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o # C R £1 HAvmt4t )y, W Ac Log(1 — 2*) = Ac Log(l — z) + Ac Log(1 + 2) = 4ri.
o # C A £1, M Ac Log(1l — 2%) = 0.

HF D e 2 i TR A 1 s -1, IR A 1, d R R Log (1 — 2°) Ak
D B4yt BEAA0 30 3 FIE £(0) = 0 W53 f, 24 2 iy D P i 2 0 22z 5] 2 i,

f(2)—f(0)=A, Log(l — 22) = (10g|1 — 22| —log 1) +i[A, Arg(1+ 2) + A, Arg(1 — 2)]
=i(0+ ) = log 3 + mi.

fit £(2) = log 3 + Ti. o

SIRE 2.4.27 FEPIEE V(1 —2)3(1+2) BEFE C\ [-1,1] I — AN f, W f) =
V2e SRR f(—1) B

UERA R$E S 2421 JEETTRITHE, AT
ACF(2) = |R(z) [ e ABRED e e ARG _q],
S 20 HERLEIIE C TR ML

AcF(z) =0 <= en®cA8RE) =1« AcArgR(z) =2knt <= > n;=kn, kel
jea

ele

A, W T R(z) = (1— 281+ 2) 5 F(2) = [(1 - 2)3(1 + 2)] 7,
o HIT 3AE 4 MRS, Bl 12 F(2) MEUS.
o T 1A 4 WBEERs, Rt —1 2 F(2) A
o HIT 34+ 1 =424 1REAE, ik oo RNE F(z) MIELE.

IR C\ [0, 1] LML v, By RIS 1 BN, B4y RS LW, P
WA AL F(2) = 05 (1= i) (1+i) = —4i = (Vae ), A C\ [-1,1) Laih— i

FO) = V2e™ STy IH ALY S £ BUR E DA 1R i B TUR IR 20k,
f(=1) = (i) = ApF(z) = ﬁeiArgR(U( [ApAgR(z) _ 1)’
Ap Arg R(z) = 5 3+ 3777 3.

it
F(—i) = V2e &1 4 V/2e1 Al 41)( T’”—l) = V2e ¥, 0
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S 2.5.2 SRHE b I A B R LY A e M e, (15 1,0, 1 43 BIWEh 1,4, -1

BB BRI RAHAA < B8 w, W T S = s o e =
Bl 2R 50> 08 iz:iz;:f;iéwi; :
S 253 Wabede R WAREHAS w= 0 1 LETEIN LR < ad— be > 0
MR T 0, by d € R, w= Tt R WOk R SR ad — be £ 0, HORBRZ.

ad+db)z < 0.z 7ER El —oo B[] +oo I, w i +oo HI) —oo, s

AR BN PR AT, w 8 2P PR R 2T, P . i) ad — be > 0.
ad — be

(=) #ad—bc <0, )ﬂJJw'—(

(<) Hiw' = (ot d? 0,4 z 7E R 1 —oo ] +o0 I, w ) —oo i) +oo, MHE4=4E R B R
FE, w A EA-F Oy b O

SRR 2.5.4 BORIPELIASA SN {2 : |2] > 1} WAk P {w: Rew > 0} (4R, 75
(1) 1, i, =1 235144 1,0, —i.
(2) —i,i, 1 43514 H 1,0, .
IEBA TSR R R 2 R w.
z=(=) 1-(-)  w-0  i-0

o) () w— () i- () YT

(x4iy)+i 2 +y?—1

(M

z+1 .
j*\lﬁg/ﬁ S 2* + 9 > 1) 2,y € R,

75Re(a;+iy)—i_x2+(y—1)2>O‘
Z—i.—i—i_ w—20 ) i—0 . AT 2 2 ;
(2) s S w vy Ry = w= e —1)z+(21 o Kegh: XE o” +y° > 11
. . 2
2,y ER, f Re @ +iy) 1 2’ +y" 1) > 0. m

(2—1)(x—|—iy)—|—(2i—1) 2r+y—1)24 2y —x+2)2
3@ 2.5.9 JEH: 2,20 XTRE
azZ+Bz+PZz+d=0

R RS
anZ3 + Bz + B +d=0.

WEBA  (BZk) MUHT a = 0.4 21, 20 KT ELANHR, W 20 — 21 L i, B Re(ifz2 — z1) = 0, JEIF45

iB(z3 — 71) —iB(22 — 21) =0 <= Bz + Bz1 = B71 + Bza.

21 +22

i ——— W TR HE T

BT PA_E P HPAS:
871 + Brza +d = 0.
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2, #2120 R B X BRI
Bz1+4 Bz +d =0,

WA A s -
=21 2 1 2 .
G2 4 pT 2 =,

W AEZES
ﬁ(@—ZT)—B(Zz—ZQZO,

iR % HI75 Re(if72 — 21) = 0. # 21, 20 2 T E Z0FF.

(BA) ACBAR B 20, 2R R A 21, 22 KT IGEFEXSFR, W)
R2

Zo — 20 — — —.
21 — 20

R PR AR b 2CHURE 5 40 T 15

|ZQ — 20H21 - Zo| = RQ,
Arg(zy — 29) = — Arg(z1 — Zp) = Arg(z1 — o).

V18" = ad

R4 [ A 7 R i) 45 1 X

-4
a |al
W 18I
Bl —ad
Z2+é: = FER)
i+ e
Al
a1 %3 + Bz + Bz +d=0.

JZ, 5 21, 20 R B R EIRRR SR BIFT 21, 22 KT BGRB8 RIRFR.

S8 2.5.10 & T(z) = Zig B e, i
-1
a b a f
c d vy 0 7

B2, 5
—1,,  az+
T (Z)_WZ—HS'
_ +b + bd 10
B 7 =l g, [T ) 2 R
cea ca+dy cB+dd 0 1

—dz+b az+p
cz—a  yz+6

(ca+dv)2% + (¢B+dS — ac — by)z — (aB + b6) =0 =
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S 2511 W T(z) = DE0 gy = 250 g e, i
c1z +dy c2z + do
ar by} [ax b2 a b
C1 dl C2 d2 c d
B2,
az+b

. b b bid a b aijas +bica  arba + bids
W (10 T3)() = et e - 7

261 20 201 e ascy + cady  bocy + dids
az+b

. O
cz+d

T& (ThoT)(z) =

S 2516 kM AL, kAR {2 ~5 <Rez< Z,Imz> 0} Wk bk I, FLiE
T 0w - N

57_§7O%ﬁljy%j‘j 17_170'

RE |08 2.4.19 Al w = sin z L. IRAT AR ER 2, B ASERAT N sin 2.

{ze(C:—g<Rez<g,Imz>O} imiEN {zEC:—g<Imz<g,Rez<O}

J{zr—mz
zZ>iz

{zeC:lz|<1,Imz >0} «+——————— {z€C:|z|] <1,Rez > 0}

(1)\{2}—)?}

{zeC:Rez<0,Imz < 0} et {z€eC:Imz >0}

(2)}»—;*}

{zeC:Imz > 0}

o B A 2 NSRS AN T

(1) wi(z) = g PRI RO =R R (T — 3 7E Riemann 3k P58 P, 4Gk
V520 1 R PR A P T X R 4 2 A AR e B A7 A ), HAE —1 = 0,1+ 00,1 —i.

(2) wa(e) = ~ 5 BTN BRI, L0 1,00 25 —1, 110, 0

SRR 2.5.17 SRt A aip, JERR AL (a0 + hi] AR {2 © 0 < Imz < 1} BOh A TEI
{w:0<Imw <1}, HFaeR 0<h <1



fRE SR

z—7(z+a)

{z:0<Imz < 1} \ [a,a + hi]

{zeC:0<Imz < 7w} \ [0, hri]

l{m—)ez
—1

{zE(C:Imz>O}\{O, 1;;‘22(:;)1} isa) {zeC:Imz>0}\{z€C:|z|=1,0< argz < hr}
Jzn—xf
1—cos(h7)\ 2
B 2 2224 Toin(hn)
C\ [—(1;‘2%7’:?) 7+oo) ( ) C\ [0, +00)
‘Z}—)\/E
z—Llogz

{zeC:0<Imz < 1} {z€C:Imz > 0}

R

" — 1 o en(z+a) _1\? N 1— cos(hm)\*
= or 8|\ e 11 sin(h) ’ O

S8 2.5.18 SR, HEEURIH B B0, 1).

A

w2518 F

MRE CEUR AR D, WA

2y 2EL
=1

7 3
D {reC: T <argz< 2L

Jz»—ﬂogz

{z€C:0<Imz<2r} 22T {zeC: T <Imz< 3
szez
C\ [0, +00) Ve (:€C:Imz>0) — =", B(0,1)
s z+1 _ . L . 2
F—Eik 2 —1 R PRSI A S P e, R Y 2 ER By —1 3 1B, w =1+ ~_1

7E R Lih 0 %) —oo, [HUtih (AT HIE Sk BT fIE A 58 © A T S AER

CVeSE T TT (o 41)P —ieF (2 — 1)

1

Slog -7 i (2413 +ieT (2 —1)3 0
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SIEE 2.5.20 kB4, HEEGR B(—1, 1) R B(L, L) mSN £ B (21, 0] BRI |
L.

