Stein 8.5.15 Here are two properties enjoyed by automorphisms of the upper half-plane.

(1) Suppose @ is an automorphism of H that fixes three distinct points on the real axis. Then ® is the
identity.

(2) Suppose (x1,z2,z3) and (y1,y2,ys) are two pairs of three distinct points on the real axis with
1 <xzg <xg and y1 <y < ys.
Prove that there exists (a unique) automorphism @ of H so that ®(x;) = y;, j = 1,2, 3. The same
conclusion holds if y3 < y1 < y2 Or Y3 < Y3 < Y1.
az+b

cz+d
equation ax + b = z(cx + d) has three distinct real roots, which implies that a = dand b = ¢ = 0.

Proof (1) Since Aut(H) ~ PSLy(R), we can represent ® as z By the assumption, the

Hence, @ is the identity.

(2) Note that the map
(w2 — 23)(2 — 71)
(x2 — 21)(2 — w3)

Ty woms: H—=H, 2z~

is an automorphism of H, since if we let
a=x9—x3, b=uwx1(x3—22), Cc=12—11, d=1x3(T1 —T2),

then

(ad — bc) Im(z)
|cz + d|?
(2 — 1) (23 — 22) (23 — 1) Im(2)
lcz +d|?

(T, 20,05 (2)) =

>0 whenever z € H.
Moreover, T, 4,2, Maps 1, T2, and x3 to 0, 1, and oo, respectively. Therefore, the composition

& =T T,

Y1,Y2,Y3 © H — H

1,22,23 *

is an automorphism of H that maps z; to y; for j = 1,2,3.

If &, and ®, are two such automorphisms, then the composition ®; o ®; ! is an automorphism of
H that fixes z1, x2, and x3. By part (1), we have &5 o <I>1_1 = Idy, so that &5 = ;. O

Stein 8.5.16 Let )
i—z

1—w
:. 1
1+ 2z

and f_l(UJ) = m

f(2)

(1) Given 6 € R, find real numbers a, b, ¢, d such that ad — bc = 1, and so that for any z € H

az—!—b_
cz+d

FH(e?5(2)).



(2) Given « € D, find real numbers a, b, ¢, d so that ad — bc = 1, and so that for any z € H

az+b7
cz+d

F Wa(f(2)),
with 1, defined in Section 2.1.

(3) Prove that if g is an automorphism of the unit disc, then there exist real numbers a, b, ¢, d such that
ad — bc = 1 and so that for any z € H

az+b _
= Yogo f(z)
Proof (1) Since
, 1—e?=2 4 o ef(i—2)
—1/.i6 . i+z _
I e f(z))*11+e19§i§ itz ez

we can take

(2) Since

-1 i\(-1 a)(-1 i) f[i@-a) aot+a-2) 2Im(a)  2Re(a) —2
1 1)\—a 1/\1 i)/ \a+a@+2 ila-a@ ) \2Re(a)+2 —2Im(a) )’

whose determinant is 4(1 — |a|?), by the isomorphism between the Mébius group and PGL5(C),
we can take

a b\ 1 Im(or)  Re(a) -1

¢ d]  JT—]aP \Re(a)+1 —Im(a) )

(3) By Theorem 2.2, g(z) = ¢%4),,(2) for some § € Rand o € D. Then f~' o g o f is the composition of
the maps in (1) and (2), which means that

a b\ 1 cosd sinf Im(a) Re(a) -1
¢ d)  J1—]|aP —sinf cosf/\Re(a)+1 —Im(a) ) O
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Stein 8.5.17 If Yo (2) = | —

f for |a| < 1, prove that
z
[T O U T
T //thal d.’L'dy— 1 and T //tha'd‘rdy_ |O[|2 log 1— |OZ‘2’

where in the case o = 0 the expression on the right is understood as the limit as |a| — 0.

Proof Since ¢, € Aut(D), by Proposition 2.3 in Chapter 1, we have

7w = Area(t, (D // dxdy—/ [y! |2 da dy.

Note that by the symmetry of the disc,

—|of? // |o?
//\w |dxdy—// = az|2d zdy ‘17‘a|z‘2dxdy,

[ nsiete = [ amier waar
/(/%1—mMmgﬁwwmmw>®
‘AKA e )
= [ () Aet0r00)

where P|,|,(0) is the Poisson kernel for the unit disc given by

and

1 — (lalp)?
1 —2|a|pcost + (Jalp)?

P\alp(e)

By the Poisson integral representation formula in Exercise 2.6.12,

//Dlw;\da:dyz (1—laf?) /;( OZWPap(o)d9>l_<|f’a|p)2dp

1
P
=2r(1—|al? / — __d
(1=1) J, Tojap
1

— ‘Oé|2

1
=2r(1— o) - e log :

m(1— |af?) 1
1 . O
o> BT ap?

