podlya

EMX 1.16.1 % X, Xy, , X, AHEZ (Q,F,P) LHEIE &,

(1) JUF A A/ AR 1 s PHw e Q] Xo(w) = X(w)}) =1. it H X, 2 X,

(2) r st (r > 1): E[|X,]"] < 400, ¥n HE E[|X, — X|] = 0,n = 00. iLH X, & X.

(3) KAEZ WS P(|X, — X|>¢e) = 0,Ve>0. B4 X, > X.

(4) R Adk sk /Bdksh: Fx, () = Fx(z), Vo € Cpy, £F Cp, 7 X O EHK Fx B
ARELEMRKES TH X, D X,

" , 1 L, x>l, \ 1, x>0,
1162 (1) % X, = —, N Fy, (z) = N FA1AH lim Fy, (z) =
n 1 n— oo
0, =z<—. 0, x<0.
n
B X = lim X, = 0. RVESD &AL AL ES) (X,) 800 FBH Py, 6T

n—oo

BT X AR Py, B FEZEX A BEBERS: F,.(2) = F(z), Vo € Cp. iLH
F, S F. %&4 ﬂ?#ﬁc%ﬁﬁﬁmw%%ﬁ

(2) RamS EHATE T X (Fx, o AAER—MESE L), 2t =Fuk sy
REANHEANT BEZE, TEEH AR AT 8] kK.
TIE 1.16.3 WMWK SFEW TE 4 X Z:

X, = X

X, Zx——x, 2 x

e

r

X,— X

Lr>s>1H, X, X = X, > X.
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1

42

15']1.16.4iy’ﬁIP’(XzO):IP(X:l):2 X, =X Y=1-X I X,,Y #5 X Fxo.

(B X, — Y| = [2X — 1| = 1, Bl b X, Hd A 8 (82 3 = 40 78 SUT 4 TR

3|3 1.16.5 X, 5> X — X, > X.
JERR XHMTEE e > 0,

Fole)=P(X, <z, X<z+4+¢)+P(X, <z, X >z+¢)

<Fx+e)+P(|X — X, >¢).
i FIAGERTW X, 5 X ¥ o B o —, XA
Flz—e)< F(z) < Flx+e)+P(|X,—X|>¢).

Zia U Ep s

Flx—e)-P(|X,—X|>e) < F(2) < Flz+¢)+P(|X,, — X| > ¢).

L = oo FFIL L THRIR, IR 2 S A

F(z —¢) <liminf F,,(z) < limsup F,(z) < F(z + ¢).

n—o0 n—oo

MR © € Cp, & e — 0 A[1R
lim F,(z) = F(x).

n—oo

5132 1.16.6 (EZAEN)
(1) i [1X], = (E[X]])

3=

JEFp>1

. . 1 1
+ Holder F Kz XY |y <XV, %% pog BREEAE 4+ =1

» Minkowski % =X [ X + Y|, < [ X[, + Y]],

o Lyapunov A% || X[, > || X||s, Vr > s > 1.

BIX] |, _ o

Var(X)

(2) Markov 7% R: P(|X| > a) <

(3) Chebyshev % : P(|X — pux| = a) < , Va > 0.

PAP(1X| > a) #ep P(1X| > a) AEERPIMOL. B2 FAIEA PR [ X] AN X Ix 501 + X T{1x|<a}-

Markov /A>35 20 AT FI SR it T BE=R 5 12 R A0 7E T 95 1 AL IO WAC SR
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WERR (1) WL Z#5#r.
(2) Xf
[ X| = [XLxzap + [ X {1x1<a)
PR i EUA 22 R 43
E[X]] > E [IX|[{xj20] = aP(IX]| > a).
(3) B Markov A&,

E[(X - px)?) _ Var(X)

B(IX — x| > @) = P (X — ux)? > a?)

N

]

7 1.16.7 A A Markov £~ S IE B Chebyshev A4 KX oy B AR E A, Flan 4 E[ ] i
iy, HATA
E [exﬂ

e’

P¢m>apﬂ%&ﬂ>&ﬁ<

,  Va > 0.

5138 1.16.8 (1) Hr>s>1H, X, 5 X = X, > X.
2 Yr>18 X, 5 X = X, 5 X,

HUEBR (1) B Lyapunov A%,
X, — X, < || X — Xl =0, n—oc.

(2) H Markov A&,

X, — X
P(|X, — X|>¢e)=P(|X,, — X|">¢€") < M — 0, n— oo
O
1 1
\ o nr, 0w —,
5 1.16.9 % Q = (0,1], P #HE F# Lebesgue M E. 4 X, (w) = no FHA
0, Hft.
1 1
X =0 MP(X, - X|>e) <~ = 0n 00 FE[X, = X[T=n-— =1, 4 r Brist.

EH 1.16.10 (1) £ X, > ceR, D“JX e
2) EHEEK >0, /7 |X,| < K, W% x, 5 X 0#H X, 5 X.
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JEBR (1) X, 2 ¢ "M, SHMEE € > 0,

P(X,—c|>e)=P(X,>c+e)+P(X,<c—¢)

g[l—P(Xn<c+g)]+P<Xn<c—g) 0.

—1—-1=0 ~" d
(2) BAIWT 5 |X| “ K. XAERN, H
{IXI<K+ep o> {IX.-X|<e} n {IX,| <K}
N vV v
B F04r I T A A 4% ) AT A 4255 il

WEIP(X| <K +¢) =1, 5% e — 0F, RN HCHELNE RS P(1X]| <
it A= {|X, — X|>e}, W

X, — X" = | X, — X[ T4+ | X — X[ Le

PR S 30T B R4S
E[|X, — X|'] < QK)P(|X, — X| >¢)+ - 1.

fE e n — oo BEMRIR, 4 — 0 BIf3 X, = 0.
BEHLZEE 2 F0

EIE 1.16.11 UTA >& K% as 5 r & P.
0 & &

X, X, X, ==Y, MPX=Y)=1.
(2) & X, ix Y, ﬁY, il Xn+Yn£>X+Y.
(3) &4 >& #m D, M (1)(2) —# T &L

ERR (1) WU >&= r 17, th Minkowski &5,

IX =Y, <|[|X =Xl +|Y = Xpll = 0, n— 0.

EERPUEIX Y]] =0 AFHIUEHMTFHESL: 5 X >0 HE[X"] =0, Il P(X =

i Markov ANa§,

E[X"]

PX>e)=P(X">¢") <

PR AT R B A IR 2R, & e — 07 RUATIER] fn g sk

=0 = P(X<¢g)=1, Ve>D0.

44
K)=1.

0

0) = 1.
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(2) HOE >ke=P 15T, H =A%,

P((Xn+Yo) = (X +Y)[>e) SP{[Xn = X|+ [V = Y[ >e})

(ﬁxfam>g}uﬂﬁrdﬂ>gb
(x> £J) (71> 5)

—-0+0=0
(3) BHB(X =1)=B(X = 1) = .. 4 X, 5 X 5 0 x, % x.x, % X, @8
P(X = —X) =0, . X, + X, RESARETF X - X =0, -

¥ 1.16.12 FEREA Y >he=as WIEH, ETUAAFMEE S | WEGHREGHE
A 13 1.35), AREH LT (XM EEHMAABHKIE m RS E ).

O17 JLFEAAWES Borel-Cantelli 5|3

FERE N 1.16.1 7, FATZE USRS SR S BRI 17 RE S LF Ak Akl
S, BUAEBATI A B 7 3 E XL
H

Y n>m bt

1
X, —X| <=+
{\ | k}

{weQng&XMO—XWﬁ_'ﬁ

k=

W\J

MER keN

(G
1 )¢

—

m=1

1

HHEmEN

SRR E] X, = X S TR IR %

(ﬁ@ﬁ{lx ~x<g}) -1

k=1m=1n=m

P(LJF]LJ%X@—XW>%}>:O

k=1m=1n=m
EED| L EE R k8RR N TR IFE MDY 0, BRI RE—A> kXN A 0y
0. HIbA3 200 T 5] 2.
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ﬂﬁl&?lu)XnE%X<=>P<ﬂ[J{Mg—Xk>d>=QVs>0

m=1n=m

P By S lim P (U {1X, — X| >5}> =0, Ve > 0.

B|# 1.1.14 m—oo
n=m

(2) X, 25 X = X, > X.
(3) & Y P(X,— X|>¢) <400, Ve >0, I X, 2 X.

n=1

SHHER A (Q, F,P) BIEAS] {4}, | An #F An A, B 1 AR,

m=n

ﬂ Am i%ﬂ—‘—\‘ ATL;ATL+17 e Iﬁjﬁj‘ﬁﬁz

E X {A} B EAR IR A

limsup A,, = ﬂ U Ay = {wE Q:ALFEZN A, w EAn}7

n—00
n=1m=n

G N {A) PERSEMNRE, HLE (4, 1o}
FE S { A} BRI
hII_l)iIlfAn = G ﬁ A, = {w ceQ: HEAMRZN A, ff w ¢ An},

n=1m=n

HN A{A} TREARSIMILE.

