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Given a family of topological spaces (X, 7, ), we can define the box topology Zox on H X, using

the base
B = {HUO‘ :U, € %}

Then

Toox = {UCHX for any (z4) € U there exists U, € 7, such that (z,) eHU CU}

Also recall that the product topology 7 oduct On H X, is defined using the subbase

s=U{m've): Ve € 7},
B

so that the open sets are the unions of subsets H U,, where U, € .7, with the additional condition that

«
Ua = X, for all but finitely many indices a. The reason for this choice of open sets is that these are the
least needed to make the projection onto the a-th factor 7, continuous for all indices .

Anymap f: Y — H X, is continuous with respect to the product topology if and only if each of

e
its component maps m, 0 f: Y — X, is continuous. However, this is not true for the box topology when
there are infinitely many factors. For example, the map

fFiR—= (RN, Foy), te (BEE,..0),
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Problem 1 Let X, be topological spaces, and A, C X,. Consider the box topology .« and the prod-
uct topology Fproduct ON H Xo.

is not continuous, since

but

which is not open in R.

(1) Show that in both topologies, we have H A, = H A,.

(2) Prove that for ok, Int (H Aa> H Int(A, ), and give an example showing that this equality
may fail for Zroduct-
Solution (1) Let us show the inclusion in both directions for either topology.

Let (z) be a point of H Ayand U = H U, be a basis element for either Z,ox 0 Fproduct that

«
contains (z4). Since z, € A, and U, is an open neighborhood of z,, we can choose a point
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Yo € Us N (An \ {24}) for each a. Then (y,) € UN <H Aa\ {(xa)}> Since U is arbitrary, it

follows that (z4) € [ ] 4a-

[}

Suppose (z4) € H A, in either topology. For each given index 3, let V3 be an arbitrary open

[e%

set of X containing zg. Since w;l (V) is open in H X, in either topology, if x5 ¢ Ag, then

7(-[;1(‘/5) contains a point (y,) € H Ay Then yg € Vg N (A \ {zg}). Since Vj is arbitrary, it

follows that z € Ag.
(2) We first show the inclusion in both directions for .Z,y.

Since each Int(A,) is open in X,,, the inclusion holds.

Let (z,) € Int (H Aa> , then for each « there is an open set U, C X, containing z, with
«

[v.c Int(HAa> c [ Ao
This implies U, C A, for each «, hence U, C Int(A,) and (z,) € H Int(A

This equality fails for roduct- Take X;, = Rand A,, = (0,1) for each n € N. Then H Int(A,) =

n=1
H (0,1). However, by the definition of product topology, this cannot be an open set in H X,
n=1 n=1
and hence Int(H An> * H Int(A,). O
n=1 n=1

Problem 2 Let (X,,d,) be compact metric spaces. Define a metric on X = H X, by

n=1

[e.°]

xnayn)
dl( Z 1+d1am n)] - 2n

Prove that on X the metric topology 7; coincides with the product topology Zproduct-

Proof Suppose U € 7. Then for any (a,,) € U there exists r > 0 such that B((a,,),r) C
U. Consider

V=Bi(a1,5) x - xBn(an,5) x Xny1 X Xnp2 X -+ € Tproduct-

Take N € N such that 27V < 5, then for all (b,) € V we have

Mg
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Hence (a,) € V C B((an),r) C U, which implies U € Froduct-
Suppose V' € Froduct, which has the form
V=Vix- XV X Xgqp1 X Xy X+,

where each V; is open in X;. For any (z,) € V, there exists r1,...,r; > 0 such that B(z;, ;) C V;
forl <i< k. Let

. 1 Tk
o= mm{ [+ diam(X7)] - 20 [1 + diam(Xy)] - 2 } >0,
then (z,) € B((z,),r0) C V. Hence V € 7. O

Problem 3 Show that S™ is path-connected for all n > 1.

Proof 1 Given distinct points z,y € S" ¢ R"™%:

o If y # —z, then the path

1-t¢ t
v 0.1 s, e LZDTHE
11 =)z + ty||
is continuous and connects x to y.

o Ify = —z, then we can choose some z € S" such that z # +x. By the previous case, there exist paths
7,7v2 € C([0,1],S™) such that 77 connects z to z and 72 connects z to y. Then the concatenation of
71 and 72,

2t), 0<t<1/2
71 %920 [0,1] = 8", te (2) si<l/
(2t —1), 1/2<t<1,
is a path connecting « to y. O

Proof 2 Consider the spherical coordinates representation of " ¢ R"*':

x1 = cos(6),
29 = sin(f;) cos(6s),

x3 = sin(f; ) sin(f3) cos(fs),

Xy =sin(fy) - - -sin(6,—1) cos(6,),

ZTpt1 = sin(fy) - - -sin(,,—1) sin(6,,).