Stein 8.5.19 Prove that the complex plane slit along the union of the rays U {Ar+1iy : y < 0} is simply
k=1
connected.

Proof We can assume A;,---, A4, € R. Given a closed curve in this domain, we can shift it upward

by some amount so that it is contained in H. Since H is simply connected, the shifted curve can be



continuously deformed to a point in H. This shows that C \ U {4 +1y : y < 0} is simply connected.[]
k=1

Stein 8.6.3 The Schwarz-Pick lemma (see Exercise 8.5.13) is the infinitesimal version of an important
observation in complex analysis and geometry.
For complex numbers w € C and z € D we define the hyperbolic length of w at z by

|w]
1—|z?’

[[wll. =
where |w| and |z| denote the usual absolute values. This length is sometimes referred to as the Poincaré
metric, and as a Riemann metric it is written as

| d|”

ds? = =L
(1 —=12%)

This idea is to think of w as a vector lying in the tangent space at z. Observe that for a fixed w, its hyper-
bolic length grows to infinity as z approaches the boundary of the disc. We pass from the infinitesimal
hyperbolic length of tangent vectors to the global hyperbolic distance between two points by integration.

(1) Given two complex numbers z; and z; in the disc, we define the hyperbolic distance between
them by

1
d(en, ) =inf [ I/ (Ol

where the infimum is taken over all smooth curves v: [0,1] — D joining z; and z,. Use the

Schwarz-Pick lemma to prove that if f: D — D is holomorphic, then

d(f(zl), f(ZQ)) < d(Zl,ZQ) for any 21,22 € D.

In other words, holomorphic functions are distance-decreasing in the hyperbolic metric.

(2) Prove that automorphisms of the unit disc preserve the hyperbolic distance, namely
d(o(z1), p(z2)) = d(z1,22), forany z1,zo € D

and any automorphism ¢. Conversely, if ¢: D — D preserves the hyperbolic distance, then either
¢ or ¥ is an automorphism of D.

iven two points z1, zo € I, show that there exists an automorphism ¢ such that ¢(z;) = 0 an
3) Given two point D, show that th ist tomorphi h that 0 and
¢(z2) = s for some s on the segment [0, 1) on the real line.

(4) Prove that the hyperbolic distance between 0 and s € (0,1] is

1 1+s
d(0,s) = §log175.

(5) Find a formula for the hyperbolic distance between any two points in the unit disc.

Proof (1) By the Schwarz—Pick lemma (see Exercise 8.5.13),

TRCI0) I
=GP S T-hOF




Therefore,

2) @

@

) e
e e = m [ Enar< me [ S
IERENTEN) S (8.63-1)

1 /t)|
< inf / Ldt:dz,z .
5 ), T hlp 4 =)

If ¢ € Aut(D), then the first “<” in (8.6.3-1) is an equality. And by Exercise 8.5.13 (1), the
second “<” in (8.6.3-1) is also an equality. Hence ¢ preserves the hyperbolic distance.

Conversely, suppose ¢: D — D preserves the hyperbolic distance. We first show that each
hyperbolic circle in D is also a Euclidean circle. Let C,(zy) be a hyperbolic circle centered at
2o € D with radius r > 0. By the above paragraph, the Blaschke factor ¢, maps C,(zo) to a
hyperbolic circle centered at 0 with radius r, which is also a Euclidean circle. Since ¢," is a
Mobius transformation, it maps Euclidean circles to Euclidean circles. Therefore, C,(2) is a

Euclidean circle.

By composing ¢ with the Blaschke factor 1), we can assume ¢(0) = 0. And by composing
¢ with a rotation, we can assume ¢(3) = 1. Consider the hyperbolic circles in D with centers
0and 3 passing through $. By the previous discussion, these two (Euclidean) circles intersect
exactly at +1. Hence, ¢ (1) must be one of these points. By composing ¢ with the conjugation
z — 7z, we can assume ¢(4) = 3. The same reasoning shows that (z) = z for every z € D.
And since d(¢(z), §) = d(z, 1), it must be ¢(z) = 2.

Unwinding the above argument, we see that either ¢ or @ is an automorphism of D.

(3) One can compose the Blaschke factor v,, with an appropriate rotation to obtain the desired auto-

morphism ¢.

(4) Letv(t) = x(t) +iy(t): [0, a] — D be a smooth curve with v(0) = 0 and v(a) = s € (0,1). Then

The equality holds if we take v(t) = %t. Thus, d(0,s) = - log

"t @l /“\ﬂm /ammm f du 1 1+4s
I R e e e R Lt

1 1+s

2981 ¢

(5) By (2), (3), and (4), we have

1+ |2z -
1 1—Z122 1 ‘172122|+‘Zl 72’2|
d(z1,22) = d(0, [z, (22)]) 9 08 1 |2z 9 ) 11— Z122| — |21 — 22 -
1—Zz7122




