Stein 4.4.1 Suppose f is continuous and of moderate decrease, and f(€) = 0forall £ € R. Show that
f = 0 by completing the following outline:

(1) For each fixed real number ¢ consider the two functions

t o0
A(Z) :[ f(x)ef%riz(xft) dz and B(Z) _ 7/15 f(x)ef%riz(zft) de.

Show that A(¢) = B(&) forall £ € R.

(2) Prove that the function F' equal to A in the closed upper half-plane, and B in the lower half-plane,
is entire and bounded, thus constant. In fact, show that F' = 0.

(3) Deduce that
t
| t@as=o.
for all ¢, and conclude that f = 0.

Proof (1) Forall £ € R, we have

AQ-BO= [ e do = () =0,

(2) The function F is entire by the symmetry principle. Since f is of moderate decrease, we have

dx < 7C  whenever Im(z) > 0,

! 27 Im(z)(z—t) ! c
|A(z)| < |f(x)le dz <

—0o0 —oo]-+x2

and similarly
1B(2)| < / |f(2)]e2™ M@= dg < / H%dx < 7nC  whenever Im(z) < 0.
t t

Thus F is a bounded entire function, which must be constant by Liouville’s theorem. Now, take
z = is for s > 0 and note that

§—00

t
A(is) = / f(z)e?s@=) dg —— 0

by Lebesgue’s dominated convergence theorem. Therefore F' = 0.

t
(3) By (2), F(0) = / f(z)dx = 0 for all t € R, which implies that f = 0. O

Stein 4.4.2 If f € §, with a > 0, then for any positive integer n one has f(") € §p whenever 0 < b < a.

Proof Only the second condition in the definition of §; needs to be checked. For any fixed b, if we take
r=a—>b>0,then

B(z +iy,r) C {z € C:|Im(z)| <a} forallz € Rand |y| <b.



By the Cauchy inequalities,
. n!
ey < s JFQL
" 1= )| =r

Since f € §,, we have

If(z+1iy)| < forall x € Rand |y| < a.

1+ 22
Then, for |y| < b,
nlA 1 nlA 1

‘f (+iy)] <75 peoom L+ (@t reos0) 1 [L+ (jaf — )7

Finally, note that since

) 1+ z2
Iim —— =1
% T (] = 7)?

)

there exists a constant C' > 0 such that
1+ (Jz| —r)? > C(1+2%), VzeR.

Combining all the above estimates, we obtain

1A 1
O O
‘f (Z)‘ S Orrl a2’
Therefore, we conclude that f (") ¢ %, forall 0 < b < a. O

Stein 4.4.3 Show, by contour integration, that if a > 0 and £ € R then

1/ a —omi _
- i se 2mizé dr = e 27ra\§\7
T ) 0+

and check that
1 a

ma?+ 22’

oo
/ 6727ra|§|€27ri£m d§ _
—oo

a —27iz€
2 2€
a“ + z

Proof We may assume that { < 0. Consider the integral of f(z) = along the upper

semicircle contour as shown below:

Im
72

ai

Re

By the residue formula,

6727r1z§ _ 7T6727Ta|§| )

. (z)dz + /72 f(z)dz = 27miRes(f,ai) = ZWi;gI;i popap



Since
ma R—+o0

a
_
R2 _ a2 ’

27 RE sin O
a2 + R2e20 © df <

</
0

a — o —
= Se 2mizé dz = we 27ra|§|.
RO+ T

[m f(z)dz

we get

To check the second identity, we can use Lemma 2.3 to obtain

o] 0 oS}
/ e—27ra\§\e27ri§z df _ / e27r£(a+i:c) df + / 627r§(—a+ix) d§

0

_ /oo e,(zﬂa+2wzi)§ de + /OO 6,(27m727rzi)5 d¢
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- 2ma + 2wix + 2ma — 2mix
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Stein 4.4.4 Suppose Q is a polynomial of degree > 2 with distinct roots, none lying on the real axis.

Calculate
89 o= 2mizg

_mﬁdx, fER

in terms of the roots of ). What happens when several roots coincide?

Solution Let U be the set of roots of () in the upper half-plane, and L be the set of roots of ) in the
lower half-plane.

Assume first £ < 0. Choose R large enough so that

o |Q(2)| = C|z|* for some constant R and all |z| > R,

o all the roots of ) are contained in B(0, R).

—2miz€
Now, consider the integral of f(z) = 6QT along the contour v = v; U 7, as shown below:
Im
V2
R ] R R

Since

™ exp(—2miRe%¢) .,
/0 —Q(Reie) iRe"™ do

T exp(2m R sin 0)
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we obtain by the residue formula that

os} 6727r193.£

———dzr= lim /f(z)dz:27riZRes(f,z):Qwizi
ol

- Q(x) fimrroo z€U z€U

By considering the polynomial Q(—x) and substituting —z for x, we have for £ > 0 that

oS} e—27r1rc§

vdx = —2771222 T(Z)

— 00

For multiple roots, the idea is the same, but the formula for the residues would be more complicated.]