EE 1.17.2

—~

Borel-Cantelli 7| #)

n=1
(2) & {A,} MEET, B Y P(A,) = +oo, M P(4, i0) = 1.
n=1
Emu)mm¢wzp<ﬁ[j&&gp(ib%)gfﬁ%%ﬂﬁﬁa
n=1m= m=n m=n

(2) NIE P(A, i0.) =1, RFiE

(1310, B infinitely often.
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BT A Fr’%lEIP(ﬂ AC> =0, Vn. (B {AS} FEMSL, FHAER 1 -t <e™ H

m=n

o0

(ﬂAfn)—ﬁ —P(An)] < [ e T —exp( ip )

m=n m=n =n

]

F 1173 #F {A} EESE, N P(A, i0) BAN 0 ELN 1, XE—H 0-1 # TEHSH
Borel-Cantelli 5|2 —AEWE T H—MBHTET LT LK, X A, ={F n REBH L},
WA} HERS, B ZP(An) = +oo, M HE Borel-Cantelli 5|2, P(A, i.0.) =1, T

SO U (50 KEGEHELY = () (A5 0k EH T T L)
n=1m=n n=1
_(HRFERETA L},
SR AT Sk EE R EABE R 1, R R AR S K EEH LT 0
51 1.17.4 RENE &7 {X,} B4H, B E[X|] < +oo, M

ZIP 1X1| > n) <E[X,]] ZIP 1X1| > n).

n=1

(2) B’ Y, = Xolgx,\<nps {an} BRHE| +oo BIIETE T, N

n

1

Qn

(X — Vi) =25 0.
k=1

MERR (1) |ATAE

i(m—l— DP(m < | Xy <m+1)

m=0

E[|Xy1[] =

Z | X1 T pmeixy|<ms1y | <
m=0

3

IP(m<]le<m+1):ZZP(m<\X1\<m—I—1)

0 n=0 m=n

I
Mg

3
g
i

[
[M]#

P(Xa1| = n),

3
I
o

LAK

|X1|f{m<x1<m+1}] > P (m < X0 < m £ 1)
m=0

(e o]

]E[\Xl\] =K

| o

m=
m—1 00 0o

Pm<|Xi|<m+1)=Y > Pm<|Xi|<m+1)

0 n=0 m=n+1

o0

0n

3
]

I
Wk

P(IXi|=n+1)=) P(Xi|>n).

3
Il
=)
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SR A V) = SUP(X 2 k) = SOP (X4 > k) < E[X]] < +o0,
= k=1 k=1

H Borel-Cantelli 51, P (X, #Yj i0.) = 0, Bl P({Xis # Vi) RRAEFRK) = 1. T
"1

(X, —Y) 25 0. O
1 n
¥ 1.17.5 mEE 1174 (1), FRHENELEE X WHEFE — ZIP ) < 400 =

ZIPX>n) <too. XEREFE X AFAEEENETE, E[X ZPX>n

018 K¥EHE

I 1.18.1 (ﬁﬁj@zﬁzﬁﬁ) %X, fraﬁéi:zﬁﬂ M, B u = E[X,]. £ Var(Xy) = 0% <

too WEE T 5, =3 X, |22, 850,

k=1

WERR AT

2

Sh 1 & o
Var (F) = ZVar(Xk) == 0,

k=1
H Chebyshev A%, I&FH

(59
n

Var (%)

g2

— 0, Ve>0.

[BIRE 7 EAFAER H ] ?

N Xn(w), [ Xu(w)] <n,
HEAR #® V()= %S, = Xk,T _Zyk, U . B

O, | X (w)| > n. k=
THHEA {a,}, 7@ In WSk T [F]— AN BRI R B3 oo (X251 1.17.4 (2)). A
S 5.6.4 ] LAE F), MILEE%EB’H B 5 HEHWSOE A Z VIR, X EENN 5 n
PEECECR “IBRIEFAL” 1. 358, 24 { X, } AHEBSIE {Y,} AR B ST

EIH 1.18.2 (Khmchme S9REHE) & {X,} MEMRLHE >4, B2 = E[X,] FE. 1T

S

k=1
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MERR ARAE AR AEER, RN {V,} EH.

T, E[T,] 1 1
P ( > g> < g Var(l) = 5 ;Var(Yk)
I 1<
= 2 B[] - BT < 55 2 B [Xilgxan]
k=1 k=1

B a, =n°, Hi 6 € (0,1), M

Qu= Y E[X{x ] + D E[Xx ] = QY +Q%.

k<an an<k<n

TATA an Akt

QY <an Y E[Xillyxi<ant] = an D E X0 ixi1<an]

k<an k<an

QY = Z E [ X7 (Ifixy1<an} T Tan<ixi<k}) ]

an<k<n

<an Y E[Xillxijcan] 7 D E[IXillx5a0] -

an<k<n an<k<n
TR
Qn < 1a,E [|X111{1x,1<a,}] +77E [|Xa]Tx150,] -
KA | X0 L xy sany < 1X0), E[XG] FRAE, IEHICS0E BN nh_g)loE [ X124 x1 500y = 0. AT
L-EL] e,
n

F—J7 T, R A AR SOE B
E[Yk] =E [Xll{\XlKk}] — W, M — Q.

F &1 Stolz EH,

o T, S,
HEMT = 5 B 22 5 0
n n

F 1183 BT —MEZ L MW R ML 2 89—, A8 Jh 50 7 54 77 PR oL.
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EIE 1. -18.4 % {Xk} A, 2 u=E[Xy] FE, #Z£—BHF: Var(Xy) < C, Vk. 10
S —ZXk7 DT n as

WEBR AWii% p = 0. i Chebyshev A&,

ZP(%»)gZW;M <5 s Q n—<+oo Ve.
nl

n=1 n=1 n=1

H Borel-Cantelli 5] 3, ?ﬂ n2 =25 0.8 M, max |Sy — S|, MMER k € (n®, (n+1)7],

n2<k<(n+1

E[|Sk — Sp2’] = E [|Xp2y1 + Xnzio + -+ + Xl
=E[XL,, ]| +E X%+ +E[X7] +2C7_ .

= Var (X,2,1) + Var (X,245) + - - - + Var (Xy)

Bk SR, R
(n+1)?

E[M]< > E[S—Sel’] <@n+1)E [|S(n+1)2 — Smﬂ < (2n+1)%C.

k=n2+1

i Markov A&,

ZIP’ (— > g> gp(Mg R

o0 o0

(2 1
\z @A D)C e, Ve,
£°n

n=1

i Borel-Cantelli 5|2, My as =25 0. BUWAER k€ (%, (n+1)?],

Sk

Mn |Sn2| a.s.
R <
k

— 0.
= op2 n?

Sy~ S | S
2 2

O

iR 1.18.5 KN ET & { X} Sk BRI Bernoulli H &4, N — ZXk — p=E[X;].

k 1

EIE 1.18.6 (Kolmogorov 5 KEf) 1% { Xy} M EM L B F 4,10 S, = ZXk il S—

n
k=1
peER < E[Xi]] < 400 B p=E[X]].
WERR < X X AR IR A X, = XF— X, Hb X = max{0, X}, X = max{0, — X, }.
W { XY ARESL BRI, { X} A ESL BRSrA, HIHE 508 1t = max{0, X} M
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p~ = max{0, —p}. B R FER AN A EIEY ‘<, BEmaiE 2 — Ex&?l‘ILE;@ ik
{ X} ARbn, AR A, R B e BENLAZ =S (Y} e 12 T, = ZYk

$fa>1, 4 B=[of], M o* — 1< B, <of, BAFERIKBT o E@%iﬁ C'a, s

n=1 n=1 n " k=1

01 SN ey R o= 1 1
QBQZE[Y/C] Z?E[Yk} Z 32

n=1 n k=1 k=1 n:Bn>k

Ch a1

= 5_2 Z sz [Ylﬂ
k=1
AT S B 5 MRAURSR. 18 By = {j — 1 < Xi < j}, W
SEDE =Y LS B <Y 5 Y R ()
k=1 k=1 j=1 1 j=1

= (f:(j — DP(By) + ZP(BU)) < 2(E[Xy]+1) < +oo.

NP —~J 1
AR M =1,y S =Y S = <2 M 22,
k=3 k=1

XELERH T WS . T2 Borel-Cantelli 5|, F%|

Tﬁn —E [Tﬁn] as,
B '

57T, GG, lim B [XiIxa] = E[X). i Stols A Tim D0

n—00 n

(X, # tim S0l i) s L, 2 E

n—oo 3,
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XULET%'?E%@ k, -& k S [ﬁnaﬁn+1)v HE[
T < Ts,.,

15,
Bn-i—l b k D /Bn

Bn—‘rl 571, = k = Bn—i-l 511

671 Tﬁn < Tk < Tﬁn-o-l BnJrl

B b R AR PR A5 3

Y I Ty
< — < — <K
\lllgglf ? \hgl—gip ? < ap.

o
o

. T
A o — 17 B8 lim =F =
k%oo/{;

Sn a.s. y

S]iie N
D P(IX.] = n) < +oo.
n=1

0, B Borel-Cantelli 5/, P(|X,| >nio.) =1, 5 % 200 FE. BEE 1175 RIA
EIIXa) < +oo B X, HIEFAE. AU <o B0 2 25 BIX) B p = B[] 0

7 1.18.7 LA E & Kolmogorov & A# 2 W — A8 41 % #, F| A Kolmogorov A~ % & 14 7] LA
% W7 — MR,

EIE 1.18.8 (Khinchine HEXTHE) % {X,} ME M BF 44, E[X,] = 0, Var(X}) = 1,

n

Vk. A8 Sp = Xi, M

k=1

—1.

S
lim sup - L 1, liminf 2 L

n—oo V2nlnlnn n—oo 4/2nlnlnn
7 1.18.9 (1) ## K 1FM L4 R 4 “a growing achievement in classical probability”. B & *f
B AT, HEE 6 >0, lim - =0,

n—oo n2 9

(2) # E[Xy] = p, Var(Xy) = o2, W ER = EL

Sn - a.s. . . Sn - a.s.
lim sup A =— 1, liminf OE o

n—soo oV2nlnlnn ’ n—o0o gv/2nlnlnn

—1.
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What we know is not much. What we do not know is immense.

Pierre-Simon Laplace

EX 1.19.1 % X,V ABEZE (O, F,P) LWHENETE, 2 =X+iY HEHENE &, i
FXEIB K EB[Z] =E[X] +iE[Y].