-1 O 1
—2i
Wi 2.5.20 A
fRE  CEURXECH D, WA
p— "= {zeC:-1<Rez<1}\{2€C:Rez=0HImz>1}

er—ﬂriz#»ngﬂ'i

C\ [-1,+0) i{ze(C:O<Imz<ZW}\{ZGC:Imz:wHRez<O}

Jz»—m-&-l

C\ [0,400)

{zeC:Imz > 0}

RS e ]

w:\/e?+%+”i+1:\/1—eg+%. 0
3@ 2.5.21 &0 <r < a, R—EAM-Eaipdgt, {85 {z € C: Rez > 0,]z — a| > r} By EFR

{weC:p<|w <1}

WRE SR |2 —a| = r AR RATESA L, BN £ (0 <z < a), W (a—z)(a+a) =77,
T » = va? — r2. H o N A

2 _ 2
we k. EEVE
z—+aZ—r2
2 _ 2
SRS AL T IR BSF. B0 0 — —k, 0 — 7 s —k - YT
b — r _a—+Va?—r?
Saiva—2Z
M w KT LG {w € C: p < Jw| < 1}, il p = . 0

dz 1+2C059

#EE/ 5+4 059 =0

388 3.1.2 iERs /

[z|=1
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dz

2 Exﬁ—rmz(o 1) E&sy, £ B0,1) B, [ =5 = 0.5 7, h
|z|=1
N Y
242  Jy ef+2 o €?+2
|z|=1
kG
0/27r el /2’r (cos @ +isinf)(2 + cosf — isin )
Sy e?+2  Jy (2+cosf+isind)(2+ cosf —isinb)
27 PR 27 27 .
:/ 2c059+1+2151n0d9:/ 1+2C059d9+21/ sin 6
0 5+4cosf o ©+4cosb o 9+4cost
i 2 2
/ 1+2c050d0:2/ 1+2c050’ / sin 6 40 =0,
o D+4cosb o D+4cosd o D+4cosb
i

™1+ 2cosf
——————df#=0.
/0 5+44coséb O

SIRE 3.1.4 WIRETK Q) WETX P(2) @WK, il

. P(2)
R T
|z|=R
. _ 2P(2) . z2P(2)
IBE % lim |2 - H> < 2M, JH
IERR B‘\zﬂi“oo Q(2) B Jliding
z z 2M A7 M
/ & /‘Qz|d|\/ Tpldsl = T 0. R )
lz|=R |z|=R

3@ 3.1.5 AR / 2"z dz, Hin ke Z.

|z|="r

T n . 4 o 0, +1#k,
fRE / 2"ZFdz = / (Tele) (Teﬂe)k drel? = ir”+k+1/ el(n—k+1)0 g — { " 7 O
0

omir™ Rl n 41 =k,

388 3.2.1 e

|dz|
1 —_— .
) / |Z—a|2’|a‘7ér
|z|=r

2z—-1
2) / z(z—l)d

|z|=2

@ [ %

|z|=5
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eZ

|z|=2a
z r r r2el
/ ‘d‘ /271' do /271’ do /27r 2 10d0 7
Foa? Jo et —af Sy G —are"—a) Jy ¥ —a)i?—are?)

i | o /<i+1)d

|z|=r |z|=r @
d d
<>%|a|<r,ﬁllj/7'z:27ri, / 22 =0.
z—a = —z
[z|=r |z|=r @
=0, / TQdZ = —27i
F*Z
|z|=r |z|=r
|dz|  2m@r
# [ i
|z|=r
2z -1 1 1
2 ——dz = -+ —— ) dz = 4ni.
2) /z(z—l) : /<z+z—1> =
|z|=2 |z]=2

3) / zdz B

|z|=5

(4) H Cauchy B33t

/ Ldz — i / e? B e? Ay — i(gmeai B 27rie_‘“) _ 2wisina
22 4+ a? 2ai - — dai Z +ai 2ai a .

|z]=2a |z|=2a O

22+1) 4

H\
\»—l
7 N\
N
[\v]
=
—_
N
[\v]
_A'_)—‘
—_
N—
(oW
N
(V)
|
o

3l 3.2.2 K fAE {2 < |z] < oo} W44, H. Zlggozf(z) = A {IERH:

/ F(2)dz = 2riA,

|z|=R

Hd R >

AR X TR >R A

/f(z)dzf%riA: /<f(z)dzf)dz§ / W(Z];ifA'Md
Iz|=R

|z|=R' |z|=R’

<27 sup |zf(2) — 4] =+ 0, R — . O
|z|=R'

3 3.4.1 AT

sin z

|z—1|=1
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@ [
|2

=2

eﬂ'Z
(3) / m dz.

da2+y2=2y

dz
@ | e

(6) / (Z_adz’ /ﬁ\:t{j n ﬂgiﬁﬂgﬁ[, a,b%?’fﬁ |Z‘ - RJ:

)" (z = b)
|z|=R
mE () / L / iiiid omi. 07 isin 1
z = ———dz = 2m1 - = 718 .
= 221 z—1 z4+1lz=1
|z—1|=1 |z—1|=1

‘ 1 : ,
(2) e=gm={z:lz—il=ch={z: [z +if=c}, W
dz

dz % Zz—i 1 1
= z z :2 i| — :O
/ 1+ 22 /zfi—i—/zf(*i) i T

|z]=2 71 Y2

3) L E={(x,y) : 4" +y* =2} = {(x,y) 1 42® + (y — 1)* = 1}, ]

e™(rz +7i—2)

L % dz 271 d e™* .
—_— dZ — 3 _ . — YY) = 27T1 . N\ 3
(1+ 22) (z —1) 11 dz\(z+1) (z +1)
Ax24y2=2y E ==t
_r(m-1
= 5 .

) 1 . ‘
@) ie=pm={e:lz—il=c}m={z:|z+i=c} W

/ dz :/ (z+i)céz2+4) +/ (z—i)(t2+4) — i l+i =0
G+ D) =i o= (=) 6 —6i)

_3
|z|_§ Y1 2

i 1
(5) ide= 1N ={z2:zl=ete={2:]z-1 =€}, W

dz dz
/ dz _ / =13 (z=3)° +/ 23(z—3)°
23(z — 1)3(z — 3)5 (z —0)3 (z—1)

|2]=2 m ”

- ()

(169
= 77i 3767276

Lo a1
o 21 dz2\z3(z—3)° »




(6) @ % a,bIFEH |

® % aTEFIH |2 =

® #7 a {EAH |2| =

21

dz
n —:
£ = RO i Cauchy s, [ ——5 s ~0,
|z|=R
. R — |b|
Rﬁhb?’j—:‘%V':RW?lEE: 9 77:{'2:'271)‘:5}35]\”
/clz_/(zili)n_ 27i
(z—a)(z—b) ) z—=b (b—a)"
|z|=R ¥
= . R — |a
RWviE|Z|:R&{\a1E‘IE: 2 77:{2:‘Z_a|:€},lj\uj
/ dz 7/ 5 om dvl/a 2m
(z—a)"(z—b) ) (z—a)®  (n—1)! dz""'\z-b)| — (b—a)

|z|=R

@ ¥ a,b PIHE A A

e <min{R — |al,

/

|z|=R

3 3.4.4

J& Legendre £ 15X jIFH] :

Y

lzl = RW,itm ={2:]z—a|l =¢},72 = {z:|z—-0b] = e}, Hp
R — b} T3/ INAE 71, 72 4 F BT KA AZ. T2

dz

I O = s )
(z—a)n(z—b)_0—/(Z_a)n+/(z_a)n—©—|—®_0,

71 Y2 O

(1) Legendre Z Wi A 41 F A 3R -

1@y
P = 51 | e

~

by SRR N RS 2 B AT SRA BT R A k.

(2) fnHH

:{Ce@:|§—x|:\/x2—1} (1 <z < +400),

2440 F Y Laplace 24

1 ™ n
P, (z) = ;/0 (x+ x? — lcosﬁ) deé.

B (1) th Cauchy B4 AL,

RSN 7>
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(2) (1) FrEBr R,

B 1 (CQ_]_)” B 1 2m
Py(z) = %/Qn@,z)n+1 d¢ = %/0
v

(z 4+ Va2 — 1ei9)2 - 1]nd9.

2T Te
ﬁﬁ 2 n 2 n
T (x4 Va2 — 1) — 1 p=2m—0 (" [ (x4 VaZ—1e ) —1
/ , de —/ : da,
m 2Va? — 1e 0 2Vr2 — le—i8
it
r 02 n
1 ™ 2 1 i0 -1
Po(z) 7/ Red | (2 V2~ 1e¥) 40
T Jo I 2v/x2 — lei?
1 /w Re [(22 = 1) + Va? = e (Va? ~Te + 21) ! "
™ Jo | 222 — 1lel?
_ 1/ﬂRe{ (V22 —1 l(eie +e‘19) + 2% n}d@
™ Jo 2
1 (7 n
= —/ (x+ Va?— 1C0$0> do
T Jo

SR 3.4.5 % f € H(B(0,1))N G(B(O, 1)). TREE

27
(1) g/O f(e?) cos®(§) do = 2£(0) + f(0).

™

2
(2) EA f(e?)sin?(§) do = 2£(0) — f/(0).

™

UERA  fy Cauchy #4AK,

1 (2) , 1 o f(eie) 0 gy 1L S
f(O)—% 7(12—% ; ei@ -e de—?/o f(e )d9,
z|=1
oy L FG) o0 TR 1 [P
7'(0) = 5 / po dz = or ), e e’ df = o, f(e”)e " do.
|z]=1

|z|=1
Jﬂz 9 27 1 2m ) 619+e—19
2 e o @an=1 [T e <1+ ' )de:2f<o>+f'(o),
™ 0 ™ 0
T
2 2



3@ 3.4.8 (Schwarz F4AR) ¥ f € H(B(O,R))NC (]B(Q R)), f=u+iv it f AT SRR N
1 2m R i0 + . )
1@ =5 sz i zu( e'%) o + iv(0).
WEBH X F 2 € B(0, R), i Cauchy F15r 23X,
2m f(ReiO)Reie
271'1 / (-2 z 271' Rel? — 2 dé.
|z|=R
2
i TR |2 = RRFRAN = = . My Cauchy 731,
f(C) - 2w f Rele Re‘ez
/ Fldc-0 — 7/ Relez—RQ do = 0.
|z|=R
DA B2 RS
1 o[ Re? z 1 o B2 —|z|?
f(Z)_%A f(Re )|:Re19—z —Re_19:| d@—% o f(Re )mda
T i S TS B A , o
_ 1 oy B — |2
u(z) = 5 /0 u(Re") R 27 de
HE T
R? — |2|? _R Rel? + 2
|Rei — 2 e<Reie - Z)’
2 2
1T oy Re? + z
g(z) = g/o u(Re )Rew — do,
M Reg(z) = u(z). BT g(z) € H(B(0, R)), % h(z) = f(2) — g(2), W h(z) € H(B(0,R)), H Reh(z) = 0.
331 2.2.2 BRI B(z) = C e ih
1 o 1g 1 [ 0 FHEAR B
g(0) = %/o u(Re)dd = Re{zﬁ/0 f(Re )d@} Re f(0) = u(0)
I
C = f(0) — g(0) = u(0) + iv(0) — u(0) = iv(0).
[i1¢ N
1 ™ Re! )
£2) = )+ 1000) = 3= [ e Zu(Re”) @0 + io(0). .

3% 3.5.1 ¥ f R2AE R

It S H Liouville .