Stein 4.4.6 Prove that

1 oo o

a _ —2ma|n|
= 2. 2 €
s a“+n

n=—oo n=—oo

whenever a > 0. Hence show that the sum equals coth 7a.

1
Proof Let f(2) = —%. Note that
77 z

a? +

a 1 a 1 a 1
mla? + (z +iy)?| T wle? +a? —y?| T ow3ed 4 g2

[f(z +iy)| =

whenever |y| < §. Since

there exists a constant C' > 0 such that

a
w14 22

|f(z+1iy)| < whenever |y| < %.

This shows that f € §. By the Poisson summation formula, we have
S Exercise 4.4.3 _oraln
Zf(n):Zf(n):Ze 2maln|
nez nez nez

Hence the sum equals

2 _ 1+e—2wa
1 _ e—27ra - 1 _ e—27ra

—1+zze—2m =1+ = coth 7a.
n=0

Stein 4.4.7 The Poisson summation formula applied to specific examples often provides interesting
identities.

(1) Let 7 be fixed with Im(7) > 0. Apply the Poisson summation formula to

fz)=(1+2)7"



where & is an integer > 2, to obtain

o0

1 —2mi)* - — TimT
2. (T+n)k(<k_i))!;=1mk R

n=—oo

(2) Set k = 2 in the above formula to show that if Im(7) > 0, then

ee 2

Z< L ™ (4.4.7-1)

T+n)2  sin®(77)

n—=—oo

(3) Can one conclude that the above formula holds true whenever 7 is any complex number that is

not an integer?

Proof (1) Let us find the Fourier transform of f:

(e}

fle) = / (t+ ;10)_]“6_2””é dz.
—0o0

® For ¢ < 0, we choose the upper semicircle contour.

Im
Y2

R
“R m R

Since (7 + z) %e~?™=¢ is holomorphic in the upper half-plane, we have
/ (t+ z)fkef%iz6 dz + / (t+ z)fkefzmz5 dz=0.
71 72

When R — +oo,

/ﬂ. 672#15ReieRi ol < /ﬂ, R‘ef%ri&Reie "
o (TH+Re®)F = fy (R—|r)
mR2e27ERsING 520 TR? k>2 0
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/ (t+ Z)fkefzmzf dz
Y2

Hence, when £ < 0 we get

f(¢) = /R(T + x)"Fem 22 dg = 0.



@ For £ > 0, we choose the lower semicircle contour.

Im
—R 71 R
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The residue at —7 is given by
b o 1 e (k=1) (—2mig)k-t
k_ —2miz§ _ 2miz€ _ 27iTé
Res((7+ z)"e ,—T) —7(]{7_1)!(6 ) ) RN e .

Thus, we have

. . —omi)kek-1
/ (7_ + z)—ke—2mz§ dz +/ (7_ + Z)—ke—Zmzf ds — _( 7T1) f' e2miTE
1 Y2 (k - 1)

When R — +oo,

/0 e_QﬂéReieRi ol < /0 R‘e—QwiﬁReie y
_» (T + Rel?)k S (R—|T)F
7T‘R2€27r§Rsin€ £>0 7TR2 k>2
< — < i
(R —|7) (R—|70)

/ (t+ z)_ke_%iz5 dz
Y2

Hence, when £ > 0 we get

f(&) = /]R(T + z)Fe e qgp = (=2mi)tett omiré

(k—1)!
Given that f € §, the Poisson summation formula gives

i Z f l)k i mkfle27rim7

' .

n=—o00 T + n meZ k 1)' m=1
(2) Setting k = 2 in the formula above, we get
i # _ _47_(_2 i me27rimr.
n=-—00 (T + n)Q m=1

—27 Im(7)

To complete the proof, notice that when Im(7) > 0 we have |e < 1, hence

1 — 6 1 0 [~ o 1 0 e
2rimT I 27r1m7— - 2mimT - - =
Z me 27 Z or T 2rmior (rﬂzl c ) 2mi ot (1 — 62””>

e27r17' 1 1

271'1'r| —e

(1 —e2mim)2  (emit — g—mir)? - —4sin®(r7)’

(3) Recall from Exercise 3.8.1 that the complex zeros of sin(77) are exactly at the integers. Hence, both



sides of (4.4.7-1) are holomorphic functions of 7 in C \ Z. Since they agree for Im(7) > 0, by the
identity theorem, they must agree for all 7 € C \ Z. O

Remark Part (3) has already been proved in Exercise 3.8.12.