F 1.19.2 (1) REEHNE ER0 2 LR ==,
(2) Zi=X1+iV1 5 Z, = Xy +iYs BT R (X1,Y1) 5 (X2, Ys) 231, 4B

P(X: <2,Y1 <y, Xo <20, Yo <) =P(X) <2, Y1 <) P(Xo <, Yo <)

(3) % 2, 5 Z, Wb, B E[Z,2,) = B[ZE[Z,). LA A (2) #EXK# %40 H T4 X,
5Xo. Vi 5Ys. X1 5 Yo, Xo 5 Y, #lhor, BRIEEEIHRAE.]

EX 1.19.3 MK E X BRERHK ox(t) =E '], t € R.

¥ 1.19.4 (1) ¢x(t) = E[cos(tX)] +iE[sin(tX)].
2) BT || =1 RERE, ox(t) BHFE.
(@¢ﬂ0=/&%wx%%ma%X%ﬁﬁ@%ﬂ%%ﬁwﬂw:/QMﬂ@m.
R

R
N HEFEAGHERRIERIATIE TR ox (1) TIICH o(t).

TEE 1.19.5 (1) ¢(0) =1, ¢(t) = o(—1), [o(t)] < 1.
(2) o) £ R b —3k %,
(3) o(t) #1E %, BF

Z zjzed (tj —te) 20, Vz; €C(j=1,---,n).
jk=1

IERR (1) ¢(0) =E[l] =1, ¢(t) = E[e'*] = E [e” "] = ¢(—1), [¢(t)| < E[|e'|] =E[1] = 1.
(2) BT

|6(to + h) — d(to)| = |E [¢0X ("X —1)]| <E|

eitQX ‘ .

eihX _]_H - [

ol hX _1H’

10

eihX _1| <

e + 1 =2, iREAH FUSiuE H,
lim E [
h—0

X _1|] BA to, B o(t) £ R | —50ELE

" —1]] =E[0] =0.

HERE E |
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£ 1.19.6 MR4E Bochner ¥, L F 3 MERZEZE T 44L& ey i, BRI 3 i

JFRY B B0 Ty R AL AL B YR AE BB 2K

EFE 1.19.7 & E [|X|*] < +oo, MM ER j <k, H ¢9(0) = VE[X/]. #1f1H Taylor &I
i j

k
0= Ll e 0] +o().

7=0

ERR FH S 5.6.4 AT E [|X )] < 4oo, Vi < k. BRI

d7 .
eta:

de/
Pyl B, WO 53R GBIy, Bl 5 < kI,

PV (t) = & /eltx dF —/d—jeimj dF —/(ix)jeim dF
dti R AT . X

Bt ¢9)(0) = / (i2) dFy = ¥ E [X9]. #EFTAAE Taylor JEJF, =
R

= |(z) | =z, j<k

EIE 1.19.8 (1) duxis(t) = dx(at).
(2) 5 X 5Y I, ¢oxiv(t) = ox(t)oy(t).

EX 1.19.9 BALEE X = (X, -+, X,) BHAERH ox(t) = B[],

EH 1.19.10 X 5 Y T <= oxy(s,t) = ox(s)dy(1).
522 A e, iR, JbaU k2 G, 2016: 248-256.
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SERR =1 (s 1) = B [X 0] ZL2E) g risX] B (6] 6 (s)6y (1),

<: AR A, WE 1.20.4 . ]
f5 1.19.11 (Bernoulli P s54345) o(t) = g + pe'’.

] 1.19.12 (F8EHAR) & f(z) =Xe™™ >0 74

+oo ) +oo ) A
o(t) = / e Ne™ dr = )\/ e~ DT gy = —.
0 0 A—1it

N 1 1
il 1.19.13 (br#EIERSM ) & f(x) = N 2% W] 4
=i 1 1 2,12 2
t 1tx7—x s=it —5(z—8)°+35s dr = 5t
=7 [ 7 e =

I 1.19.14 (1) Bt E 7 — A

1 1 1 1
o(t) = E/Rcos(tx) e 2%’ dx+imésin(tx) e 2% dux,

KFF
1 1.2 oo
010 = <= [ sinta) dem ZEEL i)

#(t) + 19(t) =
9(0) =1

AT 18 ] R

B p(t) = e 20"
(2) X ~N(0,1),Y ~ N (p,0°), Wi Y = 0X +p BEE 1198 (1) T #F §(t) =

el pt—35 70'2t2

Bl 11005 (EREEH) % X ~ N (), 5% ox(t) = B[] 4 v = X7, s
OLIAT, Y 6 A0 R, B Y = XtT AR E SR Y ~ N (T, t5eT). i 8
1.19.14 (2) 7 4

oy(s)=E [eisy} — oisptT—5s7totT
A s=1FR1%

¢X(t) _ eiutT—%tEtT.

F 1.19.16 ERE WA AHI S HIF A S EEREX, B X TR “Bue” £
TCIEAA, W TE KRB RIBEKXWH AR T — &
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EI 1.20.1 (RFEAN) B %E —c0 <a < b< +oo, N

1 3 1 B ‘ 1 [T e—iat _ o—ibt
X X 1 T —iat __ ,—ibt +o0 .
ﬁ%ﬂh:§%;eif ¢®&%m¢®=[médFﬂ

1 T +oo Lit(z—a) __ ,it(z—b)
b__//’e ¢ Rt
2 J_r ) it

it(xz—b)

5]

eit(xfa) —e |eit(x—a) _1} 4 ‘eit(:c—b) _1‘

<z —al+ |z —b

it h It
A5, B Fubini & #,
“+o00
IT :/ gT(l’) dF,
s T git(o—a) _ git(e—b)
1 eit T—a _eit r—
gr(r) = Gy /_T 7 dt.
N
1 T Teos(x — a)t — cos(x — b)t] +i[sin(z — a)t — sin(X — bt
o) = oo [ el el oo = it ot - X
T J_p 1t
1 T . o - . o
_ _/ sin(x — a)t — sin(x — b)t it
T Jo t
A (
1
5, xr > 0,
1 [T sin(xt
—/ ) g1 - 0, =0,
T Jo t
L <0
(" °
AL |gr(x)| A, H
.
1, =z € (a,b),
. )1 .
Tgr—Or—loogT(x) )2 T b,
0, FHAh.

\

1
WSk BRI T [o! —1] < o], Vo € R, AT H1JLTR U3, il ‘/ ettt
0

1
g/’wwhuzlﬁi
0

26
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PR S SOE B, R AR 5 IR R e A5

lim Iy = Spp({a,b}) + pre((a, b))

T—+o00

—

F(b) = F(b7) + F(a) = F(a™)] + [F(b) = F(a)] = [F(b) = F(b7)]

MFFE R E E AT, X 5 Y [Ffi = ox(t) = oy (t). Rk, IATH
HEiL 1.20.2 (fE—HEEH) ox(t) =oy(t) = X 5 Y EoH.

MERR EULRH F O o(t) ME—fE. X a,b € Cp, F(b)—F(a) B ¢ #i%E, 54 Cr > a — —oo(H
I3AT BRI E S S B 2 ] HURIX T DALSEIL), T2 F(b) B ¢ BiE. X b € R\ Cp, HX
Cr2b, b I F NAESN, F(b) = Tim F(b,) i ¢ i€ . O

EH 1.20.3 (ZIoEAN) 1T ¢(t) :/ eltimrt=ttnzn) AP R = (a1, by] X - - - X (an, by]. &

T —1tkak _ ltkbk

pr(R) = lim

Tn~>+oo

d(t) dty -+ dtn.

T"kl

7 1.204 BRI, S n=28, F o(tr,t2) = dx, () dx, (t2), M X1 5 X, Far.

51 1.20.5 K cost XT oz B A7 B 4%
ot 4 ot

= cost. []
5 cos

SERR ELEEMIE P(X = 1) = P(X = —1) = % AT o (1) =

B { X}, {Fu}, {on} =B WIRZIAAT TR ?

EIE 1.20.6 (Lévy—Cramér HEMEEH) 1€ F,(z) = P(X, < 1), ¢u(t) = / e dF,.
R

(1) # F, 5 F, F A48, U ¢,(t) = o(t) = /Re”x dF, Bkl A R L9 A H
— Bt

(2) & (t) = lim ¢,(t), B ¢(t) 7 t =0 RELE, N ¢ AR A EH F HRAERL,
HFSF

SEHE 1.20.6 BIUERH LA RS ASist FATTR] DLk i i) e ik 2 (2) 1 o(t) £t =0 4k
IR —FR A I
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n—oo

1 1.20.7 & X ~ Ul—n,n], N é,(t) = %/ ¢ dr =S g i g, (1) =

sin nt 0, t?’é(l
1, t=0

FEt=0ATHESE dEE 1.19.5 (2) FUH IR BE T2 RAE R H

7 IR S JLF AL ALY A B Z
EIE 1.20.8 (Skorokhod F/nEH) % X, Do X, M EEE (Q, F,P) B A ERBEAE
E{Y.}Y, R
1) Y, 5 X, A4, Y 5 X BAaf.
(2) Y, 2 Y
AT EAMBL R g B iR 2 550t “557 BRIk,
FHE 1.20.9 X, > X < Vge(R), E[g(X,)] — Elg(X))].
Y, =5 Y. 4G g MIESVERIA g(Y,) == g(Y). XN g G5, ishiSiue #, Elg(Y,)] —

E[g(Y)], Bl E[g(Xn)] — E[g(X)].
= N TGS R AL g, REaVEBREL T oo ) 209 BEYENN B PN E T R KL

1 9z.e(Y) 1| Goee(y)

xr x+¢ rT—€ X

Fn($) =E [[(foo,m] o Xn] g E [gx,e o Xn] 5

Fn(m) =E [](foo,x] o Xn] > E [gx—a,a © Xn] .
o3 BB AR R A 45 2

limsup F,(z) < lim Efg,. 0 X, =E[ge- 0 X] < F(z +¢),

n—o00 n—0o0

liminf £, (z) > lim E[g,—cc 0 X, =E[gpc-0 X]| = F(x —¢).

n—o0 n—oo
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F(z —¢) <liminf F,,(z) < limsup F,(z) < F(z + ¢).
n—r00 n—00

ﬁﬁ%xé@y@aﬁ&@ﬁIMFM@:F@)ﬁXM%X, 0

7 1.20.10 AIFE# 1.20.9 B “=7, BATH DUE#H Lévy-Cramér &4  F E B (1):
B X, D X HEELteR, 4 f(z) = cos(tz), g(z) = sin(tz) € Co(R). B EE 1.20.9 ,

E[f(Xo)] = E[f(X)],  Elg(Xn)] = E[g(X)],
i

on(t) =E [eitXn:| =E[f(X,)] +iE[g(X,)] = E[f(X)] +iE[g(X)] = E [eitX} .

