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Problem 1 (Maps to S™)
(1) Prove that any non-surjective continuous map f: X — S" is null-homotopic.

(2) Let f,g: X — S™ be continuous maps. Suppose they are never antipodal, i.e., g(z) # — f(z) holds

for all z. Prove that f is homotopic to g.

(3) Prove that f € C(X,Y) is null-homotopic if and only if f has a continuous extension F €
C(C(X),Y), where C(X) denotes the cone over X.

(4) Let D" "! be the closed unit ball in R" ™. Prove that there exists a retraction f € C(D""!,S") if and

only if Idg~ is null-homotopic.

Proof (1) Withoutloss of generality, assume N = (0,...,0,1) ¢ f(X) and consider the stereographic
projection
1

oS\ {N} 5 R, (21,...,2041) = ————
1_xn+1

(xl,...,a;n).

It is a homeomorphism with inverse

o R — S"\{N}, (u,...,un) (2u1,...,2un, lu|? — 1).

TR
Then F(t,z) = o~ ((1 — t)o(f(z))) is a homotopy from f to the constant map z + (0, ..., 0, —1).

(2) Since f(z) and g(x) are never antipodal, their convex combination (1 —t)f(x) +tg(z) is never zero.

Thus the map H(t,z) = (1= D) + tg(x) is well-defined and is a homotopy from f to g.

A= 0)f(@) +tg(a)]
(3) Let us specify C(X) = ([0,1] x X)/({1} x X).

(=) Let H: [0,1] x X — Y be a homotopy from f to a constant map c,,, for some yo € Y. Then
H(0,z) = f(x)and H(1,z) = yo for all z € X. Since H is constant on the subspace {1} x X,
it induces a continuous map H: C(X) — Y which agrees with f on {0} x X. Thus H is an
extension of f to C(X).

(<) Suppose F' € C(C(X),Y) is an extension of f. Then the map
H:[0,1]xX =Y (t,z) = F([(t,2)])

is a homotopy from f to the constant map = — F([(1,z)]).

(4) (=) Suppose f € C(D"*' S") is a retraction. Then the map
F:[0,1] xS" —=S", (t,z)— f((1—1t)x)

is a homotopy from Idg~ to the constant map x — f(0) € S™.

(«<) Suppose F': [0,1]xS™ — S™ is a homotopy from Ids~ to a constant map. Fix any pointpy € S™.
Then the map f € C(D"**,S™), defined by

F(1,p0), =0,
fz) = (1, po) x
F(1=llell %), = #0.
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is a retraction. It is continuous since F'(1, z) is constant for all x € S™. O

Problem 2 Suppose f: S' — S' is a map which is not homotopic to the identity. Show that f(z) = —x
for some z € S*.

Proof This is an immediate corollary of Problem 1 (2), by taking g = Ids:. O

Problem 3 Show that any two continuous maps f,g: X — C(Y') are homotopic, where C(Y") denotes
the cone over Y.
Proof It suffices to show that any continuous map f: X — C(Y) is null-homotopic, and by Prob-
lem 1 (3), this is equivalent to showing that f has a continuous extension F' € C(C(X),C(Y)).

Since C(Y) = ([0,1] x Y)/({1} x Y'), we may write f(z) = [(t(z), y(z))] for some continuous maps
t: X = [0,1]and y: X — Y. Now define the continuous map

F:OX) = ([0, x X)/({1} x X) = C(Y),  [(s,2)] = [((1 = s)t(2) + 5,y(2))]-

‘ F is well-defined ‘ We have F([(1,z)]) = [1,y(z)] which is the cone point of C(Y), forall z € X.

We have F([(0,z)]) = [(t(z),y(z))] = f(z) forall = € X.

Thus F is a continuous extension of f to C(X), and the proof is complete. O

Problem 4 Let X be a path-connected space. Recall that any path A: [0,1] — X with A(0) = z¢ and
A(1) = z; induces a group isomorphism

Ty: m(X,zo) = m(X,21), ()~ <)\*1 * 7y % )\>.

Prove that 7 (X, () is abelian if and only if for any two paths A1, A2 from z¢ to z1, we have T'y, =T',.

Proof (=) If there exist two paths A;, A2 from z¢ to z1 such that I'y, ((7)) # I'x,({7)) for some () €
(X, x0), ie., </\1_1 *y %A ) # </\2_1 %7 % Az ), then

o AT ) = o) (AT # v« A (AT # (o) (A2 v x Ao )(AT!) = (v Aa x AT).
This shows that the elements () and (X * )\fl> do not commute, a contradiction.

(<) For any two loops 71, 72 based at z, by assumption we have I'+, ((y2)) = T'1, ((72)), i.e.,
<7f1 * Y kY1) = <W§1 * Y2k Y2) = (Y2).

Thus (y1){y2) = (71)(7{1 *y2 % 71) = (12)(71)- -

Problem 5 Suppose X is connected, and p: X - Xbea covering map. Show that the cardinality of
the fiber p~! () is the same for all 2 € X.

Proof Anyz € X hasanopenneighborhood U, homeomorphic to an open neighborhood V, in X with

p(Va) = U,. For any y € U,, since p~ ' (y) N V, contains exactly one point, we have [p~' (y)| = [p" (2)].
Fixzg € X andlet A= {z € X : [p~"(2)| = |[p”"(0)|}. Then both A and A are open. Since X is

connected and A # @, we must have A = X, i.e., the cardinality of pt (z) is the same forallz € X. O



Remark One can compare the above proof with the proof of Theorem 10.14 in the textbook. /

Problem 6 If p: X — X and q: Y — Y are two covering maps, show that p x g: XxY > XxVYis

also a covering map.

