
1

For latest updates of this note, visit https://xiaoshuo-lin.github.io/001707E.

Given a family of topological spaces (Xα,Tα), we can define the box topology Tbox on
∏
α

Xα using

the base

B =

{∏
α

Uα : Uα ∈ Tα

}
.

Then

Tbox =

{
U ⊂

∏
α

Xα : for any (xα) ∈ U there exists Uα ∈ Tα such that (xα) ∈
∏
α

Uα ⊂ U

}
.

Also recall that the product topology Tproduct on
∏
α

Xα is defined using the subbase

S =
∪
β

{
π−1
β (Vβ) : Vβ ∈ Tβ

}
,

so that the open sets are the unions of subsets
∏
α

Uα, where Uα ∈ Tα with the additional condition that

Uα = Xα for all but finitely many indices α. The reason for this choice of open sets is that these are the
least needed to make the projection onto the α-th factor πα continuous for all indices α.

Any map f : Y →
∏
α

Xα is continuous with respect to the product topology if and only if each of

its component maps πα ◦ f : Y → Xα is continuous. However, this is not true for the box topology when
there are infinitely many factors. For example, the map

f : R →
(
RN,Tbox

)
, t 7→ (t, t, t, . . .),

is not continuous, since
(−1, 1)×

(
−1

2
,
1

2

)
×
(
−1

3
,
1

3

)
× · · · ∈ Tbox

but
f−1

(
(−1, 1)×

(
−1

2
,
1

2

)
×
(
−1

3
,
1

3

)
× · · ·

)
= {0},

which is not open in R.

Problem 1 Let Xα be topological spaces, and Aα ⊂ Xα. Consider the box topology Tbox and the prod-
uct topology Tproduct on

∏
α

Xα.

(1) Show that in both topologies, we have
∏
α

Aα =
∏
α

Aα.

(2) Prove that for Tbox, Int
(∏

α

Aα

)
=
∏
α

Int(Aα), and give an example showing that this equality

may fail for Tproduct.

Solution (1) Let us show the inclusion in both directions for either topology.

⊃ Let (xα) be a point of
∏
α

Aα and U =
∏
α

Uα be a basis element for either Tbox or Tproduct that

contains (xα). Since xα ∈ Aα and Uα is an open neighborhood of xα, we can choose a point
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yα ∈ Uα ∩ (Aα \ {xα}) for each α. Then (yα) ∈ U ∩

(∏
α

Aα \ {(xα)}

)
. Since U is arbitrary, it

follows that (xα) ∈
∏
α

Aα.

⊂ Suppose (xα) ∈
∏
α

Aα in either topology. For each given index β, let Vβ be an arbitrary open

set of Xβ containing xβ . Since π−1
β (Vβ) is open in

∏
α

Xα in either topology, if xβ /∈ Aβ , then

π−1
β (Vβ) contains a point (yα) ∈

∏
α

Aα. Then yβ ∈ Vβ ∩ (Aβ \ {xβ}). Since Vβ is arbitrary, it

follows that xβ ∈ Aβ .

(2) We first show the inclusion in both directions for Tbox.

⊃ Since each Int(Aα) is open in Xα, the inclusion holds.

⊂ Let (xα) ∈ Int
(∏

α

Aα

)
, then for each α there is an open set Uα ⊂ Xα containing xα with

∏
α

Uα ⊂ Int
(∏

α

Aα

)
⊂
∏
α

Aα.

This implies Uα ⊂ Aα for each α, hence Uα ⊂ Int(Aα) and (xα) ∈
∏
α

Int(Aα).

This equality fails for Tproduct. Take Xn = R and An = (0, 1) for each n ∈ N. Then
∞∏

n=1

Int(An) =

∞∏
n=1

(0, 1). However, by the definition of product topology, this cannot be an open set in
∞∏

n=1

Xn,

and hence Int
( ∞∏

n=1

An

)
6=

∞∏
n=1

Int(An).

Problem 2 Let (Xn, dn) be compact metric spaces. Define a metric on X =

∞∏
n=1

Xn by

d((xn), (yn)) :=

∞∑
n=1

dn(xn, yn)

[1 + diam(Xn)] · 2n
.

Prove that on X the metric topology Td coincides with the product topology Tproduct.