For any two points
60 = (67,....00) es", i=12,

we can define a path y € C([0,1],S") from 8™ to 8 by

y(t) = (1 —1)8W + 0@, O



Proof 3 Choose the north pole N = (0,0,...,0,1) € S", and define the stereographic projection
o: S"\{N} - R"
by projecting points from N onto the hyperplane z,; = 0.
Given distinct points z,y € S* C R"*%:

o If v = —y = N, then the path
~v:10,1] = S", t+~(0,...,0,sin(wt), cos(nt))

connects z to y.

o If 2,y # N, then we can find a path v € C([0,1],R") connecting o(z) to o(y) in R”. Then the
composition 0! o v is a path in S™ connecting x to y.

o If z = N and y # —N, then we can first reflect both points about the hyperplane z,1 = 0 to get
2" and ¢/, then find a path from 2’ to ¢/’ as in the previous case, and finally reflect the path back to
get a path from z to y. O

Problem 4 A topological space X is locally (path-)connected if for each z € X, and each open neigh-
borhood U of z, there is a (path-)connected open neighborhood V" of x with V' C U.

(1) Is (R, Ziocountable) connected /locally connected /path-connected /locally path-connected?

(2) For simplicity, let us denote

C = connected, LC =locally connected,

PC = path-connected, LPC = locally path-connected.

Give examples for regions @ to ® in the following diagram:

c 4 H

LC

®
PC ®
®

(8) Prove thatif X is compact and locally connected, then X has finitely many connected components.
Can we remove the local connectedness condition?

(4) Prove that X is locally connected if and only if for any open set U in X, any connected component

of U is open. In particular, any connected component of a locally connected space is open.
(5) Suppose X is locally connected, f: X — Y is continuous. Prove that if f is either open or closed,
then f(X) is locally connected. Can we remove the assumption “f is either open or closed”?

Proof (1) @ SinceRisuncountable, there are no disjoint non-empty open subsets in (R, Focountable )
so it is connected.



@

)

Q@ @ ® ® ® ® ©

For any open neighborhood U of z and any two open sets A, B C Rsuchthat UN A # @ and
UNB+# @,wehave U N A,UN B € Jocountable- Hence ANBNU = (UNA)N{UNB)is
the intersection of two nonempty open sets, which is nonempty for the same reason as in @.
Therefore any open neighborhood of x is connected, so (R, Zzocountable) is locally connected.

Forany f € C([0,1], (R, Jeocountable)), the image f([0, 1]) is compact. However, compact sets in
(R, Zeocountable) Must be finite (any infinite subset A contains some countable subset {z,, }o>,

and the open cover {(Uk ;én{xk})C}:O:l of A has no finite subcover). Since the topology
on any finite set in (R, Jiocountable) 15 discrete, f([0,1]) would be totally disconnected (i.c., a
topological space that has only singletons as connected subsets) if it has more than one point. But now it
is the continuous image of [0, 1], so f([0, 1]) must be a singleton. Therefore f must be constant,
which means (R, Zoocountable) is Not path-connected.

Since (R, Jeocountable) is connected but not path-connected, it is not locally path-connected by
the implication
C+LPC — PC.

For any fixed « € X, the set of points path-connected to x is a clopen subset of X.

Q is neither C nor LC.

R is both PC and LPC.

The topologist’s sine curve is C but neither PC nor LC.

The topologist’s sine curve with an additional path from (0, 0) to (1, 0) is PC but not LC.
(R, Teocountable) is C and LC but not PC, as shown in (1).

(0,1) U (1,2) is LPC but not PC.

Let L be the space Q x [0,1) U {(w1, 0)} with the lexicographic order topology, where Q =
[0,w1) is the minimal uncountable well-ordered set. Denote by C' the quotient of L* identi-
fying its initial point (0, 0) and final point (wi,0). Then C is PC, LC, but not LPC. (It is not
locally path-connected at [(w1,0)].)

The disjoint union of two copies of ®-type space is LC but neither C nor LPC.

(3) Since X is compact and locally connected, it can be covered by finitely many connected open sets.

Therefore X has finitely many connected components. The local connectedness condition is neces-

sary. For example, the Cantor set is compact, but it has uncountably many connected components.

(4) (=) Let C be a connected component of U. Since any point in C has a connected open neighbor-

hood, which must lie in C, C'is open.

(<) Forany € X and any neighborhood V' of z, V contains an open neighborhood U of . Then

the connected component of U containing z is the desired connected open neighborhood of
« which is contained in V.

(5) We shall use the characterization of local connectedness in (4). By our assumptions, f: X — f(X)

is an identification map. Let V be an open set in f(X) and C be a connected component of V. We
want to show that C' is open, i.e., f~*(C) is open in X. For any z € f~!(C), we have x € f~*(V),
which is openin X. Since X is locally connected, there exists a connected open neighborhood U of
rsuchthatU ¢ f~1(V). Then f(U) is also connected and f(U)NC > f(x),so f(U)UC is connected
and contained in V. Since C is a connected component of V', we must have f(U) U C = C, i.e,



f(U) C C. Thereforex € U C f~*(C), whichimplies f~(C) is open. It follows that C'is connected
and by (4) we see that f(X) is locally connected.

The assumption “ f is either open or closed” is necessary. Let (X, Jx ) be any non-locally connected
space. Then (X, Jiscrete) i locally connected and the identity map Idx : (X, Tgiscrete) — (X, Tx)

is continuous. However, the image is not locally connected. O