021 HREE

Nature is a mutable cloud, which is always and never the same.

—Ralph Waldo Emerson

—. (G .
WML { X} MBS HIF A, S, = ZXk, p = E[X}]. B Kolmogorov 5& K

k=1

Kok, n”“ 2500, BR T Var(Xy) < oo, ToAT22 5T R 4 1 B AL AS Bl Sk fr ke
R Var (%) - S Var(x) = YN g Khinchine TXHER (R 1188 59

n
k=1
1.18.9), FATAT L2 Fe B b1 A i S"\/‘ﬁ:“ KBl it 10

Z RBEERSHUIRRER
FIFFHERBIERASI A M2 (I 1.18.1)

o) =2[¢1%] = (o5.0)" = (o (1))

5 t t " -
EH 1.19.7 (1 +i—/L +o (_)) N elut’ n — 00.
Taylor & n
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#FERE 2 W XY REAEE. IEH: min{X,Y} A max{X, Y} W EHENT &.

X+Y [X-Y| X+Y XY

MERR 1 ¥ EEE] min{X,Y} = ; , max{X,Y} = ; S M XY
RS X +y s, mm {0 <ob S (XY <) v e R M

X+Y
2

AR, B R FE | X — Y| Z2HHEE. XA H

{{X-Y|[<a}={-2<X-Y<ae}={X-Y<ae}n{Y —X <z}, VzeR
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Koo WA EEIEEE A (S 1.2.2) 153 O
WERR 2 HFEE=E)

{min{X, Y} <z} ={X <z} n{V <z}, {max{X, YV} <z} ={X <z}U{Y <z}

SRR 3.1.5 (a) EHH: HHMNEE X R =4 A = Poisson 447, W a5 f(k) =P(X =
k) #wae f(k—1)f(k+1) < f(k:)z.
(b) iEH: 2 (k) = % B> 10 fk— 1) f(k+1) > f()2.

(c) 26: 2% fiHER f(k)?=fk—1)f(k+1),k>1.

i (a) @ & X ~ B(n,p), W f(k)=Ckp*(1 — p)"F BKIE f(k — 1) f(k+1) < f(k)? BIHE

Cl;rb—lcicl—&-l < Ck Ck

n-=-n’

J& T #E B RIIE
kn—k)<(n—k+1)(k+1),

RKAE n > k+1 2 RIRR.
k

® #5 X ~ POV, M f(k) = % e BKIE F(k — D f(k+1) < F(k)2, BHE

(B < (k—D!(k+ 1),

XEMT kE<k+ 1
(b) BIE &* > (K — DYk + D), XH k2 > k* — 1 3215,
(c) ¥ X BRMJUAT A, f(k) =p(1 —p)* ' W f(k)> = f(k—1)f(k+1), k> 1. u

SRR 3.2.3 WHANEE X\, Xo, Xz HEMIT EEEH N EEE, M2 H7H P(X; =
r)=1—-p)prto=12---,i=123.
(a) EEA:

(1 _Pl)(l - p2)p2P§
(1 - p2p3)(1 - p1p2p3)'

]P(Xl <Xy < Xg) =

(b) k P(X; < X5 < X3).
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MERR (a) BELFEHHEA

PG <Xp<Xa) =D >0 D> (L=p)(L—p2) (L= palpi '3 95

i=1 j=i+1 k=j+1
=2 > (l=p)(1=p)pi'p 7}
i=1 j=i+1

Pk

_ZP3 (1 —=p1)(1 —pa)
1 — paps3

_ (1 - pl)(l —Pz)p2p§

(1 — pap3)(1 — p1paps)

(b) HIEIHES

P(X; < Xo <X

0
NE
K

> (1= p)(1 = p2) (L —ps)pi Py ph
i k=j

=1 J

(1—p) (1 —p)p ') P

I
NE
gk

=1

Il

)

1—pi1)(1—p)

1 1 — paps

_ (-p)(l-p)
(1 —p2P3)(1 —p1p2p3)'

(p1p2p3)i_1

]

SIfE 3.2.5 RHMALKE X, (L<r<n) IR EET 0 3H, B X, 5 —X, HAA8S
7 R AER 7, B(S, > 7) = B(S, < ), £ S, = 3 X, BE#HERTE—F
() BT — % R L2 "~

SERR SEIE n = 2 W%, BBENLAE X, MBI, I

P(X+Y > ZIP’ > k) ZEE STP(X = KP(Y > 2 — k)
k

=Y P(-X=kP(-Y 22—k =) PX=-kPY <k-z)
k k

EE N P(X = kY <k-2) =P(X +Y < —a).

MG RRS n — 1 ARG, WX n MBI TR E X, (1<r<n), A

P(S, > 2) =P(Xp+ Sp1 2 2) = > P(Xy =k, Sy 22— k)
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B N P(X, = B)P(Sur > 0 — B) = Y P(=X, = B)P(S,m < k- 7)
&k k

= P(X, = —k)P(Sp_1 <k —2) =P(S, < —x).

HIH0 7 GRS 1R RO
A B AAH OLE — 2 fF, G A —e oL, B A {1,2,3} FREHLIH B — 2

(S5nThE), & XPEPLA R X, Y QnF:

Mty XY
1 1 -1
2 0 1
3 1 0

W X,y KT 0 XK, H
PX+Y>21)=P(X=1,Y =0)+P(X=0,Y =1)+P(X =1,V =1) =0,
MX+Y<—D:MX:—LY:m+MX:QY:—D+MX:_LY:_D:é

]

T 3 LW —AHGHET, BE D EK Lk B K ANBEIET, RELFIHETA
B nA5.
R M X RRmAE2IMIET AN, X n € {0,1,2,3,4,5,6}, A

Pc-m- Y o SI6e

i=max{1l,n}

THERIR 0T 7 A 4
n 0 1 2 3 4 5 6
21 5 33 1 29 1 1
P(X=n) — — — - = -
128 16 128 6 384 48 334
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SIEH 3.3.3 (a) —MNAF 0 RTEK, BAN—ART. SERLTEEBE— &%, MR
1 4. F/NLEARBE R £
AR AT PIRLBE R R — BB

PRIt /N S o ) ST

n(n —1)
=C%.1.p= .
n'tP 12

BEHE Ay = {88 i e R 55 j ABnZ 0 oM A ) 0 e >3 1.5.2 R { A
1 <i<j<n} PIRIOL. K

Var <Z [A¢j> = ZVar (I4,) = CIE [([Aij _p)ﬂ = C2[(1—p)*p+p*(1 )]

1<j 1<j

_ bn(n—1)
2
L]
)@ 3.3.5 XHENETE X H o7
1
T a0 = 1727 )
flz) = z(z+1) v
0, H A,
HR aeR [ a RAENRFA E[X] < +00?
® R )
kz:; k( k + 1
LA o E TR B
T REY k% (k — o00), MIEBRBHN — a< 1. O

#hFER 4 % X ~ B(n,p), X E[X?].

fE A
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=n(n—1)(n - 2) k_3>!<n_k),pk(1 p)"*
== 1) = 2 Y g T ()

E[X°] =E[X(X —1)(X —2)] + 3E [X?] — 2E[X]
=n(n—1)(n—2)p* + 3np[l + (n — 1)p] — 2np

=np[(n—1)(n—2)p*+3(n—1)p+1].

]

I 3.4.2 —MILFHEFFTA 1,2,--- ,n B n AKAF (FREHR) BALBRE £ AL
TR T A, REAN B EE g7 =,

BB OWE O DB SN X, MIFTRAEL S = ZX“ NI}

k k
ZXi] _ S X KB — - Lt-tn_knt1)

@Xfﬂ

E[X7]+2 ) E[XX]]

1<i<j<k

kE [Xﬂ + k(k — 1)E[X; X4]

n(n+1)(2n + 1) +k(k—1)-i Z ij
Ca

6n
1<i<j<k

E[5?] =E

||M»

:k'

-1

B k(n—l—l)(2n—|—1) =
B 6 n—l Z Z+

=1

1)(2n + 1 —
:k(n—l— )6(n+ ) ; iln+i+1)(n—1)
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k(n+1)(2n +1) 1, 5 1
Y
k(n+1)(n—k)'

Var(S) =E [52} - (E[SD2 - 12

O

SE 3.4.4 R LA n N3k, BHA n MNEXK. BRANFEFE L —ANIKFLHE. IR #*
n [1 + (1 — %)k}

> . Daniel Bernoulli £ 1769 %t

{7 k KB R+ 0K A2 8
TEA P HRD
TR MR b UHRIER IV R SRR p, 1)