PRAEL, 21, 22 52 B(0, ) HATE 5. IERA :

23
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MERR i Cauchy B4,

HT fAR, 15 M > 0415 | f(2)] < M. X f € H(C), i Cauchy EH 5K KALRX, ¥ R>r, A

Jzi=r

/( f(z) I /(Mm>dzzwi.w.

z—2z1)(z — 22) 21 — 2o z—21 Z— 2 z1 — 22
|z|=r |z[=r

f(2)

(z—21)(z — 22) dz| =

£(2) . 2r RM
MZR o)) | S B TaDE =)

w | (Z_Z{(Z) dz = 0, T f(21) = f(z2), th 21, 2 B{EERHERDIE Liouville 5250,

)(z — 22)

3 3.5.4 B fREEEL W f(C) C {z € C:Imz > 0}, IEW] f J&— I {HRRAL.

-0, R— +4oc.

R 4 g(z) = jﬁg : HBERITS g(2) € H(C) H lg(2)] < 1. 414 Liouville iE3E, g(=) A {ERRIAL,
T f(2) IR (R AL m
SR AL B AR HE T D PSR G, B

3@ 3.5.8 % f 2 D FHIES KRS
Aot

1.
/ FZ)de = 0, T4 £ 12 D FiAAEREL A0S TR AL, S50 1 75 Uh R

JEBA

WAL = A AT e TS MIIAAE D i = fie, Wity D PR = AR 8 0.

(1) W5 RN 0 A& TS O 0, FEMTHHLEAMIIAAE D H iy =R 0.1 D

A

HAE f 7 D b4esl, WAL f 45 D PGAJTER - 4edl, BT A5 D = B(a, B). {LHL = € D, i%
F(z) = / F(w) dw. B 20 € G, tifs = fIEY Y 0 1T

[a,2]

F(z) = / Fw) dw + / Flw)dw = F(Zi:i(%):z_lz@ / F(w) dw.
!

[a,Z()] [Z(J,Z [Z(),Z]

z)— 20 _
ey / 1)~ il
R R KA,
M — f(z0)| € max |f(w)— f(z0)]-
z— 2 ’IJJG[Z>ZO]




HT f € C(D), XMER e > 0, f74£ 0 > 0, 24 2 € B(20,0) N D B}, A [£(2) — f(20)] <e. B

max | f(w) — f(z0)] <e,

wE|z,20)

[ - .
lim M = f(z0).

z—20 Z— 29
T F(z) £ D L4460, i f(z) = F'(2) £ D L4240
(2) A TR R 5, S5 AT.
@ JHIE f =u+iv e (D) WY XHEE B(2o,7) C D, A

0= / f(z)dz = /(udx—vdy)—i—i / (udy +vdx).

OB(z0,T) OB(z0,T) OB(z0,T)

i Green AR A5

0=-— / (udx —vdy) = // (%—&—)dxdy,

OB(zo,T) 0,
0= / (udy +vdz) = //( Y >dxdy
OB(20,7) B(z0,7)

FA BB FEREDA 7r2, 34 r — 01, i u,0 € CY(D) A5
ou Ov ou Ov

ar oy oy or
iXj& Cauchy-Riemann J#2, # f 7£ D b 4x4fi.

@ BHEE MBI f € C(D). i ¢(2)  C _LAYSLAEREL, Hi L

o /Cgb(z)dozdy: 1.
o ¢ € CH(C).
o supp(¢4) C B(0,1).

o)

Xfe >0, X o= (2) = = (2) [AVRE Lo al = sk, H supp(¢:) C

://Cf(z—C)sbs(C)dfdm C=¢+in,

WY e — 0" W, fo(2) RB—BulSE] f(2), HXMER B(20,7) C D,

/ fe(z / / f(z = )p:(¢)dEdndz
//{ JRECRYS dZ}qﬁe(C)dEdn

B(z0,7)

25
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OB(z0—C,r)

//@{ / f(z)dZ}fbe(C)dﬁdTl

ORI fe(2) € H(D). T f(2) =2 fe(2) BIRE—BRIR, f(2) € H(D).

S 4.2.2 KAV RIS
(3) Z 3+ n n P

nn
(4) Z ﬁzn
n=0

1
n—oo n—o0
" 1
(4) limsup { " lim n%ﬂ =e = WEEERR =

SR 4.2.4 BLERHY {a,} RIS 0. 1EHT:
1) ) an" USRER R > 1

n=0
(2) Z anz" 1£ 0B(0,1) \ {1} Ababirss.

n=0

SeEE R > 1

n

‘1 7Zn+1

(2) %z €0B(0,1)\ {1} B, <o

1—2

k=0

oo

SR 4.2.7 W % f(2) = anz” B B0,1) BHE RAMREL WY ) < +oc.

n=0 n=0

IEBR % |f(2)| < M,Vz € B(0,1). % r e (0,1), &

271'
2 M? 2/ Tele | d9—/ Za rrel™? Za rme~ im0 4g
0

n=0

27
— E § an—amrn+m/ el(n—m)9 do = 2r § : |aln|2,,42n7
n=0m=0 0 n=0

5)1:4

oo m m
Z |an|2r2" <M? = Z |an|2r2" <M? Vm>n = Z \an\zR% < M2,
n=0 n=0 n=0

5
Z |lan|* < +oo0.
n=0

ifi an | 0, H Dirichlet ¥ 3FAFFHIE.

VYm > n.

R (1) HF an L0, FHEFEEN, 4 n> N, a, <1, NIl {/a, <1, Ftlimsup {/a, <1, 1K

O
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SRE 4.3.1 % DR, ac D, @i f € H(D\ {a}). IEW]: % lim (2 — a)f(2) = 0, m f e H(D).

(z—a)f(z), ze€ DN\{a},

0, z = a.

WA i p(2) = { W € (D) NIH(D\ {a}). FEH D il 3R fif 5P il £k

v, Hoy B XIAE D A, MRS a 5 v IIRLE % &, iﬁﬂﬁ/ z)dz =0 (24 a ££ v T X Ay, il
Tt a BEHZE). | Morera £ #f5 ¢ € H(D). T2, J:‘u%l\?ﬁmx fa) = ¢'(a) FHEH

lim f(z) = lim 2E 7O _ oy = pa),

P iha z-a
Bk f € (D) NH(D\ {a}), FHIATG f € H(D). O
& 4.3.5 ZEEAAE f € H(B(0,1)), 15 Pkl —mor:

(@) () =0.f(555) =Ln =123

) 1(2) = F(-}) = m =234
BRE  (2) AIFIE. S n— oo, I fHE 2 = 0 ALIELLRIFSF .

(3) ATEAE. UM ME—HEEH, f(E) = 22 Z0R f(2) = 2°, HX 5 f(—2) = & 7J&. O
SR 4.3.6 % f(z Zanz HMECELE B > 0,0 <7 < R, A(r) = maxRe f(2). iEH:

n=0 l=1=
1 2 X i
(1) apr™ = ;/ [Re f(re'?)]e % do, ¥n € N.
0
(2) |an|r™ < 2A(r) — 2Re f(0),Vn € N.
WEBH (1) #h Cauchy B4,

R Lo f(re) | PR
an Tz_; / zm+1 —2—7Ti/0 g ie do = 27‘(‘7‘"/0 f(re”)e ™" de.

0]

2m )
/ f(reif)e 0 dh =0,

2mrn 0

2T
0= / f(z)z"tdz = ir"/ f(re?)e™ do =
0

|z|=r

S)lia

2m
an=— [ [Ref(re®)]e= " do.

n
wr 0

27
@) I / e " dg = 0 AT
0

|lan|r™ = i'/o% [Re f(re!) — A(r)]e™"? do

<L /2W|Re f(re?) — A(r)| do
T™Jo
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=2A(r) — ;Re{/:w f(re?) de}

= 2A(r) — 2Re £(0),
H G — AN T AR, O
SIRE 4.3.14 % D 2, a € D, f € H(D), }HH. f: £ (a) W UE -
]
(1) fREEEL
() Zf<"> ) 16 C A P—E0lst.

WEBA (1) T f € H(D), fFHE € > 0, H5AE B(a,e) A BT

Y (@) BeSeTA lim
n=0

f<n>(a)| =0, H

Z i ) SR +o.

limsup {
n— oo

fj£ka)

& S( Zf @ (. ),z e €M S(2) 1 F(2) 16 C ERIBHTEH (th 2 NS A

n'

—). e f TL?E?@% 2.

@) BT " (a) Uesl, WHER € > 0, FFAEIEREEL N, i

n=0

‘f(p“)(a) +~--+f('J)(a)‘ <e, Vg>p>N.

MMEEEE K CC it M = max{e'z"” } i
zeK

4 L& R () (4p41) (g) 4 - .. 4 f(rFd) (q)
S st = S (2 = a)"
k=p+1 k=p+1n=0 n!

— |z —al"
< &:Z - cel*=al < Me.

At Z S™(2) ¥ K bl P K Sk Z 2) fE C ERA—8ust. O

n=0

S 4.4.6 B0 <7< LFBA: M n 4K, 231+ 224322+ -+ n2" L EE B0, r) AR

B TRED (k4 )2 ISR R 1, 24 |2 < TR, DY (k4 1)28 = (Z Zk“) T 32)2' H

k=0 k=0 k=0
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FIGHAE B(O,r) HA M — S0, t Hurwitz 23, 2% n S50 K, #40A0 Y (k + 1)2" 4 B(0,r) th

k=0

RN i E5] HE, BIIEZE A O

(1-22 )

SIEE 4.47 B> 0. GEW: % n AN, zrﬁm+z+%z i %z”zw(o,r) A AR

n k
SERE T4 Z 2 B(0,) P SOl 8] e*, th Hurwitz 58, 4 n 3650 kHt, WA Y o
27
16 B0, 1) PR RS e I, BT =

W 448 & f(2) € 9{(133(0,1)), H f(2) 75 OB(0,1) FFRZ & IEW: % n 540 K, Fo(z) =
n[f(z+ ) — f(2)] 5 f'(z) % B0, 1) P Z S AEHSE

R AMER 0 <7< 1T £() € €(BO.), Ful2) 8 BO.7) E—S0L8LE] £/(2), B Fa(e) %
B(0,1) 14FA —SOIBE) £(2). L /() 2 0B(0,1) EIEE L, h Hurwitz EH, 4 n F4 K, F(2)
#E B(0,1) FIE A 1) HIFL O

S 4.4.11 SRNP AR EHE B0, 1) P E M

(1) 2% =228 422 — 82— 2.

(2) 225 — 2% +322 — 2 + 8.
(3) 27 =52t 2% -2
(4) e — 42" 4 1.
FRE CHHTIRECH f(2), v = 0B(0,1).