Proof Td ⊂ Tproduct Suppose U ∈ Td. Then for any (an) ∈ U there exists r > 0 such that B((an), r) ⊂
U . Consider

V = B1

(
a1,

r
2

)
× · · · × BN

(
aN , r

2

)
×XN+1 ×XN+2 × · · · ∈ Tproduct.

Take N ∈ N such that 2−N < r
2 , then for all (bn) ∈ V we have

d((an), (bn)) =

∞∑
n=1

dn(an, bn)

[1 + diam(Xn)] · 2n
⩽

N∑
n=1

r
2

2n
+

∞∑
n=N+1

1

2n

=
r

2

(
1− 1

2N

)
+

1

2N
<

r

2
+

r

2
= r.
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Hence (an) ∈ V ⊂ B((an), r) ⊂ U , which implies U ∈ Tproduct.

Tproduct ⊂ Td Suppose V ∈ Tproduct, which has the form

V = V1 × · · · × Vk ×Xk+1 ×Xk+2 × · · · ,

where each Vi is open in Xi. For any (xn) ∈ V , there exists r1, . . . , rk > 0 such that B(xi, ri) ⊂ Vi

for 1 ⩽ i ⩽ k. Let

r0 = min
{

r1
[1 + diam(X1)] · 21

, . . . ,
rk

[1 + diam(Xk)] · 2k

}
> 0,

then (xn) ∈ B((xn), r0) ⊂ V . Hence V ∈ Td.

Problem 3 Show that Sn is path-connected for all n ⩾ 1.

Proof 1 Given distinct points x, y ∈ Sn ⊂ Rn+1:

� If y 6= −x, then the path

γ : [0, 1] → Sn, t 7→ (1− t)x+ ty

‖(1− t)x+ ty‖

is continuous and connects x to y.

� If y = −x, then we can choose some z ∈ Sn such that z 6= ±x. By the previous case, there exist paths
γ1, γ2 ∈ C([0, 1], Sn) such that γ1 connects x to z and γ2 connects z to y. Then the concatenation of
γ1 and γ2,

γ1 ∗ γ2 : [0, 1] → Sn, t 7→

γ1(2t), 0 ⩽ t ⩽ 1/2,

γ2(2t− 1), 1/2 ⩽ t ⩽ 1,

is a path connecting x to y.

Proof 2 Consider the spherical coordinates representation of Sn ⊂ Rn+1:

x1 = cos(θ1),

x2 = sin(θ1) cos(θ2),

x3 = sin(θ1) sin(θ2) cos(θ3),
...

xn = sin(θ1) · · · sin(θn−1) cos(θn),

xn+1 = sin(θ1) · · · sin(θn−1) sin(θn).

For any two points
θ(i) =

(
θ
(i)
1 , . . . , θ(i)n

)
∈ Sn, i = 1, 2,

we can define a path γ ∈ C([0, 1], Sn) from θ(1) to θ(2) by

γ(t) = (1− t)θ(1) + tθ(2).
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Proof 3 Choose the north pole N = (0, 0, . . . , 0, 1) ∈ Sn, and define the stereographic projection

σ : Sn \ {N} → Rn

by projecting points from N onto the hyperplane xn+1 = 0.
Given distinct points x, y ∈ Sn ⊂ Rn+1:

� If x = −y = N , then the path

γ : [0, 1] → Sn, t 7→ (0, . . . , 0, sin(πt), cos(πt))

connects x to y.

� If x, y 6= N , then we can find a path γ ∈ C([0, 1],Rn) connecting σ(x) to σ(y) in Rn. Then the
composition σ−1 ◦ γ is a path in Sn connecting x to y.

� If x = N and y 6= −N , then we can first reflect both points about the hyperplane xn+1 = 0 to get
x′ and y′, then find a path from x′ to y′ as in the previous case, and finally reflect the path back to
get a path from x to y.

Problem 4 A topological space X is locally (path-)connected if for each x ∈ X , and each open neigh-
borhood U of x, there is a (path-)connected open neighborhood V of x with V ⊂ U .

(1) Is (R,Tcocountable) connected/locally connected/path-connected/locally path-connected?

(2) For simplicity, let us denote

C = connected, LC = locally connected,

PC = path-connected, LPC = locally path-connected.

Give examples for regions ¬ to ³ in the following diagram:

C

PC

LPC

LC

¬

­

®

¯

°

±

²

³

(3) Prove that if X is compact and locally connected, then X has finitely many connected components.
Can we remove the local connectedness condition?