1 1
Pk (1——) Pr—1+ — (1—pk—1)7

1 2\ "
XTI ER &, i R LCBREUR M 05040, IWIMZLERE AN npy,, HERIAKIIE. O

SIER 3.4.7 % G = (V,E) RARE. HAERTNEE W fli—ifl ec B, X URMEH

1, e#HEW 5 W,

Iy (e) =
0, HAt
N N A= E
® Ny = le(e). W FEW CV 45 Ny > %

eck

WERA 1 @A BRSRAT S B IRy A5

Z ZIW Z Z Iy (e 22 olVI=2 — |g| . 2lVI-1,

we{0,1}V eeE e€E we{0,1}V ecF

. E
ﬁwﬁava%ﬁNW<%Lw

}: Zﬁ' <ﬂ”|m |E|-2VI-t,

We{0,1}V e€E
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E

T MG W C VR Ny > % g

R 2 WL W C Vi3 Plo € W) = % AR FITR U A AR W R R T, T

1\* 1
]W(6)22X 5 25, Ve € F.

i
FE
_E ZIW@] =Y Ellw(e)] = '—2'
eckE eckE
RS P (NW > @) -0, N P <NW - @) T TR AR R BN <
VL . sdemeete w e v AER N > L m

SRR 3.5.2 WHKFHE N ANET, LFHEINETE N~ PO). AEEKRETHT—K, k&
WIEEE EMEESN K p. iEH: I IE®E LSRN A\p K528 Poisson 27

WERR WA IETH S HO X, X r e N,

- )\’“ 2 k!
— A (1 — k—r
2k k-t (1-)
e ()" o A —p)*
N ! k!
k=0
e (p)” A1)
d
o ()\p)r —Ap
o
X ~ P(\p). O
MIE S & ovi, - va R, A |lvilla <L Vi A w=) pv;, £F p; €[0,1], Vi. iEH:
/T?E €1," " ,En € {07 1}7 {i//f%:
- Z&Vz‘ < @
, 2
=1 2




R

WG A

83

WERR & P(e; = 1) = pi, P(e; = 0) = 1 — p;, AR e; ZE B ST, LA &

X =

n

W= E €iV;

=1

,

2

- Z (vi, vi) E[(pi — &) (pj — &)1 + Z Vil 5E [(pi — :)?]
i#]
= ; <Vi7vj>£E[prO/—’ . + Z ||V1||2 — 2p;E[e;] +pﬂ

n
= ZHVZHQ p;)

n

1
<7 Il
=1

<2

4
ﬁM%§P<X<%>>Q§WP<X>%)—1ﬁﬁmﬁém#ﬁr% BLY) > O, R
LR {X < %} Az, BIMPAE €1, - - yen € {0, 1}, B <V -

SR 3.6.4 UHMBAMALE XY 8MAH N 0, FERH 1, WH£H p. iLH:

W—E Eivill <
i=1 9

E [max {X? Y?}] <1++/1—p2

UERR H O, JATTH

p = Cov(X,Y) = E[XY] — E[X]|E[Y] = E[XY],
E [X?] = Var(X) + (E[X])* =1, E[Y? =Var(Y)+ (E[Y])*=1.

i Cauchy-Schwarz A %534,

E [max {X? Y?}] =

E[(X*+Y?) + |X2 = al

wlr—*wh—x

E[X*+Y?] + ]E[|(X +Y)(X —Y)]
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<%@pﬂ+ﬁwm+%wmw+ymmu>ym
1 1+\/(1+1+2p)(1—|—1—2p)

SIE 3.6.5 KA EHAMNTE XY FBRALHT f.
(a) IE: E[ln fx(X)] > E[ln fy(X)].

(b) iEH: BB
f(X,Y) ﬂ
I=E]|l —< X 77
[“ <fX(X>fy<Y>
HRI>0, SR T YERY X 5Y AHESET.
AR (a) HIIEEAESE R4 G R AR,

0] <=7 !

X
friw) = x) — fx(z)] =
=X (F5 ) 5 = Zlhe) - i@l =0

xT

RHS —LHS =E {1

(b) FATH

=5 (1= P2ED) o) = S U5t~ fe(o) (o)

S5 AL HAX Y

WEN X 5 Y ML O

SIER 3.7.1 (a)(b)(c)(d)(e) %= & LTIl

(a) E[aY +bZ | X] =aRE[Y | X] 4+ 0E[Z | X], Va,b € R.
(b) Y >0, M E[Y|X]>0.
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(c) E[1 | X]=1.
(d) # X 5Y A, U E)Y | X] =E[Y].
(e) EYg(X) | X]=g(X)E[Y | X], AFRHK g TRFARUHRLEALHEX.

MWEER (a) MMfEE 2 € R, A
ElaY +bZ | X =a]=) (ay+b2)P(Y =y, Z=2| X =)
=a) YPY =y Z=z2|X=2)+b) PY=yZ=z2|X=ux
v
=aY PPV =y|X=2)+bY P(Z==z|X=n2).
v 2
(b) MEZ 2R, A
EY | X =2] = }:w =y | X =x)>0.
() iILY =1, NxXHMEE xR,

El| X =a]= E:thyl PY =1|X=2)=1

(d) I r R, A

S
R e e M
~ E[Y].

(¢) WHERE T € R, 2 Bl A 2R AR, H

EYg(X)| X =1]=) yy@)P(X =2,Y =y | X =7)
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SIEE 3.7.4 WAL Y #F X WAGF£ Var(Y | X)? 38
Var(Y) = E[Var(Y | X)] + Var(E[Y | X]).
B Y TF X MR U

Var(Y | X)=E[(Y -E[Y | X =2])* | X = 1]

H
EVar(Y | X)|=E[E[Y?| X] - (E[Y | X)))] =E[Y?}] -E[(E[Y | X])?]
LA K
Var(ElY | X]) =E[E[Y | X])’] - E[E[Y | X])* =E[E[Y | X])"] - (E[Y])*
w15

E[Var(Y | X)] + Var(E[Y | X]) = E [Y?] — (E[Y])* = Var(Y).

]

S 3.7.10 —HETETRALMIEEN p % X, HABEL 0 AEEHLERFE M
Big. AE9: E[X Zp_k

WERR A E[X,] = E[E [X, | Xpa]] APRFRGEFACASKR AR E[X, | X,_4]. H

E[X, | X,_1=10]

P (3 b4 L IERALE) (b + 1)+ B (35 b 1 JORTTHE) S b+ 1+ BB, = k)
&
—p(b+1)+ ib+1+k X, = k)
&
e
EX,| Xoa]=pXoaa+1)+(1 —p)i(Xn_l +1+k)P(X, =k)

i

n

= (X1 + 1)+ (1—p) nwli — k) + ik[@(xn:k)




%3 BB IR 87

=p(Xp1+ 1)+ (1 —p) [ X +1+E[X,]].

T2
EXo] =EE[X, | Xou]] = p [E[Xna] + 1]+ (1 = p) [E[Xn1] + 1 + E[X,]]
Hl
E[X,] = E[Xp ] +1
" p
X
EX)) =) k(l—p)*'p==p) Pty )"

= —pdi Y (1—p)fF= —pdip (% - 1)

) 1 k=1

=
HORT il

]

SIS 3.8.6 ¥ N ~ P(\). iE#: E[Ng(N)] = AE[g(N +1)], £ 5 ¢ ##RL S HHMEHE
BB, E— i, £ S =3 X, B (X, i1 > 0) BALFAHE AL
£, H5 N, R -

E[Sg(S)] = AE[g(S + Xo)Xo].

WERR © Ak Guit 2R A OHEAS

E[Ng(N)] = k’g(k)% e =Y g(k) (ki D e =2\ g(k) (,j_l)! e

ZE Y gk + 1) e = AE[g(N + 1)),
k=0

k!
@ HEME AN,
E[Sg(S)] = E[E[Sg(S) | N]]

= M ELSy(S) | N =
n=0 ’
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zzme_’\nE Xlg< Xr>]
n=0 r=1
00 )\n—l \ n
_/\Z(n_l)le E| X9 ZXT
n=1 r=1
n—n+1 = )\n —\ =
A Z _| e "E Xlg Xr
n=0 s r=1
00 A"

= ME[E [¢(S + X)X, | N]]
= AE [g(S + 20)Xo) -

]

SR 3.9.4 EAW—MET, BREBHALWEEN p. Fm REAERK n KREER %
HE| IR A KM, RZIMK B R RILK A RENBEN pn. X Doy BALER F .
AR A R AT A2
fR WL TR
Prmn = PPm—1,n + (1 = D)Pmn—1,
DR FAE R
Pmo =0,  pon = 1.

]

@ 3.10.1 F R EERENIEE S, So=0. % T =min{n >1:5, =0} A% —KEZ|

H & S Et %], B
P(T = 2n) ! (2")2—%k

:2n—1 n

oA S 1
FIEH E[T?) < +o0 <= a< 5

IERR % 2n — 1 WZI G TE, F

P(T = 2n)
:%1@ ((0,0) = (2n— 1, 1) LR o« ) + %1@ ((0,0) = (2n — 1, ~ 1) AAFEE o )
:2 1 1 Ngn_l(o, 1)

2 m—1
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an—l 1
on—1 221
B 1 2n o—2n
2n—1\n '
ESb]
= L (20)Y 20\ o, = (20)%(2n —1)!
E[T% = 2N P(T = 2n) = 272 —

B Stirling A3, 2 n — oo i,
(2n)*(2n — 1)  (2n)*y/(4n — 2)7 . (1 B i)zn N (2n)*\/(4n — 2)7 _0 (no‘_%) ’

(nh)2220 2n(2n— )7 2n 2n(2n — 1)w
H%Eﬁﬂ<ﬂm¢:a<%. O
MIEB e X RAELEHMEMABEAE S, S = 0 PX; = 1) = p X

E[S,], Var(S,,), Cov(S,, Sm)-
g FI RS 2ttt

E[S,]=E

in] — S E[X] =nlp— (1—p)] = n(2p— 1.

i=1

X
E [Sﬂ =nk [Xﬂ + (n2 _n)E[XlXQ] =n-1+ (n2 —n) [(2})2 —2p+ 1) — (2p— 2p2)}
=n+ (nZ—n) (4p2—4p—|—1),

FIrA
Var(S,) =E [SZ] — (E [S,])? = 4np(1 — p).