(1) B g(z) = —82, MY z € 7 B, [£(2) — g(2)] = |2° =255+ 22 = 2| < |#f° + 202 + 2P +2 = 6 <
8 = |g(2)], th Rouché SEFRAN £ il g & B(0, 1) 12 s MEOHIIR, 45 14

(2) #g(z) =8, MY z € v}, [f(z) —g(z)| = [22° — 2 + 322 — 2| <2LPP + 2P+ 3|22 + |2| =7 <
= |g9(2)|, 1 Rouché EHLRI f Fl g 7 B(0, 1) = s MECHR, 2 0 4.

(3) W g(z) = =bz*, WY z e v}, [f(2) —g(z)| = |27 +2° = 2| < 2]+ [P +2 =4 <5 = [g(2)], H
Rouché EHA f #l g 76 B(0, 1) HH 2 S BUHIR, Sy 4 4

(4) Bg(z) = —42", W24 2 € y I, [£(2) = g(2)] = " — 1| < el + 1= e+ 1 <4=]g(z)], Hi Rouché
SEFVA £ AN g 7 B(0,1) sHAYE SN, 5 n A -

S 4.4.12 ¥ f € H(B(0,1))NC (]B(O, 1)), f(IB%(O, 1)) C B(0, 1), M £(2) 76 B(0, 1) A5 R 30 5.

B 4 g(2) = f(2) — 2, h(z) = —2z, WX 2z € 9B(0,1) i, [g(2) — h(2)] = [f(z)] < 1 = |h(z)], th
Rouché EHH g F1 7 75 B(0, 1) FEIZ AR, J 1A, B f(2) 7£ B(0, 1) A ME—RIAZhA. O

n

SR 4.4.13 Baaz,- ,a, € B(0,1), f(z) = [ =

k=1

RTRE

1—ag
(1) #beB(0,1), W f(z) = b4EB(0,1) FHAH n MR
(2) # b€ B(oo,1), M f(z) = b1E B(oo, 1) A n MR
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iEBA (1) 7% Blaschke A T 1“_7_; (la| < 1) HUFHR

a —
1—

a—z
1—az

a—z

=1 < |z] =1, Z‘>1<:>|z|>1.
az

<1l <= |z <1,

M f(z) =b < Hak*Z —bH (1 —agz) (X2 n KTFE, BR [bar—a,| < 1) ¥£ C LIGH

n AL M | f(2)] = |6 < 1, B 2] < 1 (750, :Iﬁ k‘ L, e [f(2)] = 1), B f(2) =
1 B0, 1) H1AH n MR

(2) BHE f(3) = b7EB(0, 1) " n MR, XS TIER

- (;) = AEBO,1) iy n AR T

—=
S
|
w
|

—apt
Z:

II ar — 1

k=1 z

MEET 3] < 1, Bk (1) RIFEHEE. O

w»—-

1—apz
k=1 k

S 4.5.4 i [ € (B0 B). WH: M(r) = max|(2)| 2 [0.R) LA

WERR AN S ARREC i RORBUEEL, M (r) = max | f(2)], HERTIL M(r) 4 [0, R) ERORERIEL N

‘ ‘ \

Sl 4.5.5  F AR HHIE I AR R A S

EB % P(2) € Cl2], deg P = n (n > 1). 85 P(2) 6 C A R > 0 (7% |2 > R 14
P> [PO), 1P| 78 B0 ) i MIGHHIEL T P {6 B0, B) B, i
ol ‘ .~ )‘mm R) WECREISE, B | P(2)] 76 B(O, R) MECRER/IME, 7. O

SIRE 4.5.10 % f € H(B(0, R)),

f(B(0, R)) C B(0, M), £(0) = 0. iEH:

~—

ORIEIIES IZ\ 10 < V2 € B0, R) \ {0}.

m\i

(2) HHBLBARY [(2) = % (0 € R).

UEER & B R
g:B(0,1) > B0,1), 2 %f(Rz).

T g € H(B(0,1)), g(0) = 0, iy Schwarz 5 [# ] f5

g < 2], |g'(0) <1, VzeB(0,1),

A N
SR LAY g(2) = ¥ (0 € R) Bl £(2) = %ewz (9 €R). 0
S 4.5.11 % f € H(B(0, 1)), £(0) = 0, FHAHE A > 0, {7% Re f(2) < A,Vz € B0, 1). jFH:

A
fel< 228 v eBo.
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IEBR ¥ g(z) =

s Mo Mz € C:Rez < A} EIB(0, 1) fILTR A (MR, H 9(0) =

z—=z—A Z——iz =i +A

{z€C:Rez< A} ———> {2 €C:Rex <0} ——— L B0, 1)
HIEN(z) = g0 [(2) = f(zf)(i)m, W A(0) =0 H |h(2)| <1, th Schwarz 53R 45 [h(2)] < |z], Hit
T 134 S o) —za] S/ = @IS vz €BO). .

3% 4.5.12 (Carathéodory R 43t) % f € H(B(O,R)) N G(B(O,R)), M(r) = max|f(2)], Alr) =
|m|iX.Ref(Z) (0 <r < R).JEH:

2
r A(R) + R—|—r

~If(0)], Vre [0, R).

WA & g(2) = f(Rz) — £(0), W g(2) € H(B(0,1)) H.g(0) = 0.%F B(0,1) EAYFHFIRLL Reg(z) (i
AR i B AT A

mg§Reg( z) = mngeg( z) = A(R) — Re f(0).

> 4.5.11 Ef5

2[A(R) —Re f(0)] - |2 _ 2[A(R) + [f(0)]] - ||

l9(2)| < =] < T , VzeB(0,1).
i f(2) = (%) + /(0) B73
1)1 < Ja(3)] + 10y < ZAEE 'fif” il 1) = AR IO
R
27| R+ |#| ,
i
2r R—!—r
M(r) = lmlaX\f( ) < g AR + 7 If(0), vre[0,R). 0

38 4.5.18 % f € H(B(0,1)), f(B(0,1)) C B(0,1). IFHT:

£ (O)] — || £ O)] + 12|

ORGSO ER

SRR i b = £(0), X a € B(0,1), i a(z) = f:;z, il Schwarz-Pick 53,

f(z) = f(0) < |z|, z€B(0,1).

z S Z E‘ 1OV ()]
leo(f(2))] < lpo(2)| HD 1— £(0)f(2)
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75 —J7 i, #1208 1.1.6 (3),

- Ol _| ) - 5o |
1= [f0)I[f(= )I 1— f(0)f(2)
A 5
G- 5O _
e S
A
2= OGN > 1)~ FO),
2= OGN > 1£0)] — 1))
FETH 15
FOL= L _ o O L
O E AR OIER o

)@ 4.5.19 #¢ f € H(B(0,1)), £(B(0,1)) C B(0, M). jiFHH:

M|f'(0)] < M? — | £(0)[%.
R ita = % g(z) = % € Aut(B(0,1)). % & h(z) = (f<2>) ) b A B0, 1) 5] B(0, 1) fiy4k
A, H h(0) = 0. fi Schwarz 5|, ['(0)| < 1. @EH ¢ ' =g, HIL M -goh = f,

M2 —|£(0)
M b

1T BIGIE. O

[f/(0)] = M]g'(0)] - [ (0)] < M]g'(0)] = Mllaf® — 1| = M(1 —|af?) =

3 4.5.20 % f € H(B(0,1)), f(0) = 0, f(B(0,1)) C B(0,1). iEH: FHAEALE 21,22 € B(0,1), f#i75F
21 # 22, |21] = 22|, f(21) = f(22), W

[f(z0)l = 1 (z2)] < |a]? = |22,

B 4
F(z) = f(zﬂ;f(z) .1—71,2.1—722.
1= JG0f) s ms

TR 21, 20 1904 F(2) ATAA AL I F(2) € HB(O, 1)), Hfs B, K f£(B(0,1)) C B, 1), 4

max |F =max |F(z)| = 1.
max | F(2)| = max|F (z)|

1 L,

<1 = [f(21)| = |f(22)] < ;22| = |21]* = |22

3/ 4.5.21 P f € H(B(0,1)), f(0) =0, f(B(0,1)) C B(0,1). jiFFH:

2l 1f'(0)] — || £ (0)] + ||

“roE S YOS ERT G
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f(z)
— 1

B 4 g(2) = { . U< 2l <1, i Schwarz 5[ [g(2)] < 1. %} g(2) FH > 4.5.18 5 HIA]. O
), z=0.

3R 4.5.30 ¥ f € H(B(0,1)), £(0) =0, HH [Re f(2)| < 1,Vz € B(0,1). JIFH:

(1) |Re f(2)] < —arctan |z|,Vz € B(0, 1).

log(1 + Iz'),Vz € B(0,1).

@) lim /()| < log =1

SRR N N

B oM A g {2 € C: Re f(2)] <1} — B(0,1) i g(0) = 0, 74N :

zr>e”

{zE(C:|Rez|<1}%>{ZE(C:|Imz|<%}—>{z€(C:Rez>O}

0O—1
1»—>ilz>—>iz

z»—)i—:
et gt _eri-1 W) — _ e -1 Wk B(0,1) — B(0,1) . h(0) = 0
SRR 9(2) = S HIEBE) = 90 £(2) = S WA B(0.1) B, 1) FLAO) =0, th

1Z+1
<

e e
Schwarz 3| BEA]15: |h(2)| < |2|. Wi £(0) = O A fE45:

)

2 14 h(z) 1= h(2)
12 = 518 T 2 14+ h(2)
Imf(z):—;lo ’1—/1(2) .

PRt el

1—|z] 1+ h(z)
<
og(177) < o8| Ty

HIf345IE (2). f [Re f(2)] < 1 713

14 ]z]
g1‘*‘”(1—|z|)

n(124) <3

s 1+h(z) 1+ |h(z)]*+2iImh(z) 1+ h(z) 2Imh(z)

T=hz) ~ |1-h()] - arg<1—h(z)> - n(l—h(z)2>
HE

Re f()| = % arctan(%) < iarctan<1 f'TlP) S %.Qarctan|z\,

* AR B T IEDI R A5 AL |2] < 1 it arctan |z € (0, ). #Z5ie (1) 1HIE. O
3 4531 % f € H(BO,1)U{1}), £(0) =0, f(1) =1, f(B(0,1)) C B(0,1). IEHH: f/(1) > 1.
—_ LG
IEBA & g(z) = {f’io), . H1~J/8 4.3.1 B g € H(B(O, 1)). phim AHEIAEE,

f(2)

max |g(z)| = max |g(z)| = max
z

\z|<1 \Z\:l \Z\ZI :maX|f<Z)| :maxlf(Z)L

|zl=1 =<1

Pt g(B(0,1)) € B(0,1) H g(1) = 1. > 233 B ¢'(1) = f'(1) — f(1) = 0, # f'(1) > L. O
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SIEE 4.5.32 % P ANk IR, fER IR E LWL | P(e)] < 1M WHER AR NG 2, 4

|P(2)] < |2[".