(4) Prove that X is locally connected if and only if for any open set U in X , any connected component
of U is open. In particular, any connected component of a locally connected space is open.

(5) Suppose X is locally connected, f : X → Y is continuous. Prove that if f is either open or closed,
then f(X) is locally connected. Can we remove the assumption “f is either open or closed”?

Proof (1) ¬ SinceR is uncountable, there are no disjoint non-empty open subsets in (R,Tcocountable),
so it is connected.
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­ For any open neighborhood U of x and any two open sets A,B ⊂ R such that U ∩A 6= ∅ and
U ∩ B 6= ∅, we have U ∩ A,U ∩ B ∈ Tcocountable. Hence A ∩ B ∩ U = (U ∩ A) ∩ (U ∩ B) is
the intersection of two nonempty open sets, which is nonempty for the same reason as in ¬.
Therefore any open neighborhood of x is connected, so (R,Tcocountable) is locally connected.

® For any f ∈ C([0, 1], (R,Tcocountable)), the image f([0, 1]) is compact. However, compact sets in
(R,Tcocountable) must be finite (any infinite subset A contains some countable subset {xn}∞n=1,
and the open cover

{(∪
k ̸=n{xk}

)c}∞

n=1
of A has no finite subcover). Since the topology

on any finite set in (R,Tcocountable) is discrete, f([0, 1]) would be totally disconnected (i.e., a
topological space that has only singletons as connected subsets) if it has more than one point. But now it
is the continuous image of [0, 1], so f([0, 1])must be a singleton. Therefore f must be constant,
which means (R,Tcocountable) is not path-connected.

¯ Since (R,Tcocountable) is connected but not path-connected, it is not locally path-connected by
the implication

C + LPC =⇒ PC.

Hint For any fixed x ∈ X , the set of points path-connected to x is a clopen subset of X .

(2) ¬ Q is neither C nor LC.

­ R is both PC and LPC.

® The topologist’s sine curve is C but neither PC nor LC.

¯ The topologist’s sine curve with an additional path from (0, 0) to (1, 0) is PC but not LC.

° (R,Tcocountable) is C and LC but not PC, as shown in (1).

± (0, 1) ∪ (1, 2) is LPC but not PC.

² Let L∗ be the space Ω × [0, 1) ∪ {(ω1, 0)} with the lexicographic order topology, where Ω =

[0, ω1) is the minimal uncountable well-ordered set. Denote by C the quotient of L∗ identi-
fying its initial point (0, 0) and final point (ω1, 0). Then C is PC, LC, but not LPC. (It is not
locally path-connected at [(ω1, 0)].)

³ The disjoint union of two copies of °-type space is LC but neither C nor LPC.

(3) Since X is compact and locally connected, it can be covered by finitely many connected open sets.
Therefore X has finitely many connected components. The local connectedness condition is neces-
sary. For example, the Cantor set is compact, but it has uncountably many connected components.

(4) (⇒) Let C be a connected component of U . Since any point in C has a connected open neighbor-
hood, which must lie in C, C is open.

(⇐) For any x ∈ X and any neighborhood V of x, V contains an open neighborhood U of x. Then
the connected component of U containing x is the desired connected open neighborhood of
x which is contained in V .

(5) We shall use the characterization of local connectedness in (4). By our assumptions, f : X → f(X)

is an identification map. Let V be an open set in f(X) and C be a connected component of V . We
want to show that C is open, i.e., f−1(C) is open in X . For any x ∈ f−1(C), we have x ∈ f−1(V ),
which is open in X . Since X is locally connected, there exists a connected open neighborhood U of
x such thatU ⊂ f−1(V ). Then f(U) is also connected and f(U)∩C 3 f(x), so f(U)∪C is connected
and contained in V . Since C is a connected component of V , we must have f(U) ∪ C = C, i.e.,
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f(U) ⊂ C. Therefore x ∈ U ⊂ f−1(C), which implies f−1(C) is open. It follows thatC is connected
and by (4) we see that f(X) is locally connected.

The assumption “f is either open or closed” is necessary. Let (X,TX) be any non-locally connected
space. Then (X,Tdiscrete) is locally connected and the identity map IdX : (X,Tdiscrete) → (X,TX)

is continuous. However, the image is not locally connected.
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