AWBE 0 = m,

E[S,S,] = E

(iX> (iXJ” =mE [X7] + (nm — m) E[X, X,

PR P 5 22

Cov (Sp, Sm) = E[S,Sm] — E[S,]E[S,] = 4mp(1 — p) = 4min{m,n}p(1l — p).
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S 5.1.2 REALEE X (> 0) FRERER G, HIE (n) = P(X > n) # X # 27 #
. JEH:

(1) #51 {t(n) 0 > 0) BEEHE T(s) = 17O,

(2) E[X] = T(1), Var(X) = 2T°(1) + T(1) = T(1)2

HEBR (1) #4081 {t(n) : n > 0} WIBFRREL

s puly 1—s%
}:Px>n szygmp = mf :E[l_s]
_1—Eﬁﬂ_1—G@
o 1l—-s  1-=s5
(2) 1 L’Hospital y£N,
1=G(s) . G(s) oy
) £—>1 1—s —ll_rg 1 ¢ 1) = ElX];
T'(1) = lim G'(s)(s—1)—G(s)+1 — lim G"(s)(s—1) _ G (1)7
s—1 (s —1)2 s=1 0 2(s—1) 2
Sl
27'(1) + T(1) — T(1)* = G"(1) + E[X] — (E[X])* = Var(X).
O
SRR 5.1.7 iE¥A
G(z,y,z,w) = %(xyzw+xy+yz~|—zw~l—w$~l—yw~l—xz+1)
A ANHFML., = =B BT EALE R ER A B R 3K
WERR A BERREAT SRS 4 M RERREL
+1 +1
Gx() = Gla,1,1,1) = o=, Gy(y) = G(Ly,1,1) = T—,
(&@):GQJ&J%:X;{ waﬁzGﬂJJﬂﬁzggi.
AR — R,
1
Gxy(w.y) = G,y 1,1) = LI G(a)Gy ()
Gyr(w,9,2) = Glayy, 2,1) = DETWEVEREVXTIVEEH L G (0)Gy (4)Gn(2)

8
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AR R X, Y, Z,W WAL, == phar. H

Gx(z)Gy (y)Gz(2)Gw(w) # G(z,y, 2, w),
WX, Y, Z,W A ERRAL 0

SIER 5.1.9 % Gy, Gy RMEFEH, 0< a < 1. EH G1G2 7 oGy + (1 — )Gy R £

@ﬁ.mfﬁw)/imwﬁﬁ@ﬁ@?
(@)

MERR = B MR BERR L, RN EATERE R s BITA R AT R 82 N HE 4 SR
LEAEFPE RS, MRAY 1 ATRLETE s = 1 15 H). O

SRR 4.1.1 Y5 C BAEN T BAHEMESTE HEK?
C

(b) (BELHHEEELK)f(z) =Cexp(—z—e "),z €R.
(©) @) = s € R

jus

/ r=sin? 6 2/ d@ZTF,
A/ T 1—37 0
1
(b) BN
+oo . L |+
/ e " T dx=e° =1,
bl C =1.
(c) BN
e - 3 I
/ ! > d r=tan? / cos®™™ 29d9—2/ cos®™ 20 df = (2m — 3) T,
o (T427) oe(-3.3) J-z 0 (2m — 2)!!
. (2m —2)!
UhC= 0
b € = o

I 412 RENEEY =aX, HEF a>0. A X WEERHET Y WEE B IER: &
SHENEE X § - X AHEANSATEHE BERY fx(r) = fx(—z), Vz € R
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WERR H

3y KRG fr() = fx (L),
f

F x(z)=P(-X<2)=P(X>—-2)=1-PX < —2)=1- Fx(—x2)

KRS [ x(2) = fx(—a). HEE X 5 X AHERSGRE, U fx(z) = fx(—a). Rit
*K, # Ix(r) = fx(—z), 2l

Fox(z)=1-Fy(— _1—/ Fx(t &_1—/‘fx
ﬁﬂﬂ—éﬁwdwjghuwzﬂﬂ.

S 422 ZHEANEE XY BT EAMEEN SRS F 5FXEREK fIEH: V =
max{X,Y} AoaHEHE PV < 2) = F(2)?! 5XEBH fi(r) = 2f(x)F(z),z € R. K
U=min{X,Y} & EF.

e W]
X x RFRIE

FAlh,
PU<2)=1-P(U>2)=1-P(X >2,Y >2) =1-P(X >2)P(Y >2) =1-[1 — F(2)]>.
PO = SIS
fo(z) =21 = F(2)] F'(x) = 2[1 — F(2)] f(x).
O

SRR 4.2.4 KHNTE (X, |r> 1} HERIT RS F, ZoMEHK F #HE F(y) <1, Vy.
% Y(y) = min {k | X3, > y}. IE9A:
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IERR BN
P(Y(y) > k) = P(XZ < y>i = 1?"' >k) = HP(Xz < y) = F(y)ka
i .
B (W) = Yk [FO - Fw)) =
FR

PY(y) <EYW)])=1-P(Y(y) >E[Y(y)]) =1— (F(y))EF®l
=1- F(y)l=wl,

My — 400 W, F(y) — 17, i

t=1l 1\ 1
lim P(Y(y) <E[Y(y)]) = lim 1 — 2T = lim 1-— (1—2) =1--.

y—+oo a1 t—-o0 e
H
S 4.4.6 % X ~ N (p,0). IEHA: E[(X — p)g(X)] = ’E[¢'(X)]|(RFFTHUHFEX).
WERR FRATA
LHS = /(a:— )g(z) ! e 2@ g
R 19 V2mwo?
“+oo
B 9 / 1 — L (z—p)? o? — L (z—p)?
=0 x e 2 dx — ) e 22
/Rg( )\/27702 \/271'(729( ) -
= 0’E[¢'(X)] — 0 = RHS.
H

J 454 FHENEEX SY MEMIL ERNA0,1] EMHTLAH. 1L U =min{X,Y},V =
max{X,Y}. Kk E[U] § Cov(U,V).

Bl Fpw =1-PX>uY>u =1—-1-u){l—-u) =2u—u? (ue01]) A&

fu(u) = {22% e [071]7, MM E[U] = /ufU(u)du = /1u(2—2u)du = % [l it
0, u ¢ [0,1]. ® 0

2
5

N | =
W

E[V] =E[X +Y — U] = 2E[X] - E[U] = 2-
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_X+4Y |[X-Y| _X+4Y  [X-Y] (X +Y)? (X-Y)2
U= SR KV = s+ 21EI%HUV_ VI ——
XY. H# X,Y M348 E[UV] = E[XY] = E[X|E[Y] = T TR

Cov(U,V) = E[UV] ~ E[UIE[V] = | - % (1 _ %) _ %

SR 45.7 REAKES (X, |1<r<n} BIAAHEFEHE XX =Y X, i
BH: Cov (Y,XT —Y) = 0.

WERA Cov (X, X, —X) =E[X|E[X, - X]| —E[X (X, — X)], i th {X,} B[R 545 0] A0
E[X,—X] =0, X

e (-] - 2e 3w (x5 x|
— % > E[XX,] - % i E [XZXJ]]
= % [(n - DE[X 1 X5] + E [X7] — % [nE [21] + (n® — n) E[X; X)]]
= % [(n— 1) (E[X1)* + E [X7] - E[X7] — (n — DE[X1]E[X,]]
n—1

_ [(E[X1]))* - E[X]E[X]]

S

=0,
Fit Cov (X, X, — X) = 0. O
SIRE 4.6.6 B {X, |r>1} BT BN [0,1] L#HA8H. & 0<z <1 HEX
N=min{n>21|X1+Xo+---+ X, >z}.
iEBH: P(N >n) = “Z—T 3k E[N] § Var(N).
& N B, Xz e (0,1), B

P(N>n)=P(X)+ -+ X, <2x)



%3 BB IR 95

= / 1dxq--- dxy,

z1+-+xn<e,
(z1,+,2n)€[0,1]"

=" - n 4EFIEINEE

o xXr
Tl
ik . )
E[N] =S "P(N > n) :Z% e
n=0 n=0

N BIRERBE R 2

Var(N) = G%(1) + Gy(1) [1 — Gy (1)] = 2ze” +e” (1 — &) = 2ze” +e* —e**.

SRt 4.8.6 ML E oA ALK E X f Y, IEEA:

) U=X+Y 5EV=X-Y THxEkx5MT.

(2) # X,Y ~N(0,1), WU 5§ V $r.
IERR (1) H E[U] =E[X +Y] =2E[X,E[V] =E[X - Y] =0,E[UV]=E[X*-Y?] =0 &
5 Cov(U,V) =E[UV] - E[UJE[V] =0, U 5 V A%,

USVABSIHEF: #PX =-1)=PX=1)=PY =-1)=PY =1) = % i
]P’(U:Q):]P’(V:Q):%1,@P(U:2,V:2):OyéIP’(U:Q)]P’(V:Z).

(2) & X,Y ~ N(0,1),

folw) =P(X +Y =u) = / Fx(t) fy(u— 1) dt

1 24 (u—t)?

= — — 2 dt
2T Re
w2
- 2
_ e 4 /e(t;) d (t o E)
2t Jr 2
1 u?
= e_T7
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fr(v) =B(X Y =) = / Fxlt+0) (1) dt

1 (t+v)2+12
e 2

dt

:ﬁR

[¥]

v

) =P(X +Y —u X —Y =) =P (x24T0 y_2Y

f,(’) ( Y ) bl

_p X:u+v ]P)Y:u—v
2 2
2 2

= fu(u)fv(v).

H fuy(u,v) = fu(u)fv(v), U5V AL O

it 494 XX 5§Y RAZTIEASA, EENIWHENA 0. 7EHH 1. HRAEA
p. RKX+Y 5EX-Y WHReEERRAUEZEERK.