P(2)
z

W /() = 0 0 € 9(BO.T)). mAABURAL max| /()| = max|f() < L PIHGE. O

)&l 5.2.2 FHIYI AR AL AT R I

(4) tanz.
(6) ecot;
RE  (2) 1 2kmi (k€ Z); AP 1; JEIIA A oo

2iz

(4) tanz = —i5— ! Wit (k+ 3)m (k€ Z); AIREaF s oo,
(6) et — exp< =t 1) REAE: = (k€ Z), oo; LA O, -
e? —1 km
@l 5.2.3 # 20 SEEE [ B(20,7) \ {20} — C\ {0} BOASHEZT S, W 20 2 —— f( ] AT 15

IEBA R f(2) # 0,Vz € B(zo,7) \ {20} 1 20 22 f( ] AIPRAL A 5. T 20 22 f(2) EI’JZIK‘&F#lE XA

A€T, f@% B(z0,9) \ {z0} C B(zo,7) PAFHE—FNHFW) 2, — 20 (15 f(2n) — ffﬁ'ﬁ f(z ) — A,

(A 2T A O

Bl zo /&

f( )
SJEE 5.2.4 & R(z) RABREL 21,20, 20 J2 R(2) £ C _LIARTEARRBBUE. UEHT: # 20 24241
B f o B(20,7) \ {20} = C\ {21, 22, , 2} PIARVERF AL, W 20 HUJ2 R(f(2)) HUAMED

R BT 20 2 f(2) BASMERT S, AR A, B € C\ {z1,22,+ , 2} W) R(A) # R(B), WAFAEW
A an — 20 5 by, — 20 15 f(an) = A H f(bn) = B. Wi R(f(an)) — AT R(f(bn)) — B, —&A
4, I 20 42 R(f(2)) BIATEAT AL O
SR8 5.2.8 ¥ fEB(O,R) \ {0} 44l # Re f(2) > 0,Vz € B(0, R) \ {0}, W] 0 & f fm] £47 5.

UEBA i Re f(2) > 0,Vz € B(0, R) \ {0} A, 0 ARJ2 f AYASPEZ . BMULFRAIE 0 A2 F s, I BRGIE:,
02 f IR, K g(z) = i, M} g(0) = 0. % z € B0, R) \ {0}, H1 Re f(2) > 0 aJ %1 Re g(z) > 0,

f(2)
HPFE AT, 2 € (0, R) 1,

_ Lo _ Lo 0
O—Reg(O)—Re{zﬂ/O g(re )da}_%/o Reg(re'?) dé > 0,

TG0 AR f RIS, I 052 f AT E47 5 O
SR 5.4.1 QEE: EEUERES Cauchy BN ARG

1 (BHEHE) %y Z7TREK Jordan &k, B4 f(2) vy WD FhE 21,20, , 20 S, B
Eﬁ\{zhz%"' 7271} _J:Eé;‘; D]\IJ

/f(z) dz = ZWiZRes(f, 2k)-
5 k=1
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T 2 (Cauchy BRAX) %Ki D Z kK Jordan #i 4 v 8 W #, f(z) € H(D)ne(D), Il
(1) %D 1 f(2) = - I/C

(2) f(2) £ D AAAN 25, BED K f™(z) = 2 / <f<z<)n+1 d¢ (n=12--).

271'1
2

R (D)= @] 00,0 == L o LI R,

[ 2 e = amimes (. 2) = 2 him [ oyt L] - 2OEE),

—z) n! oz dCm (¢ — 2)ntt n!
Y

(2) = (1) | iz Cauchy E28, AW f(2) £ D HHA LAF R o, R [ AR o BN

+oo
Laurent BT f(z) = Z cn(z —a)". f Cauchy F4r A5,
+o00 too
/f(z :/chz—a dz = Z/cnz—a dz = 27ic_; = 2wiRes(f, a).
e n=-—oo n=-—oo O
3@ 5.42 Fa feHB(a,R)\{a}) AR, H a # oo, WIS Res(f,a) = 0. Z5FIULHA, 7
00 2 f € H(B(co )) MR Ar 5, W Res(f, 00) FTHEARSET 0.
BBE W) =1+ ;, M oo /2 f(z) € H(B(oo, R)) (R > 0) KR LA 5L, 5

Res(f,00) = [( >dz

3 5.43 % f € H(B(co, R)). IEHA:
(1) #5 00 /2 f AT EFFAL W Res(f, 00) = lim 22f(2).

(2) % o0 2 f 9 m BBk, W Res(f, 00) =
B (1) # oo & f AR, TR
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TR
p>R 1 0 Cn
Resh:o9) 55 g [ 30 5
M
dm+1 o0 n+m c
(m+1) N m+1 ' n
f dzm+ (Z: ) Z n_l Zn+m+1’
(5]
=" . 1 S (n+m)! e
1 m+2 p(m+1) S | ) e =R
o s ) (m+1)1252‘o; =1 a1~ = Res(f,

S 5.4.4 B f.g € H(B(,)), fla) # 0. a g ) 2 HEL, 5 Res(L,a).

RE & N N
flz)= Zan(z —a)", g(z)= Zb (z—a) z € B(a,r),
n=0 n=0
s (n) (n)
anzf '(a ag # 0 bn—g ,(a,bozbl—07b27é0
n! n!

(z—a) 3

PAha iy 2 Birflst, Rk

Res(g, )_hmd[(za)zf(z)} ~ lim f(z)>/

i & ) =)
i LG~ FER ) F@hia) ~ [k (@)
Z—a h2(z) h2(a) ’

! g"(a) g" (a) ! " "
Res(Z.a) (@)% — f@) K 6f (a)g"(a) — 2f(a)g"(a)

00).

O

(g”(a>)2 - 3[g"(a)]®
2
SIRE 5.4.8 F5H T AL R BUE C ik A IRSr 37 i, J1 3R B 2] 5 i Bore 2 0148 H IRS7 37 i Ab i
R
1
1) B 5
234+ 2242
@ 2(22 - 1)
3) 224+z-1



Zn—l

Z" 4+ a”

(4)
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f(a) >0, N
1

min 2 —a < 7oy < maxlz—al
B W D 7E a ABREE .
(@)
Twza e 0,1\ {0},
IR 4 F(w) = 1 v ) Morera £ 5 Hl F e H(B(0,1)). 5 s
_— =0.
F(a)’ v

B,
min | f~!(w) — a| = min |[F(w)| < |F(0)| < max |F(w)| = mei>§|f_1(w) —al.

jwl=1 jrol=1 jwl= o]

L B R E R, f K OB(0, 1) ——HuBh D, L b s K

1
mi — < — K —al.
minle —al < 7oy < maxlz—al O

3 7.2.3 % D ERT CHHEESE, o € D, f ¥ D 44tk B0, 1), HH. f(a) =0, f'(a) > 0.
WEE: 2 g 4% D WA B(0,1), p= g~ 1(0), I
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e T e o] < 1.0 € R T
0

MR T go € Aut(D), MUERATER g0 f7(2) = e’

go f7H(f(p) =g(p) =0, W z0 = f(p). th

7@ _ (10 = 9< 2= () )

=e’(1-1f ()

f'(a) L=fp)z) |,
R f/(a) > 0,1 f(p)] < L5 e = éﬁ&. i
Sty O 2 f) e g(a)  f(z) -~ f(p)
gof (2) 19 (a)] 1_m2 9(2) ()] 1—mf(z) -

@724 WD HRTCHMNEK a € D, T ={feHD): f(a)=0,f"(a) >0} IEH: T Hif
f(D) =B(0,1) fl Re f'(2) > 0 (Vz € D) iy f ;& A1

UERA XHIEE f € T, # Re f'(2) 2 0,Vz € D, FATER] £ a6 st ekl I BGIE, BRAFAEAR I WA
21,22 € D, i f(21) = f(22), T D Mg (AR SEEE ), FATH

0: / f dC /f21+t 2—21)(2—21)dt

[z1,22]

it

1 1
/ Pt t(z—21)dt =0 — / Re /(21 + t(z — 21)) dt = 0
0 0

L0 Ref/(2) =0, V2 € [a1, 2],

[ >J 55 2.2.2 (1) 0I5 f/(2) HE [21, 22]) LoNEEL FH SRS SIGLER A f/(2) 78 D FoAEE, A
7D L Ref'(2) =0, X5 Re f'(a) = f'(a) > 0 FJG. 8 f RERMEEL, 456 f(D) =B(0,1), H Riemann
WS H, f O

3@ 7.2.7 & DERT CHMHIERI, o € D, R}y D1E a AWBUFEE (8 LI~ 7.2.2). Gk 25
F e H(D),F(a)=0,F'(a) =1, N

/ IF'(2)]? dz dy > 7R2.

S WAL ALY F 2 D ok B(O, R) MXU4=4Emk .

B 4 f M B0,1) F] D ML, Wi £(0) = a. £'(0) > 0. i1 F £ 1y R? |-t Jacobi 47
FIFH |7, BT 845, [(Fo f)[° MRIAFEEL, FA14

//\F’ \dxdy—/ |F' o f(w))|f (w |dxdy—/ |(F o f) (w)” da dy

B(0,1)

> 7|(F o f)(0)* = 7| F'(a) f <o>|2:72:7rR2.
1(f~1) (a)]

SR IR B [(F o f)'| AHEMREL, i~ 2.2.2, (Fo f) AHHEREL, 456 Fo f(0) = F(a) = 0 B
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HIFof(z)=cz, Hif c € C, {t F(2) = cf 7 (2) &4 D Bh B(O, R) [XL4LEmLGT. O

3l 7.3.1 FIJH] Schwarz X FR AT SO 1Y i BEIER] K B(O, 1) WA H St XA aime i — e 2 45X
LMA .