Proof Given (z,y) € X x Y, let U be an open neighborhood of = in X such that p~!(U) is a disjoint
union of open sets V,, in X and plv, : Vo — U is a homeomorphism for each «. Similarly, let U’ be an
open neighborhood of y in ¥ such that ¢~*(U) is a disjoint union of open sets V; in Y and alvy: Vg = U

is a homeomorphism for each 5. Then
o U x U'is an open neighborhood of (z,y) in X x Y.

o (pxq) " (U xU')=p ' (U) x ¢ (U’) is a disjoint union of open sets V,, x Vj in X xY.

o (pxq) Vaxvy = (plv,) X (q\vé) is a homeomorphism for all «, 5. O
Remark Itisthennatural to ask whether the product of infinitely many covering maps is still a covering
map. The answer is negative in general. To see this, one first needs to prove the following formula for
the fundamental group of an arbitrary product. For an arbitrary collection of path-connected spaces X,

there is a group isomorphism (try it yourself!)

™ (H Xa> ~ [[m1(x0). (P6-1)

Now, let p: R — S! be the standard covering map. We claim that the infinite product

is not a covering map. Indeed, were it a covering map, then some open neighborhood U of (0 0,...)

in H R would be mapped by P homeomorphically to some neighborhood V of (1,1,...) in H S'. By

n=1
shrinking we can assume U = (—ai,a1) X -+ X (—ag,ar) X Rx R x ---, so that U is contractlble, and

P(U) has infinitely many S' factors. By (P6-1),

k 0o
{e} =mU) ~m(PU)) ~ H m1(p(—an,an)) X H m (Sl) # {e},
n=1 n=k+1
which is a contradiction. //

We say two paths 9,71 : [0, 1] — X are path-homotopic, denoted as 1 ~ 72, if
P

o 70(0) =71(0) = 20, v0(1) =71 (1) = 21, and

o there exists a continuous map F': [0, 1] x [0,1] — X such that

F(0,t) =(t) and F(1,t) =~(t), Vte[0,1],
F(s,0) =29 and F(s,1)=uz1, Vsel0,1].



Problem 7 (Fundamental group of a topological group) Let (G,e) be a path-connected topological
group. We want to prove that 71 (G, e) is an abelian group. Let 1, 72 be two loops in G based at e

(1) (First proof) Denote by . the constant loop at e. Verify that

F(s,t) = (1 7e) (max{0,¢ = 5}) @ (v *72) (min{1, ¢ + 5 })

is a path-homotopy between v; * v2 and 7, * 71, where e is the group multiplication.
(2) (Second proof) Construct explicit path-homotopies to verify that
D 7 (t) @ 72(t) > 12(t) e 11 (0)-
@ (71 *72)(8) >~ () e 2(2).

(3) (Third proof, the Eckmann-Hilton argument)

@ Let S be a set on which there are two “semigroup with unitary” structures, (5,0, 1,) and
(S, e,1,). Moreover, suppose

(goh)e(g'oh’)=(geg')o(heh’), Vg,¢' hh €S

Prove that 1, = 1,,geh=goh,and goh =hog.

@ Define (y1), ® (72),, = (71 ®72),,- Show that e is well-defined on 71 (G, e).

® Use @ to prove that m; (G) is abelian.

Proof (1) Clearly F(s,t) € C([0,1] x [0,1],G).

When s = 0, we have

F(0,8) = (71 % 7e) () ® (e * 72) ()

_ {71(%) o .(2t) = 1 (2t), 0<t< 3, (P7-1)
Ye(2t —1) @y (2t — 1) =22t — 1), 3 <t<1,
=y * Y2 (t).
When s = 1, we have
F(1,t) = (71 *ve) (max{0,t — 3 }) ® (¢ *y2) (min{1,¢ + 1})

_ ) O e)(0) @ (e # 12) (t 4 5) = 2(20), 0<t <y,
(1% 7e) (t — %) e (Yexy)(1) =m(2t—1), 3<t<1,

= v2 *71(t).

(2) ® Consider F(s,t) = (71(ts)) "' @ y1(t) ® Y2(t) ® 1 (ts). We have

F(0,1) =m(t) e2(t),  F(1,8) = 72(t) @ 1 (1)



@ Consider F(s,t) = (y1 *7.) (t(1 = £)) @ (7e *72) (¢(1 — %) + £). We have

(P7-1)

F(0,t) = (71 % 7e)(t) ® (e *72)(t) 71 *Ya(t),
F(Lt) = (m*7e)(5) @ (e % 72) (55F) = 71 (t) @ 72(t).

(3) © The units of the two operations coincide:
lo=1lool,=(leel,)o(loely) =(leols)e(lool,) =101y =1,.

For any g, h € S, we have

[giézﬂ:(1og)o(hol):(1oh)o(gol):[/§5:g]

-

:(hol)o(log):(h‘l)o(l'g):[ﬁ;tq}

@ Suppose v; (1 = 1,2, 3,4) are loops in G based at e such that y; ~ v, and y3 ~ 74. Let F, G be
p P
their respective path-homotopies. Then F' e H is a path-homotopy between y; y3 and v, @ 4.

® Now (71(G,e),*,7.) and (m1(G,e),e,7.) are two “semigroup with unitary” structures on
71 (G, e). Moreover, for any (y;) € m1(G, e) (i = 1,2,3,4), we have

({(ya) * (72)) @ ({v3) * (7a)) = ({m1) @ (33)) * ((12) @ (a))-

By @, m1(G) ~ (m1(G, e), *, ve) is abelian. O