BB U—X4YV_X_Y (FAmsh (“) _ (l 1) (x),mu
v 1 -1 Y

_ (—p)u?+(1+p)0?
1 e 4(1-p2) 1

UV) = ———
fU,V( ) 271_\/@ 2

= ; e 4(+p) 41-p) |
A/ 1 — p?
NI AT SR 32 25 5% B BRI 2R
1 u? v2
W= — =i [ T do
fo(u) Py /R
2
_ V) / ) g
dry/1 — p? R 2(1—p)

_ 1 o (V)

V2m - 2(1+ p) ’

1 ’1)2 u2
fv(v) —e_m—m/e_mw) du
R

- A /1 — p?



FoAp RETA 97

/1 — p? 2(1+p)
_ 1 “a(vaarn)
21 - 2(1 —p)

SIEE 4.14.37 % 6 £ N(0,1) HFE BH, KX BT {Hohso, Ho = L, (—1)" Hy = o
1L BH ;

(a) Ho(z) 2 n RE— 3K, A

o0

b) EE:ILAx)g;::em_éﬁ.
n=0 ’
BB ()t 6(r) = —=e 3 1 6(0) = —eola). L (a) = ~HL(2)o(), B () =
n)

St (=1)"H,(z)¢(x) = ¢ (x) WILR T4
(—1)"H}(x)p(x) + (1) "Hp(2)¢' (z) = ¢ (2) = (1) Hyp1 (2) (),

e
(1) = 2, (x) — H}(a).

“+o0

UL Ho = 1, Hy = o FAGNENEG H, (o) & n KE— 2R R Hy ()0 (2)] =
0,Vm,n € N, D, X m<n, H

[ ot [ atere
— n+1/Hl (nl

= ”+m/Hm) (n— m) z) dz

= (—1)"+mm./R¢<n ™) (z) da
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( 1>n+mm|¢(n mfl)(a:) -0 m#n
n!, m=n
(b) HEHHAR
- (gl — L @)
_ gb(:z:—t N
o)

]

HRB7T XX FY ABMINEE, B Z=X+1Y HEMINZE. & Z RAZ Gauss 4
(REEXL), & CHEERK

e peCo?>010H4 Z ~ Ne(p,0%). EXHEBE N E[Z] = E[X] +iE]Y]. iEH: #
Z ~ N(C<O? 1)7 DIIJ
K, k=1,
E (Zk7l> =
0, k#L
JEBB & Z ~ Ng(0,1), T fz(2) = le—'zlz FSEEE . RS RIS HE R fry (z,y) =
X = Rcos©

o () FAE R AbRS T A fro(r0) = —re .
Y = Rsin©, T

1

Z¥7' = Rr+! [cos(kO) + isin(kO)] [cos(1O) — isin(IO)] = R*™ [cos(k — 1)© + isin(k — 1)O)]
%

E|2"7'| =B [R**' cos(k — 1)0] +iE [R**'sin(k — 1)©)]
1 +o00 5 2
:-:/ TM+He”’dr/m cos(k — 1)0 dé
0 0

™

1 +o00 ) 2m
+i— / Pttt o= dr/ sin(k — )0 d6
0 0

™

1 +o0 ) 27
:—/ phtirlo=r dr/ cos(k —1)6 d6.
0 0

™
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Ek#lWﬁ/‘ms—JWM-O%L*&%%Q%k:LLﬁﬁﬁW

+o00 5 +0o k 9
2/ r2k+1 e—’!” d,,,. — / (rz) e_r d']"2 pnd F(k‘ —|— 1) - k'
0

0

O
e 1 -ina
M8 W pu(x) = ——e = " Ax) = [] (&j—=) EHA: ¥EEmeN &
(2m)z i
i<jsn
L T(1 + jm)
A (x)]P" L +jm)
Rn‘ n(®)[™ fn(x H I'(1+m)

JUERR X J& Selberg #43r AFNAIH#ER, W An Introduction to Random Matrices, Greg W. An-
derson, Alice Guionnet, Ofer Zeitouni, Cambridge University Press, 2009: 59. O

2,01 FXLE ERTERE me Ry HAL.

SR 5.6.1 (a) (Jensen A% X)) HEH u: R >R I, EHER a e R, #E X = )\ a),
ERF u(z) > ula) + Mz —a), Vo. ROEHK v £ E D8, & Na) XT a & LREHHE

© EF: HFOHEH o SHEEENHENEER X, F Eu(X)] > u(E[X]).
® EH: 2 u 2 F O E Eu(X)] = u(B[X]), 1 X 2% EUBE 1 i

(b) M FHEFEEH f, FXEHBEERN H(S) = —/f(x)lnf(x)dx, TR E
R
HS(f)={zeR| flz)>0} EH: EXHEENR, BILH u. TZ0° >0 WBEETER
Bk, REEAM N (u0%) WRETE D02 RAMN.

WERR (a) @ HU o = E[X] ARNET AP rIfR474E N (113
u(X) > u(B[X]) + A (X - E[X]),
Xt E AR BURE, IR R et 5 AR Sk 4G
Elu(X)] = u (E[X]) + A (E[X] — E[X]) = u (E[X]).

@ HOR] %

u(X) === u (E[X]) + A (X — E[X]).

H P(XONEAE) # 1, M BT w AR & E o — R e K, X5 F P )&
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Fi
/R fa)n f(z)de= | f(z) [——m (2702) — (”32_02”2} dz
— L (2n0?) [ fia)da - T; (z — p)f(z) da
— L (2n0?) /Rg(ac) T [ (@ = wPgle) s
= [ st fa) o

H Inz 2 NMERE, P M EEE) Jensen A, BATHE

mw—mn:—émwmmwm+4ﬂ@mﬂmm

:—/Rg(x) In g(z) dx—l—/Rg(x) In f(z) da

= x n@ x
/Rg< )1 g(fv)d

éln(Ag(x)-%dx)

=Inl=0.

7 2.0.2 DUTAFl Lagrange & T4 H (b) #1— /M1 % 4 BV IE 9.
Woplr) B—NMAEN u. FEN > >0 WHNT EWBMELE R, £ &

F(]% /\17/\27/\3) = —/
w0 ([ (o= wpta) e - o)
:/]R [—p(z) Inp(z) + Mip(x) + Xoxp(x) + As(z — p)’p(z)] dz
— )\1 - /,L)\Q — 0'2)\3

:/ E(x,p(m),)\l,)\g,)\3) dz — A\ — pAy — 02/\37
R

[ pla)np(e)de+ ( /R ple)dz — 1) + A ( /R zp(z) dz — M)

100
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L(z,p, A1, A, A3) = —pInp + A\ip + Aap + As(z — p)*p.

¥ p WAKRZT, @

%:—1—1np+>\1+)\2x+)\3(93—,u)2:0

dp
G

p(z) = eI thsle—n)?
H /p(:(:) dz| < 400 T4 Ay =0, A < 0. HHTE p(z) = ae @0 HF o b HHFZ %K
R
1 1
Eb>0.$‘}5‘3/ zdle&/x— ()de=c® B #E a = b= —.
Rp( ) IR( 1)"p(z) o Vo' T 902

St 5.6.4 % E[|X7|] < 400, £F r > 0. IEH: lim 2'P(|X]| > z) = 0. RI %k, &

T—+00

h[_{l T P(|X| > x)=0, £F r >0, IEHA: E[|X°|] < +oo, VO < s < 7.
T—>+00
WERA B E[|X7|] < 400, MEE x> 0,
+oo
2P (IX] > 1) </ o dFix () = 0, @ — +oo,

# lim 2'P(|X| > z) =0, WXHMER s € [0,r), HIFHHIT,

[ e dmi = [Cwd - Aaw)

= [~v’ (1 - Fx(u))] )

xT

su'" (1 — Fx(u)) du

[
i

= [w (L= Fx@)] | + [ su"P(X| > w)du

< s/ uP(|X| > ) du,
0

WRARM B P(X|>u) <o u " =u " s—r—1< —1, Fit / u® dFjx|(u)
0

7E [0, +00) EHF, ANt E[|X®]] = lim u® dFjx|(u) < 4o00. O

T—+400 0

SRR 7.1.1 %o > 1, EX X, = E[|X]])". EH:

(@) [leX]lr = lel - [ X[lr, Ve € R
() X+ Y < [IX1s + [IY])s-
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(c) |IX]l-=0 % EMRLE P(X =0)=1.

BHEWR, |- | RERBMEZELER r NENENLL EFH K LWw—

AHAX~Y < P(X=Y)=1.

S =

1
T

SEBR (a) [lcX |l = (E[leXT])* = ("B XT])* = le| - | X1,
(b) ¥ s K rHHIZAL, B %+ L0t Holder AR,

S

IX+Y[I=E[X+Y[]=E[|X+Y| "X +Y]]

102

M, EFEH X

E[|X + Y X+ 1YD] = 11X + Yl + [1X + YT YL

(r—1)s=r

(1X +Yl,)* (

r)

X 1Y)

X+ Yl < X0+ 1Yl

1
s

Holder
< X YT s X+ 1Y 1) = (B [1X +Y[0795]) " (

[ X+ 1Y]]r)

(c) AFEE X >0 HE[X"] =0, W P(X =0) = 1. iFBWT: H Markov A%,

P(X >e) =P (X" >¢") < EX]

P AT B A S, & e — 07 RIFFIE.

SRR 7.2.1 (a) % X, 5 X, ®¥ r > 1 E]X.] = E[|X].

(b) % X, L X, EH: E[X,] — E[X]. 3 & & "5 ?
(c) % X, > X. EH: Var(X,) — Var(X).

HUERA (a) B Minkowski AN&5ER,

=0 = P(X <¢)=

Ve > 0.