UERR AEICRE B0, 1) Wy B AU ST f, i AR I e B, f ATAES A B(O, 1) BRYIEZE %L, A

_ ONNE RS
A5 OB(0,1) ——HubNy IB(0,1). T2 f(2) AL f(2) = { o> 1, W SEEBOL) EHH
el |
{Uh 1 A%8, [AE OB(0, 1) L2k, i Painlevé AT f ) C LAY AGRAEL, #E7 £ € Aut(C). Hisi
F 535, f ARG, Il f i LAt D

Sl 7.3.3 % D 2 i 5 5Pl BT LR BREE T, 21, 20, 23 € OD RV FR =44, # 0D 1]
HEF. UEW 2 w1, we, wy € OB(0, 1) @ BRI =55, % 0B(0, 1) fIE mHES, WIFFAEME—IY o, K D
XAk B0, 1), ¥ D FIHBEA B(0, 1), H-H. f(2k) = wyi, k = 1,2,3.

MEBR (f#fedk) i Riemann Wi P55 FEXHR @ BR, FEAERREL f, B D W44l B(0, 1), 345 D
[l IR Ay B(O, 1), FRBAT N2 48 g 15 g(f (i) = wi (1 = 1,2,3), H14p X EMAR A PR 5 1
BT @ =g o f HFTK.

(ME—PE) BERREL o1, 00 BT, W 10 0y " J2 B(O, 1) 194240 H [+ #y (N\ﬁ'ﬁil’wi% é*?ﬁ%) H
P10y (wi) = w; (i = 1,2,3), AT = MAHE N, oy =1d, Bl g1 = O

@735 B f € H(BO,1)),f(0) = 0,f(0) = a > 0.iEH: # f(BO,1)) c BO,1), W f1E

a
B (0, Y m) A,

JERR  Hy Schwarz 2| ¥4 a

= f'(0 ) € (0,1). % f(z) 7€ B(0, p) L AEH 0 08 KR, W0 A7AE A [ 1) T
21,22 € B(0, p) i1 f(21) = f(22). H

T 21, 22 88 f(2) — f(z1) B35, e 441,

o / EEs e EEEE

|z|=p

it v, = f(OB(0, p)), W) ~, A&y EAFH Hh 42, 150

w=f(z) 1
27” / f(z) = f(z1) ~ 2 / dLog(f 21)) %A%Arg(w_f(zﬂ):l,

|z|=p

SR By, E2, BIAPAER FIRIPIA 1 Ca € OB(0, p), 7% £(1) = F(Ca). H1>J 8 4.5.20 B3
£ (C)| < p°. i HT > 4.5.21,

a—|G| a—p 9 1-vV1-a a
|C1|1_a‘cl|<|f(él)|:>P'1_ap<|f(C1)|<P = p= - = i
a
Wi f 7 B(O, m) Al O

just

I 1 RHRLHEH T € Aut(D), i3 T(1) =T H T(a) =T, Kl |a| = 1.
BBE EEE T e MM, MUERA XA w € Aut(D) {5 w(l) = Lw(-1) = a. ¥



0 2 — 2 Sy D g
w(z) = e T Hof 2] < 1,0 € R fE. #ATH

1_%2:7/\
ol —2z
i0 0
el =2 =1
-z —_ 0 meg, a—1 2a
= Zp=1-—¢€"%1- = —
10_1_20: “ e”( %) 0 a+1 a+1e
1+7%
1] 1 EIkRy *3
itk o _ ¢ L e o=
a+1 a+1
Hw'l:1—1a——1%H
5w _ 5 z+e‘920 5i (@-ﬁ-l Z—|—( —3)
T = 4 1 = = 4
(2) =etw™(z) e 13z © (@-3)z+(atl)
IR 2 0> 000 = Y e TN 9 =1 20(7).

WEBA 4 f(z)=e ™,

fO = [emtemtar m e e
R R

_ we? rta? t>0 _ g2 1 1 xe2
= t ™ dpr —— 2 T = t
e Re X e 2\/Z \/Ee
M f €, H Poisson sKAIA G
i i N 1
=3 fmy= 3 fm=— 30 7T =173(3).

o0 [ee]

e727rian t
=] ‘)‘Lt R N HH : _ = _— .
#FEE 3 %t >0,a€R ALY n;m cosh (%2} n;m cosh(x(n £ a)i)
N 1 -
WA BT & Fourier 484511 N3l 55,
coshrx
—2mixg
/ © dx = 1 ,
r coshmz cosh €
e727riaz
AT f(2) = ———=—~ 1Y Fourier 254y
cosh(Z2)
. e—2miz(a+E) =ty e 2miy[t(a+8)] t
= d t d == .
1) /R cosh(Z%) v /R cosh(my) Y cosh(m (& + a)t)
££]
e—27ria£ 2 |z
= — — < 2 t
F@)l cosh(Z%) et fe % ¢
Al f € §, fil Poisson sRKAIAH AT
e727rian e t

- (M) - n;m cosh(m(n + a)t)’
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#FEB 4 %} 75)1 Phragmén-Lindelof 5 FiSZ Pl Paley-Wiener i BHIEH]H Step 3 fy 41T :

()]

e
EBR i Ak e 001, Phragmen-Lindelof 5t t AR KT O R 4 F () =
F(2)e2miM= FEEE] F(2) e S MBI A LR 1

1

)

< 27r]\/[\y|.
27 M|z = |f(2)l<e

AN/

e

[F(x)| = |f(x)| <1, Vo eRy,

[FGiy)] = |fliy)le ™7 < 2MilemMy — 1 vy e Ry,

X |F(2)] = |f(2)]|e*™M*] < e*™MI* fy Phragmén-Lindelof 5 Fi 4, r — MR [F(z)| <1, B
()] < [em2mM| = |em2mMr )| — e2mMy, e = A AT T AR LT 0

Stein 4.4.1 Suppose f is continuous and of moderate decrease, and f(€) = 0forall ¢ € R. Show that
f = 0 by completing the following outline:

(1) For each fixed real number ¢ consider the two functions

/ f —27r1z (z—t) dl’ and B / f —27r1z(w t) dz.
Show that A(¢) = B(&) forall £ € R.

(2) Prove that the function F' equal to A in the closed upper half-plane, and B in the lower half-plane,
is entire and bounded, thus constant. In fact, show that F = 0.

/ ; f(w)da =

(3) Deduce that

for all ¢, and conclude that f = 0.

Proof (1) We have
A€) ~ B(e) = / f(w)e™2 €60 4y = f(g) = 0.

A(z), Imz>0,
(2) By Symmetry principle, the function F(z) := is an entire function. Since f is
B(z), Imz<0

of moderate decrease, we see that

t A

t
|A(Z)| </ |f($)|e27rlm(z)(w—t)d$</ Tr 2d$<7TA
— 00 —o0 T
is bounded in the closed upper-half plane. Similarly,
oo mTim(z)(r— > A
BE)I< [ @O dr < [T ar <

is bounded in the lower-half plane. So F is both entire and bounded, thus constant by Liouville’s
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theorem. Let z = is for s > 0, we have
t . S— 00
A(is) = / f(z)e? == dp —— 0
— 00
by DCT. So F' = 0.

t
(3) Take z = 0 we find / f(z)dxz = F(0) = 0 for all ¢, hence f = 0. O

Stein 4.4.3 Show, by contour integration, that if ¢ > 0 and £ € R then

1 [ a o _
- : ~e 2mixé dr=e 27ra|£|’
T ) o 0+

and check that .
/ e—27ra|§|e27ri£ac df _ EL
—00 T a2 + 2
Proof Let f(z)= = j_ = o 2mizE
1 a
1) Ifé=0thenLHS = ~ | — " _dz =1 = RHS.
(1) If¢ en - /R T el

(2) For ¢ < 0, choose upper semicircle contour, from the residue formula we get

Im
72

ai

> Re

—-R 25! R

z—ai 2 + ai

/f(z) dz + / f(z)dz = 2miRes(f, ai) = 27i lim & emmize _ po—2male],
gt Y2

Since when R — +oo,

JECES </Oﬂ

: a 2e727ria:§ dr = ﬂ_e727ra\§\'
R Q"+

a 2rREsinG| g < ma

_— —— 0
a2 + R2e2i0 = R2 — g2 ’

it follows that

(3) For £ > 0, choose lower semicircle contour, like in (2) we get

Im
—-R 711 R Re

—ai

V2
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z——ai z — al

/ f(z)dz+ /f(z) dz = 2miRes(f, —ai) = 27w lim @ e2misg . pe—2malé],
7 72

When R — +o0,

27 sin
/f(z)dz é/_ﬁ 2 Rren0 do < o — 0,
Y2
hence
/ — % _dr= —(—we_2m|5|> = e~ 2malél,
R a2 + 22
For the second part of the exercise, notice f € §, so Fourier inversion implies the result. O

Stein 4.4.7 The Poisson summation formula applied to specific examples often provides interesting
identities.

(1) Let 7 be fixed with Im(7) > 0. Apply the Poisson summation formula to

fz)=(1+2)7F,

where £ is an integer > 2, to obtain

oo

1 (_QWi)k - k—1_2wimt
> i e iTD DL e
(t+n) (k=1 2=

n=-—oo

(2) Set k = 2 in the above formula to show that if Im(7) > 0, then

oo

1 - 2
Z (t4+mn)?2  sin%(r7)’

n=—oo

(3) Can one conclude that the above formula holds true whenever 7 is any complex number that is

not an integer?

Proof (1) @ For ¢ < 0, choose upper semicircle contour.

Im
Y2

\ R
R m R

Since (7 + z) ""e 2™ is holomorphic in the upper half-plane, we have

/(T + ,2)7]“e72’rizg dz + /('r + z)fkefwm§ dz =0.

71 2
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When R — +o0,
/7r e—27ri£Re39Ri a0l < /7r R‘G_QﬂifReie 40
o (T+Re®)r " o (R— 7|

7.‘.}32e27'r§Rsin0 ¢<0 7TR2 k>2
< < —0
SOR-TDE T (BR-ITDR

/(T+Z) k —271'12.de _

2

9

hence when £ < 0 we get

fe) = /R (7 + 2)Fe 2T g = 0.

@ For £ > 0, choose lower semicircle contour.

Im
—R Y
11 r Re
o« —T
"2
The residue at —7 is
3 1 ooy (B—1) (—2mig)k=1 .
k 27rz§ _ 2miz€ _ 2miTé
Res((7+ z)~ ! )_7(13—1)!('3 #%) B N e?e,

thus o
/(T +2) Fe P dy 4 /(T + z) ke 2 4, = _(_(2]:1)15)'6,277175.

71 Y2

When R — +o00,

k omize 727r1§Re
—2miz _
[+ dz f/ TR o

V2

0 R‘eﬂmwe*’
< —————df
[ﬂ' (R - |T|)k

2.27ERSING ¢>0 2 k>2
< mTRe o5 TR _ 2,
(R—17]) (R—17])

hence when £ > 0 we get

f(g) /R(TJFI) ko—2miE g, %e%wg'

Since f € §, by Poisson summation formula we have

(oo}

1 ~ TrmT
ZOO(T-l-n) k Z et

m=
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(2) Set k =2 in the above formula, we get

1 00
Z ( " )2 — _471_2 Z meQ'mm‘r.
T n

n=—oo m=1

To finish the proof, notice that when Im(7) > 0 we have ]e2””| = e 27m(") < 1, hence

> ; 1 e 0 . 1 0O © . 1 9 e27ri‘r
2mimT __ _Z (p2mimT) _ I 2mimT | _ -~
Z me © 27 Z or (e ) 271 01 (Z ¢ ) 27i 87’<1 —e2””>
m=1 m=1 m=1
B e27ri‘r 7 1 _ 1
o (1— e27ri7')2 o (emim — efmr)Q o —4sin%(n7)’

(3) For the case that Im(7) < 0, by replacing 7 with —7, we see the formula in (2) still holds. When
7 is a real number that is not an integer, the same formula holds by the isolating property of the

zeros of a holomorphic function. O

Stein 4.4.9 Here are further results similar to the Phragmén-Lindel6f theorem.

(1) Let F be a holomorphic function in the right half-plane that extends continuously to the boundary,
that is, the imaginary axis. Suppose that |F(iy)| < 1 forall y € R, and

F(2)| < Ceels
for some ¢, C > 0 and y < 1. Prove that |F'(z)| < 1 for all z in the right half-plane.

(2) More generally, let S be a sector whose vertex is the origin, and forming an angle of 5. Let F'
be a holomorphic function in S that is continuous on the closure of S, so that |F'(z)| < 1 on the
boundary of S and

|F(2)| < Ce*l” forall ze S

for some ¢,C > 0and 0 < a < 3. Prove that |F(z)| < 1forall z € S.
Proof We prove (2) directly. Let F.(z) = F(z)e ** , where r € (a, ) NQand € > 0. Then
‘FE(Z” _ |F(Z)|efe\z\rcos(rargz) < Cec\z|“75|z\rcos(rargz).

Without loss of generality, we consider the sector

s

S{ZEC:Q/B

<«
<argz 25 |

then rargz € (—%,%) and cos(rarg z) > 0. Hence |F.(z)| — 0 as |z| — oo, and we can conclude that
|F.(2)| achieves its maximum on S at some point zy # co. Using the maximum modulus principle on
some region with compact closure that contains zy, we see that z, must lie on the boundary of S. Thus

|F.(2)] < |Fe(20)| < 1, and by letting ¢ — 0 we get |F(z)| < 1forall z € S. O

Stein 4.4.11 One can give a neater formulation of the result in Exercise 10 by proving the following
fact.
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Suppose f(z) is an entire function of strict order 2, that is,

f(z) =0 (e ")

for some c¢; > 0. Suppose also that for x real,

for some ¢y > 0. Then
e tig)] = O(em"+")

for some a, b > 0. The converse is obviously true.

Proof For z = x + iy, if 2 < y?, then
alz? = a1 (a® + %) < 21y” < Bery® — era?,

and so we already have

1f(2)] = O(ecl\z\2> _ O<efclm2+301y2)7

which is the desired result. So we may assume x> > y°. By symmetry, we can only focus on the sector
S={zeC:0<argz< T} Let

ge(2) = f(z)elez—eHilertal=® g0 5 0
then |g.(2)| < e“*” in § for some ¢ > 0. And on the boundary of S, we have

19-(2)] = |f(2)|e(2~9)%" < Che—e2" e(2=9)7" — Che=®" 1 >0,

|g:(Re'T) | = |f(z)|e~ (1 +F" < e e~ (4R = 0re=<F" R > 0.

So |g-(2)] < Ce " on the boundary of S for some C' > 0. Now we can apply Exercise 4.4.9 (2), where

we take o = 2 and 8 = 4, to the function gg(z)eEM2 (recall gs(z)eEM2 < eletallzl® ), and conclude that

eelel?

<C forallze S.

9¢(2)
Then let e — 0 we get

F(2)] - [elestenin?] | p(z)[ers (") 20 < ¢ foratiy € 5.
Hence

If($)| < C«e—c;;(x2—y2)+201wy )\20 Ce—cz(zz—yz)-‘rm)\xz—k%yz —_ Ce—(C2—Cl)\)'£2+(02+uTl)yz

)

choosing A < 2 we complete the proof witha =cy —ciAand b= ¢y + %1
C1

Stein 4.4.12 The principle that a function and its Fourier transform cannot both be too small at infinity
is illustrated by the following theorem of Hardy.
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If f is a function on R that satisfies
f@)=0(e™) and f(©) = 0(e™),
: . —rz? . _ —rAz> R o 77rB£2 :
then f is a constant multiple of e . As aresult, if f(z) =0 (e ), and f(§) = O(e ), with
AB > 1land A, B > 0, then f is identically zero.

(1) If f is even, show that f extends to an even entire function. Moreover, if g(z) = f (z%), then g
satisfies
lg(z)| < ce™™ and |g(z)] < ce™®* 7 L ce™l?!

when z € Rand 2z = Re" with R > 0and 0 € R.
(2) Apply the Phragmén-Lindelof principle to the function

e_;%
F(z) =g(z)e"”® where~y = ir—
sin

%
and the sector 0 < 0 < % < 7, and let § — 1 to deduce that €™*¢g(z) is bounded in the closed
upper half-plane. The same result holds in the lower half-plane, so by Liouville’s theorem e™* g(z)
is constant, as desired.

(3) If f is odd, then f(0) = 0, and apply the above argument to @ to deduce that f = f = 0. Finally,
write an arbitrary f as an appropriate sum of an even function and an odd function.

Proof (1) Since f(¢) =0 (e_”f2 ) , f can be extended to an entire function by Theorem 3.1. Moreover,

when f is even,

f-9) = [ r@emstar = [ o tda = fio

for all ¢ € R, which implies that f(z) — f(—z) is identically zero in the whole complex plane. So f

extends to an even entire function. For g(z) = f (z% ), we have

lg(x)| = f(iﬂ%) Lcee ™
and
‘JE(ReiQ)‘ _ /f(x)872wizR(cosa+ism9) dz| < / \f(x)|e2”Rsm0 dz
R R
< / Ce—frz2+27racRsin0 dr = CeTrRz sin20/e_ﬂ($_Rsin9)2 da
R R
2 2
— Ceﬂ'R sin 9’
and so
|9(Re”)| = ‘f(R%ei(gH”))‘ < ce™sn 3 < e R

(2) First we show that

er i(e-F)
lsi:le 2p

‘F<Rei9)’ _ ]g(Reie)| | "5 _ |g(ReiG)’e—%sm(9—%ﬁ)
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(1) sin(6 — &
< ce™=20)  wheregy = M

in X
smw

For 3 > 1, consider the sector S = {z cC:0<argz < %}, on its boundary we have

i%(cos 35 —isin %) (1)

F(@)| = lg(@)] - [e ™ — Jg@)[e™ < e o™ =, Va0,
‘F(Rei%) <ce™0-D — ¢ VYR >0.
Hence [F(2)| < 1 on the boundary of S. Note that [eg| < 1 for 0 <6 < 7, so
|F(Reia)| <0< %
Since 8 > 1, we can apply result in Exercise 4.4.9 (2) to ) to get |F'(z)| < cforall zin S. Let

B — 1, then v — 7 and we conclude that |g(z)e™| < c for all z in the upper half-plane. The same
result holds in the lower half-plane, so by Liouville’s theorem e"*¢(z) is constant.

(3) If fis odd, then f(0) = 0, f extends to an odd entire function by the same argument in (1), and

f(2)

22 s even. Let h(z) = f(22)2"% and we get the same bound as in (1), then follow the same
ar?;ument in (2) to conclude that h(z) is constant for all z € C. Hence from f(0) = 0 we see f = 0
and then f = 0 by Fourier inversion.

Finally, for an arbitrary f, by decomposing f into even and odd parts, we see that f is a constant

multiple of e O

Stein 4.5.3 In this problem, we investigate the behavior of certain bounded holomorphic functions in
an infinite strip. The particular result described here is sometimes called the three-lines lemma.

(1) Suppose F(z) is holomorphic and bounded in the strip 0 < Im(z) < 1 and continuous on its
closure. If | F(z)| < 1 on the boundary lines, then |F'(z)| < 1 throughout the strip.

(2) For the more general F, let sup |F(z)| = My and sup |F(zx +1i)| = M;. Then,
r€R Tz€R

sup |[F(z +iy)| < My M}, if0<y<1.
TER

(3) As a consequence, prove that logsup |F(z + iy)| is a convex function of y when 0 < y < 1.
z€R

Proof (1) Let F.(z) = F(z)e_”2 for some ¢ > 0, then
|Fe(2)] = \F(Z)|efs(127y2) —0 asz — oo.

Hence |F.(z)| achieves its maximum in the strip at some point zp # oo. Using the maximum
modulus principle on some region with compact closure that contains zp, we see that zy must lie
on the boundary of the strip. Thus |F.(z)| < |F:(%0)| < 1, and by letting e — 0 we get |F(z)] < 1
throughout strip.
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(2) Let G(z) = My *~*MI*F(z), then G(=z) satisfies the conditions of (1), i.e.

Ga)| = | Mg =1 - | M| |P(@)| = My '|F@)| <1, Vo €R,

G +1)] = [Mg 7 M| P4 i) = MU F@ 4D <1, Ve e R

By (1), we have |G(z)| < 1 throughout the strip, i.e.
G| = | Mg 7 MR = My ARG+ i)l <,

which implies the desired result.

(3) Set M(y) = sup |F'(x +iy)| for y € [0,1]. For 0 < y1 < y2 < 1, by scaling we see the result in (2)

applies to the str1p 1 <Imz <y, ie, forally € [y1,y2],

log M (y) <log( (y1) 391 M (ys) 5 y’}l) =279 log M (y1) +

— Y
log M ,
Y2 — Y1 — W & (yQ)

which implies the convexity of log M (y). O

HERES 1 [w| <1, mﬂi\l—e | < clw| BSLHHRL c.
1-—

fRE L f(w) = s B 0 e T RA L, L f € H(B(O, 1), MERREURIT I
Z:wT )I-;}ﬁ <nz_%(nil)!:e—1.
Fr i c=e — 1 (R A w = 1 WX B HEAEFEED). [
Stein 5.6.1 Give another proof of Jensen’s formula in the unit disc using the functions (called Blaschke
factors)
Valz) = 1a— de'

Proof Let () be an open set that contains the closure of a disc Dy and suppose that f is holomorphic
in Q, f(0) # 0, and f vanishes nowhere on the circle Cg. Let z1, - - - , 2y denote the zeros of f inside the

disc (counted with multiplicities), we want to show that

|2k ] Lo i0
log |£(0 \—Zlo ( )4—2/0 log| f(Re')| d6.