HXnHT < “Xn - X”r + HXHM HXHT < HX - XnHT + HXnHT‘

AL BT 4 0 - 0o SRR, A lim [|X — X, |, = 0, #t4)

limsup || X, ||, < limsup || X]|,, limsup [|X]|, < limsup || X,]|..
n—oo n—oo n—oo

n—oo

B Xl — 1 XNl B E[|X]"] — E[1X]7].
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(b) H
E[X,] - E[X]| = [E[X, - X]| <E[X, - X[] 20, n— o0
A E[X,] — E[X]. @ar@ARGL, ik P(X, =-1)=P(X,=1) = % P(X =0)=1, 1
E[X,] = 0 =E[X], Vn, H E[|X,, — X|] = E[|X,|]] =1 #0.

(c) H1 2 BrildlaT i 1 Brilesl, il (a) %1 E [X7] — E [X?]. Bk

Var(X,) = E [X?] — (E[X,])> = E[X?] — (E[X])* = Var(X).

n

725 (a) W X, DX BY, D £ c AEH EH: X, Y, DX, B c£0 g
X

c

WEBR @ % ¢ # 0, AWK ¢ > 0, MAIAGE Y, > 0. XEE € € (0,¢),

P(X,Y,<z)=P(X,Y, <z, |Y,—c>e)+P(X,Y, <z,|Y, —c| <¢)

P(|Y, —c|>¢e)+P(X,Y, <a,|Y, —c| <¢)

<P(|Yn—c|>5)+IP<Xn< ’ )
cC— ¢

H e e (0,¢) i %g € Cry, & 1 — 0o JEEL MR 25

limsup]P’(XnYnéx)élP’(Xg v )

n—00 cC—¢

Y e — 0T (EERI AT R B AEL: G B2 74, IR S £ D), tf

limsup P (X,Y, < z) < P <X < f) —P(cX < z).

Nn—00 &
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HU e € (0,c)

R

liminfP (X,Y, < z) > P (X <— ) .

n—00 c+¢

e e— 0", By

liminfP (X,Y, < z) > P <X <

n—oo

Mox, v, 2 oex.
#Fce=0, XMTE ,0 >0,

P (X, Y,| > €) = P(1X,Yo| > &, |Ya| > 0) + P(|1X,Y,| > &, |Va] < 0)

P(|Y,| > 0) + P (\Xn| > f)

P(\Yn|>5)+1—IP’<X <5>+IP’<X \—§>.

B 6 > 0 ff i% € Cry, & n — oo JEEL MR 15 3
limsup P (|X,Y,| > ) < 1— Fx <5> + Py (- Z)

6 — 0F, A AT REAE too KITEBUA

limsup P (| X,,Y,,| > ¢) <O0.

W lim P(X,Y, =0) =1, Bl X,Y, 2 0.
1 p 1
@ NHE L S WILE e € (0,0, BT Y, Lo, IR n, |V, — ¢ < e, NI
1 1 lc — Y, lc = Y,|
(Yn . <5) ( A <5) (c(c—g) <e (| | < ce(e—¢))
1
ﬁﬁ%n%ooﬁﬂ“,RHSﬁO,fﬁﬁzYiig.ﬁEE@Eﬂ%ﬂ%%%. 0

SR 7.2.7 X A{X,} A—EANEEY, {c.} 2K T c WEZHH|. HFLFALKS. r B
Wesk. RBEE U S, R mds, IEA X, —» X WRELEHE ¢, X, — cX.

WA © LTSt SRR w e Q, B X, (w) = X (w) & ¢, — ¢ B ¢, X, (w) = X (w).
@ r s B Minkowski AN,

[enXn — cX||r = |len(Xn — X) + (cn — ) X||r < |len(Xn — X)) + [[(en — ) X ||, — 0.



3y REIA 105
@ MERILE: SMER e > 0, TR KEIn H |e, — | <e H ||ea| — ||| < e, BB

P(JenXn — cX| > &) =P ([en(Xn — X) 4+ (cn — ) X[ > )

({ycnx —X)|> }u{y(cn—c)X\>g})
P (Jea(X, — X)| > )+ (\(cn—c)X]>§>
(( >

P

P ((e] + )| X, — X]| ]P’(S\X\>%>
1

<P(|X,-X|> —>+IP’(]X\>§)

2(le| +¢)

N //\

N

n — 00.

@ KA AW B Skorokhod R/ EH, FEMNLERE Y,, Y, 15 Y, 5 X, R4, X
5Y MG, B Y, 2 Y. 0 e,Y, 25 Y, 3 e,Y, 2 Y, Wi e, X, 2 cX. 0

B 729 RERABEINELE X, WHARHA fo. KX, 2XZRET2H5 4 f B
e X, &
Z | fr(z z)| =0, n— oo
% X, 2T ZRET X, u:R >R HHEFEEK, iLH: Eu(X,)] — Eu(X)).
WERR 1% |u(z)| < M, Vo € R. HIRZ G ER AT,

i Elu(X,)] — Elu(X)]. O

SJRR 7.3.6 (Weierstrass BT E ) % f:[0,1] - R &4, MALEE S, ~ B(n,z). fIA%ERX
E[Z] =B [ZI\|+E[Z14], £F Z = f(x)—f<5”>,A: },ﬁEﬂ:

0 £ (8) o

WERR DA f E [0,1] RESE, FTBA £ 7E [0,1] RS H—BuEst, 0

o fA1E M >0, i3 |f(2)| < M, Va €]0,1].
o« MR & > 0, fA7E § > 0, FFMER 21,20 € [0,1], RE |z — 2] < 6, A

|f(z1) — f22)] <.

lim sup = 0.

n—00 0Lzl
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SHXFEM ¢ 5 6, A |E[Z14]| < e. XHI Chebyshev A%,

V 2n
|E[ZIA]|<2MIP’(A):2M.P<&_$ >5><2M arég )
n
Var(S,) z(1 — ) M
=2M - = 2M - < _
n?o? nd? 2nd2
i
E[Z]| = [E[ZI4) +E[Z1x]| < e+ ﬁ’
> 5 52 i, 5t |E[Z]| < 2¢, BOHERE 2 € [0,1], REn > — 527 St

< E.

ool (8] £ 2) (oo

SR 7.3.10 XENEE X, ~ N(0,1) (n > 1). IEHA:

. | Xl )
a) P limsu =2 =1.
( ) ( n—)oop V Inn

0, # ZIP’(Xl > ap) < 400,
(b) P(X, >ay,io.) =
1, £ P(X; > ay) = +oo.

WERR (a) & f(x) 5 F(z) 25008 N(0,1) MIMERE RS MR B Mills LR, 24
|z| = +oo B, 1 — F(x) ~ fix) WO el <1, FH

P (an| >V2Inn(1+ s)> —9 [1 _F (x/%ﬂ + 5))} ~ e i et

< +00. B Borel-Cantelli 5| #,

’ ; Vrinn(l +5) (1+e)?

. | X )
P [ limsu < V2 ) =1.
( n—)oop vinn

; = +oo. B Borel-Cantelli 5|2,
; Vrlnn(l + e)n+e)?

. | X )
P ( limsu > V2] =1.
( n—)oop V lnn
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[i4
PQ?&?L%%ZW@):L
(b) BT {X,}ns1 FIAG, #¥E Borel-Cantelli 5| 2 RIFFIE. =

SRR 7.3.13 REMEES {X, |1 <r < n} BIRSH, BAHE p 57 % 0% &

_ 1 <& .
X = E;XT ‘LiEEﬁ
= D, N(0,1).
Z (XT_X)2
r=1
SERR b BRRR
L (Xe—m)
Jno — X,
Hrt X ~ N(0,1). X
X = L e S E Y -+ (K )
nO'Q — T n0'2 — r nO_Q g r 0_2 ,
FH 55 R # A,
Iy b S E ) m b L E - 5o
no? gy r ) no? o r R 72 ’

Pl

P Slutsky EH (1@ 7.25 (a) 19

Q 3
>
|
S

i
1o
I

M=

B
|

>

ﬁ
I
a

Hr X ~ N(0,1). -
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SRR 7.4.1 R THEANLT E Xy, X3, HE

1
L . —0)=1-

= onlnn’ nlnn’

A XIEALE B & FAKEESKF & RALLE, B %ZXZ REEKSET 0 B JLF
i=1
AT 0.

IEBR 2 S, =) X;. tH Markov A%,
i=1

E 2
P Sn >e | =P(S.>¢e*n®) < [S"], Ve > 0.
n g2n?
1]
21 2 21 2 2 - 2
E[S?] = E [X}] +;E[Xi] = E [X}] +;z = =E (X7 +;E'
Sz g, (L R X n > >3 < o IR O, (0
Inz Ins Inn
2 n’
< (O——.
]E[S”] \Clnn
[i4'
]P’(& >8>< 20 2700, Ve >0,
n e2lnn
i on P W
n
o0 o0 1
P(|X,| > n) = = +o0,
; (| Xn| = n) ;nlnn +00
i Borel-Cantelli 5|2, P (|X,| > n i.o.) = 1. X % JUFAR b e S,
1P><ﬂ— S >1i.0.) —0 — P(&—S’H >1i.o.) —0,
n n—1 n n
S Sn—l

HP(|= -
n n
AN JLF AL A RSk

> 1 i.o.) =P(|S, — S, 1| =nio)=P((X,|>nio) =1, FHE. #&

O3 |:
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S 7.5.1 BEXE [0,1] R4 ALK TFXE, KEZAN pL,p2, - pn, B XX 2 BHE
7\5 n

—Zpihlpi-
WHAEE { X} AT BERMN [0,1] LHHT 2, AMILEE Z,06) £ 8 m NEAL
TEFRMEES « MTXEZEHNAE IEH:

=1

1 a.s.
an 2% —h.

R

SERR ¥ A, = (X BUATESS i ATXIH), 4 1 = Ly, W
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