(1) First, we observe that if f; and f, are two functions satisfying the hypotheses and the conclusion
of the theorem, then so does their product f; f.

(2) By setting f(z) = f(Rz), what we want to prove can be reduced to the specific case when R = 1.
Note that the function

f(2)
g\z) =
S EET e
initially defined on Q \ {z1,--- ,2n}, is bounded near each z;. Therefore each z; is a removable

singularity, and hence we can write

[(2) =4z (2) -2y (2)9(2)
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where g is holomorphic in © and nowhere vanishing in B(0, 1). By (1) above, it suffices to prove
Jensen's formula for functions like g that vanish nowhere, and for Blaschke factors.

(3) The case of functions that vanish nowhere follows from the mean value theorem for holomorphic
functions. So it remains to show the result for Blaschke factors. We have

1 [ .
logl(0)] = log o] = log ol + 5 [ loglun(e”)|d0
since |1, (z)| = 1 for z € 9B(0, 1). O

Stein 5.6.3 Show that if 7 is fixed with Im(7) > 0, then the Jacobi theta function

o0

Z | T § eﬂ'm T 27rm7

n=—oo
is of order 2 as a function of z.

Proof We have

oS o)
2

| P | T § 71'm T 27rmz § e~ Im(7)+27n|z|

n=—o0 n=—o0

E 77rn Im(7)+27n|z| + E effrn Im(7)+27n|z|
z 2|
n<1m(7‘) ( )
27n|z| < ﬁ when n < Tm‘(f —n2Im(7) + 2n|z| < 7% whenn > I:“é)
8r|z|2 —7n? Im(7) n Im( )
<emm E e~ (r + §

4|z|
n<[m(r) nZmisy

—x 1

ST 817r\2|2 1 1
< e m Z ™2 Im(T) +1 + Z wn? Im(7)

n< 4|z|

Im(7)

8r|z|2

< Cre ™ + (s,

It remains to show that the order is at least 2. We use repeatedly Proposition 1.1 (iii) in Chapter 10,
which is about the quasi-periodicity of O(z | 7), to see that

Oz +mr | 7) = e 2mme—mm*T gy | 7).

Then take x = 0 to get
O(mr | 1) =™ MO0 | r) = AePI T,

which shows that the order of ©(z | 7) is at least 2. O

Stein 5.6.5 Show thatif o > 1, then

o0 [e% .
Fo(z) = / e I"e?m= gt

is an entire function of growth order
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Proof By Fubini’s theorem we have

/Fa(z)dz:// e—\tl“e%ztdtdZZ/ /e—‘t\“e%ztdzdt:/ 0dt =0
ol ol o _OO’Y o

for all closed curves 7, hence from Morera’s theorem we see that F7,(z) is an entire function. To approx-
imate the order of F,,(z), we first set A = 47 and observe that

o If [t|*~! < Alz|, then

e

B +27|"Z||t| 27T|Z||t| 27’["Z|Aa 1‘Z|°‘ T ZQTFAﬁ|z|ﬁ

o If [t|*~! > Alz|, then

e

et Alz A
5 + 27|2||t] < 27|z||t] = |t<—| |2 +27r|z|> < |t|( | | + 27|z |> = |t||z|<27r— 2) =0.

So we can conclude that

ta
—%+27r|z\|t\ < 27)z|t] < ¢lz|a T (5.6.5-1)

for some constant ¢ > 0. Denote p the order of growth of F,(z).

(1) We first show that p < —— Usmg (5.6.5-1) we have

|Fn(2)] g/e—\t|q+2w\z||t\ dt:/e—ﬁe—#wﬂzuth
R R

s [t]> =T +oo @

o — — = o — -

< el / e” = dt = 2e°V! / e 2 dt
R 0

_a +oo ‘ _a
< 227! <1 +/ e 2 dt> = 20(1 + e*%)ec‘z‘k1 )
1

hence p <

2mi

(2) Next we show that p > Ll' For simplicity we consider G, (z) = Fo(5%) = / e " dt and
a— R

e
it has the same order of growth as F,,(z). Suppose to the contrary that p < 1 and that
o —
1Go(z)] < AP vz e
for some positive constants A and B. For R € R+, we have
1 1
a—1 Ra—1

“+o0 1
Ga(R) = / e 1%t 4t > / e el dt > /
R 0 0

Therefore we have
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But we know that

[N

Go(R) < APR — 1<e(

(i ) o

which does not hold for large R by our assumption that p < -
o —

Now we conclude that F,(z) is an entire function of growth order

Stein 5.6.7 Establish the following properties of infinite products.

(1) Show that if Z lan|? converges, then the product H (1+ a,) converges to a non-zero limit if and

n=1 n=1

only if Z ay converges.

n=1

(2) Find an example of a sequence of complex numbers {a,, } such that Z a, converges but H (1+ay,)
n=1 n=1
diverges.

(3) Also find an example such that H (1+ an) converges and Z ay, diverges.

n=1 n=1

o0
Solution (1) If Z |a,|? converges, then li_>m a, = 0, hence

n=1
an —log(l+a,) 1

lim = —.
n—o00 a% 2

By the limit comparison test, we see that Z[an —log(1 + a,,)] converges, then

n=1
oo oo oo
H (14 a,,) converges to a non-zero limit < Z log(1 + a,,) converges < Z a,, converges.

n=1 n=1 n=1

EO-
(2) Leta, = T, then Z a,, converges by the Leibniz’s test for alternating series, but
n

n=2

e i ) o) <

since by, < (1+ﬁ)(1—ﬁ) =1- ﬁ,wehave 1—b; > 2k+1 andhencez (1 — by)
k=1
diverges. Note that b, — 1, therefore

lim — log bx

=1.
k—oo 1 — by
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Hence Z —log by, diverges by the limit comparison test, and it follows that
k=1

i log by, diverges — ﬁ b, = ﬁ ay diverges.

k=1 k=1 n=2
(3) Let
1
-, n=2k—1,
an = 1\/E 1 1
— 4+ -4+ —, n=2k.
VE ko kVE
Then
<l ol Y1 X1 New
doan=) (azk-atam) =) =+ =+,
n=1 k=1 - VR DS RVE
but

ji(l%—an) = (1+a2)kl]i(1+a2k1)(1+a2k) :41111(1_\}%) (1+\}E> (1+;>

N
=4 - =4 —— —— 9
H k k 2N -
k=2
Stein 5.6.9 Prove thatif |z| < 1, then
°° . 1
(142421 + )42 = [ (1+) = 1
k=0
n—1
Proof If we denote P, = H (1 + an), then
k=0
(1=2)P,=(1—-2)(1+2)(1+2%)--- (1 + z2n_l) =1-22"
1— 2n
Hence P, = and by taking the limit as n — oo we get the desired result when |z| < 1. O

Stein 5.6.10 Find the Hadamard products for:
(1) e —1;
(2) cosmz.

Solution (1) Sincee®—1has growthorder lande®*—1 =0 <= z = 27in for n € Z, by Hadamard’s
factorization theorem we see it has the form

[e%s) o0 2
z z - - z
e —1= eAZ+BZ (1 — ) (1 7)621rin_27rin — eAZ+B 14+ = ).
};[1 27in + 2rin Z};[l + 4m2n2

Then

0 2
et —e i mel DB I (14 2.
TN

n=1
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Since LHS is odd we get A = 1, and from

1 B
17?3}3 z 7lline H( 4772712)

n=1

we see that B = 0. So we have

e _1:ZH<1+47r2n2>

n=1

(2) Since cos 7z has growth order 1 and cosmz = 0 <= z = n + % for n € Z, by Hadamard’s
factorization theorem we see it has the form

[eS)
z 4 2
ere ot (1 )e T e T (1 )
2 n=1

neZ

Since LHS is even we get A = 0, and by letting z = 0 we see that B = 0. So we have

Ccosmz = ﬁ<1(2n4i21)2)

n=1

Stein 5.6.13 Show that the equation e* — z = 0 has infinitely many solutions in C.

Proof Suppose to the contrary that e* —z = 0 has only finitely many solutions, then since e* — z is entire
and has growth order 1, by Hadamard’s factorization theorem we have e* — 2z = e***Z P(2) for some

polynomial P(z). Then P(z) = ZA;;

A =1, and hence z = e*(1 — e”C) for some constant C, which is impossible. O

=0 (e(1 Az ) which is possible only when P(z) is constant and

Stein 5.6.14 Deduce from Hadamard’s theorem that if F' is entire and of growth order p that is non-
integral, then F has infinitely many zeros.

Proof Letk = |p|,thenk < p < k+1. Suppose to the contrary that F" has only finitely many zeros, then
by Hadamard's factorization theorem we have F(z) = e/’(*)Q(z) for some polynomials with deg P < k.
However, this implies that F' has growth order at most &, which is a contradiction. O

Stein 5.7.1 Prove that if f is holomorphic in the unit disc, bounded and not identically zero, and
21,29, ,Zn, -+ areits zeros (|zx| < 1), then

Z(l —|zn]) < 0.

n

Proof Without loss of generality, we may assume that f(0) # 0 (otherwise just factor out z™) and the
number of zeros is infinite. Fix k¥ € N and consider » € (0, 1) such that n(r) > k and f vanishes nowhere
on the circle |z| = r, where n(r) denotes the number of zeros of f (counted with their multiplicities)
inside the disc |z| < r. Recall Jensen’s formula:

27 n(r)
Lt a0t~ -t ).

n=1
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The boundedness of f implies that there exists M > 0 such that

LB g 1 [P -
SO 5 < O] 5 =ew{ 5 [ toglr(re?)]do} <

Letr — 17 to see that

k
H |2n| 2 % forall k € N.

n=1

Then by taking k — oo we find

=

—= > 0.

[eS)
I
n=1

Therefore, by taking the logarithm we have

hE

(—log|zn|) < o0

3
Il
-

—log|zn
and hm |zn| = 1. Hence hm 0g||z|
n— —00 — |zn

= 1 and by the comparison test we get

oo
Z (1—zn]) <
n=1



